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Abstract: We take a resource-theoretic approach to the problem of quantifying nonclassicality in Bell scenarios. The resources are conceptualized as
probabilistic processes from the setting variables to the outcome variables which have a particular causal structure, namely, one wherein the wings
are only connected by a common cause. The distinction between classical and nonclassical is then defined in terms of whether or not a classical
causal model can explain the correlations. The relative nonclassicality of such resources is quantified by considering their interconvertibility
relative to the set of operations that can be implemented using a classical common cause (which correspond to local operations and shared
randomness). Among other results, we show that the information contained in the degrees of violation of facet-defining Bell inequalities is not
sufficient for quantifying nonclassicality, even though it is sufficient for witnessing nonclassicality. In addition to providing new insights on Bell
nonclassicality, our work sets the stage for quantifying nonclassicality in more general causal networks and thus also for a resource-theoretic
account of nonclassicality in computational settings. (Joint work with Elie Wolfe, David Schmid, Ana Belen Sainz, and Ravi Kunjwal)
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Uncontroversial: computational advantages over classical
theories arise from a resource of nonclassicality

No consensus: What is the right way to conceptualize the
notion of nonclassicality that is at play
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The view taken in this work: the relevant notion of
nonclassicality is the one witnessed by the failure to
explain operational statistics within a classical ontological
framework for describing causal structure and Bayesian

inferences
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The view taken in this work: the relevant notion of
nonclassicality is the one witnessed by the failure to
explain operational statistics within a classical ontological
framework for describing causal structure and Bayesian
inferences

Local causality and generalized-noncontextuality are
natural features of such classical explanations. Their
failure, therefore, is an example of the relevant type of
nonclassicality
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A good starting point:

A resource theory of nonclassicality in prepare-and-
measure scenarios
(i.e., of “contextuality”)
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X Y P Conditional independence
1N
S T

1 Px|ns relations (equality constraints)
: Py AT X L1T|S
Y L ST

Pxy|s1 = 2APx|sanPy i raPA

Bell inequality constraint

T 2 uey Pxyisr(@yl00) + 537, Pxyjsr(zy|01)

J.S. Bell, Physics 1, 195 (1964)
Clauser, Horne, Shimony and Holte, Phys. Rev. Lett.23, 880 (1967)
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Inequality ;>.—, Pxvisr(zyl00) + 5 > .—, Pxy|sr(zy|01)
constraint 13>, Pyyisr(zyl10) + 130, Pxyjsr(aylll) < 3
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P(X,Y[S,T)

Quantumly
realizable
example of
correlations
that violate
the Bell
inequalities

Page 11/41




:

T

;
T

Relativity theory = no causal influence between the wings
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But we still need to provide a causal
explanation of the experimental statistics
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Classical Causal Models Quantum Causal Models

pC

X Y Pa X \
I\ | QY
T \ 1/T Px|ns T \C/T PX|SC
A Py |TC
where

lex|sc: Py el =0

Pxy|sT = PxisanPy | rafa : = ' '
| z,\: ikt pxy|sT = Trelpx|sopy|rerc)

Leifer, RWS, Phys. Rev. A 88, 052130 (2013)
Allen, Barrett, Horsman, Lee, RWS, Phys. Rev. X 7, 031021 (2017)
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Classical Causal Models Quantum Causal Models

pC

X Y Pa X \
I\ | QY
T N 1/T Px|ns T \C/T PX|SC
A Py |TC
where

lex|scs Py e =0

Pxy|sr = 2_ Px|sAnPy|raPa : = : :
| z,\: Skt pxy|sT = Trelpx|sopy|rerc)

Leifer, RWS, Phys. Rev. A 88, 052130 (2013)
Allen, Barrett, Horsman, Lee, RWS, Phys. Rev. X 7, 031021 (2017)
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Classical Causal Models Quantum Causal Models

X Y\ Pa X y pC
)| Qo
T \ 1/T Px|ns T \C/T PX|SC
s Py |TC
where

lex|sc: Py e =0

Pxy s = 2_ Px|sanPy|raPa : = ' :
| z,\: skt pxy|sT = Trolpx|sopy|rerc)

Pyy ST (zy|st) Pyy | o (zy|st)

= > Px1sa(®|sA) Py ipa(yltA) PA(N) = (2|(yl(sl(tlpxys7l) ) |8)]t)
)

Satisfies the Bell inequalities Violates the Bell inequalities

Leifer, RWS, Phys. Rev. A 88, 052130 (2013)
Allen, Barrett, Horsman, Lee, RWS, Phys. Rev. X 7, 031021 (2017)
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Classical Causal Models Quantum Causal Models
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Satisfies the Bell inequalities Violates the Bell inequalities
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Inequalities describing compatibility with a classical causal model
for causal structures different from that of the Bell scenario

Pearl, UAIl proceedings (1995)

Janzing and Beth, 1JQl 4, 347 (2006)

Steudel and Ay, arXiv:1010:5720

Fritz, New J. Phys. 14, 103001 (2012)

Chaves and Fritz, PRA 85 (2012)

Branciard, Rosset, Gisin, Pironio, PRA 85, 3 (2012)
Henson, Lal, Pusey, New J. Phys. 16, 113043 (2014)
Chaves, Luft, Gross, New J. Phys. 16, 043001 (2014)
Wolfe, Fritz, RWS, J. Causal Inference 7 (2019)
Fraser and Wolfe, Phys. Rev A 98, 022113 (2018)
Chaves, Carvacho, Agresti, Di Giulio, Aolita, Giacomini, and Sciarrino,
Nat. Phys. 14, 291 (2018)
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Classical Causal Models

S r No Conditional
¥ s independence relations
c 8 among observed variables
A

Bell-type inequality constraints:

+Pa, 5, (11) = Pa,pcve, (1111) + Pa, g, (00) Peye, (11) + Peye, (01) Peyc, (10)
—Pec,. (11)Pa, 4, 55,y (000000) — Py (11)Pa, a5, 5.cy e, (010100)
—Pe,o, (10)Pa, A, 3,8, c,c, (001001) — Pe,e, (10)Pa, A, 3,5, (011101)
—Peye, (01)Pa,a, 5,3, ¢y, (100110) = Peye, (01) Pay a, 5,3, 000, (110010) < ()
+ P, (00)Pa, A, B,8,c,c,.(101111) + Pe,c, (00)Pa, A, B,B,.c,c, (111011)

Wolfe, Fritz, RWS, J. Causal Inference 7 (2019)
Fraser and Wolfe, Phys. Rev A 98, 022113 (2018)

Pirsa: 19110120

Page 19/41



Pirsa: 19110120

GPT Causal Models

No Conditional
independence relations
among observed variables

—-— e s s s s ol

Tsirelson-type inequalities can be violated
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GPT Causal Models

1
L M 1l | | | L] : No Conditional
¥ v : &T" ”’Iﬁ &T“ “'T, I independence relations
C B : : among observed variables
w I"/' | I

Tsirelson-type inequalities can be violated

Theory-independent inequality constraints

I(A:B)+I(A:C) < H(A)

Henson, Lal, Pusey, New J. Phys. 16, 113043 (2014)
Wolfe, Fritz, RWS, J. Causal Inference 7 (2019)
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Classical Causal Models

S r No Conditional
¥ s independence relations
c 8 among observed variables
A

Bell-type inequality constraints:

+Pa, 5, (11) = Pa,pcve, (1111) + Pa, g, (00) Peye, (11) + Peye, (01) Peyc, (10)
—Pec,. (11)Pa, 4, 55,y (000000) — Py (11)Pa, a5, 5.cy e, (010100)
—Pe,o, (10)Pa, A, 3,8, c,c, (001001) — Pe,e, (10)Pa, A, 3,5, (011101)
—Peye, (01)Pa,a, 5,3, ¢y, (100110) = Peye, (01) Pay a, 5,3, 000, (110010) < ()
+ P, (00)Pa, A, B,8,c,c,.(101111) + Pe,c, (00)Pa, A, B,B,.c,c, (111011)

Wolfe, Fritz, RWS, J. Causal Inference 7 (2019)
Fraser and Wolfe, Phys. Rev A 98, 022113 (2018)
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Intrinsically
quantum
correlations as
resources for
computation
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Browne and Anders, Phys. Rev. Lett. 102, 050502 (2009)
Raussendorf, Phys. Rev. A 88, 022322 (2013)

—» Output

[nput 1 A A
[nput 2
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Proposal: A given computational architecture is
doing something intrinsically nonclassical
(though not necessarily computationally useful)
If the operational statistics it generates cannot
be explained by a classical causal model

e.g., computation in previous slide
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Characterizing the boundary between classical and
nonclassical is not enough:

We also need to quantify the nonclassicality
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System types A, B, C,...
Process theory T.  (including the trivial system)

Processes f, g, h,r, s, ...

Closed under parallel and sequential composition

i P Bl |D
L) )
| 4 lc Al e

Coecke, Fritz, RWS, Information and Computation 250, 59 (2016).
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System types A, B, C,...
Process theory T.  (including the trivial system)

Processes f, g, h,r, s, ...

Closed under parallel and sequential composition

|17 D | |D

: — A A |A |B

f g | h ] N @ e
| 4 lc Al e
nonfree free nonfree free nonfree

Coecke, Fritz, RWS, Information and Computation 250, 59 (2016).
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Quotienting equivalences, one gets a partial order of resources

R,

/ N\

Ro R3

N/

Ry

l

Rs
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The nature of the pre-order teaches us about the resource

Properties of a pre-order

Totally pre-ordered (no incomparable elements) or not
weak (incomparability relation is transitive) or not
Height (cardinality of the largest chain)

Width (cardinality of the largest antichain)

Locally finite (finite number of inequivalent elements
between any two ordered elements) or not

Page 30/41



Measures of a resource

Def’'n: A function M from resources to the reals is a
resource monotone if

VR, Ry : Ry 5% Ry = M(Ry) > M(Rs)

Equivalently, M must respect the partial order

I'l)] A /) I])l
7/ N
Ry R3 Ry R3
1?4 ]?4
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Yield and Cost constructions

Given any function f (monotone or not) together with a set S
of resources

Yield construction ]\[[ f-yield, S]( ]i’) -

ax {f(R*) st. R— R*
max {f(R") s J

Cost construction M| f-cost, S|(R) =
min {f(R*) s.t. R*+—— R}
R*€S
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2-party network with a common cause structure

Alice Bob

=4

Enveloping theory: quantum/GPT processes compatible
with this causal structure

Free subtheory classical processes compatible with
this causal structure
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Types of resources within a 2-party network with a
common-cause structure

Box-to-box
processing
Resources:

-
.
>

) |
S I S
I VR r) I T U
Enveloping theory Free subtheory
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Free operations taking a box to a box

5

A S JAW N : A S T A |
TRs T
A S T A

Pxy|sT — Pxry/ s/
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Locally deterministic operations (LDO)

!11, A

A S
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Boxes of type-(g ‘3)

2-valued 2-valued

NTdl

N Sf T N

2-valued 2-valued

S G .- set of boxes of type-(g 5)

) compatible with GPT causal model

oo

/N
(VI V)
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A facet-defining Bell functional

CHSH(R):= (Ao Bo) + (AoB1) + (A1 Bo) — (A1 By)

where (A,B.) = 3 (—1 Pyyiar(aylst)
;37,_1;&{[].] }

LDO operation

Therefore, not a monotone!

Pirsa: 19110120 Page 38/41



Level sets of
Mchsh and Myeg

for a 2-parameter
family of boxes

bb
L,

b
J[;Pﬁ PR
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Question: In terms of quantifying resourcefulness of
correlations for computation, is one of Mqygy and Mypr
more relevant than the other?
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Open problems

2-party with common cause (bipartite Bell)

- Determine which parameters of a box are necessary and
sufficient to determine its equivalence class 55

- Find a complete set of monotones for boxes of type (E z)

- Consider interconversion of boxes and states

- Consider asymptotic conversion, catalysis, etcetera

N-party with common cause (multipartite Bell)
- What new features emerge?

N-party with other causal structures (triangle, bilocality, etc.)
- What new features emerge? (note: nonconvex!)

Applications to understanding the type of nonclassicality
associated to computational advantages?
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