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Abstract: Defining entanglement in a continuum field theory is a subtle challenge, because the Hilbert space does not naively factorize into local
products. &nbsp; For gauge theories, the problem arises from the gauss law constraint, and it can be resolved by an extension of the Hilbert space
which introduces edge modes at the entangling surface.&nbsp; Recently we showed how this extension & nbsp;fits inside the frame work of 2D
extended topological field theory.&nbsp; In this talk we attempt a generalization to& nbsp;2D CFTs in which factorization is determined by the

fusion rules.&nbsp;&nbsp; Time permitting we will speculate on applications, e.g to continuum constructions of tensor networks and to
entanglement in string theory& nbsp;
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What is a QFT?

_S(b.J Correlators /Scattering Amplitudes
Z[J] — / D [(;b] (o (d)’ ) Topological invariants
Replica trick computation of EE
L{—)tﬁ—l—Hﬂbeft%pﬂte—fatteH—A—&Ha}' < i ce-factorizabion )
< | | | ’ >
7_‘ — ®1‘ 7_‘1‘ T T T H;L- 1 T

1 A subregion has a a boundary and therefore edge modes, even for a
scalar tield! ( Agon, Headrick]Jefferis, Kasko ) (Campaglia, Freidal,et al)
2 Degrees of freedom in subregions are not independent
* continuity in a quantum field theory

* Gauss Law constraint in gauge thcory. Even on a lattice !

How do we define entanglement in a QFT?
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Extended Hilbert space for gauge theories
2

>

O %physical C HV %Y HV

v () v Vv 7 Contains edge modes transforminﬁg under
5 boundary symmetry group G @ GG

Gauss law (J, ®14+1QJ ,)|l) =0 1Y) € Hy @ Hy

(Can be viewed as an equivalence relation )

Entangling product thysical = %V Xa %[_?
Reduced density matrix pv = try|[¥) (Y|
Entanglement Entropy Sy = —tr pv 10g 3%
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Extended Hilbert space and extended QFT

e What are the rules for determining the “correct” edge modes and their gluings?

* In 1+1 D, we showed the extension is part of the data of the extended
topological quantum field theory (Donnelly-Wong 2018)

* Key insight: View the entangling product as a spacetime process=cobordism

II[' !'Ir

Hy Hy u
[ S— Y [ V——

L ]
(o]

H1.-‘ e Hl'
Extended QFT (Atiyah, Segal, Freed, Baez,...)

Cut path integral along surfaces of increasing codimension

B S\ (/F ( (%)\7 l\

SN (e
I
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2D Closed TQFT( Frobenius Algebra)

A Closed TQFT is a rule Z assigning Gluing Cobordisms =
Composing linear maps
—_— J — 'Ha.;l
Z(O) = Hs, Z(()) € Hy a :
£\ |
linear map , %\ ~ N
Ay ER . ¢ / g ® Hg
Z ( \ / ) = Mg T s Z( ‘j-.\‘if',/.' )= #ecC o l

Hg
A
H.SI

Extension to open-closed TQFT (non-commutative Frobenius Alg.)

" _ C Boundary labels
Z( '_Hﬂ) - %‘-lﬂ Z( Q ) = l must match !
o @
Haa }B } \ Y
Hay ey
« 58 e - Hs, @;\s
00 T apy e
“\ { v %tﬂ' lo' o H |
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Extended TQFT Sewing relations

' 3 = S o &
H u A \‘ /
T\ E brane axiom

o0 B O =

A —{ N
| ‘ | \ \\\" v 2 P \_\ \/ (- (.\:}_.. ‘

\ —( N & ‘\\W\J "~ (8 ’ N/

/ \ \ | ¥ o

Moore-Segal:

Q: Given a closed string theory, what are the possible boundaries, i.e. D Branes?

3
. s
A: D branes correspond to extensions to anopen U/ )
: P . N Sy
string algebra satisfying these constraints. A
T\”—»’
For us: Open string algebra ~ choice of Hilbert space extension __/
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The Entanglement Brane boundary condition

Holes originating from splitting the Hilbert space can be sewed up

E brane axiom —
N
< [/

e= choice of ( posslblv nonlocal ) boundary conditions

In 2D Yang Mills: e = trivial holonomy along boundary circles
~sum over electric boundary conditions.

U=1

U = Pexpl(i | / | A, dx) @ - H\%ﬁ/’/

Implies correlations are preserved under reduction to V:

(Ov) = tr(pv Oy ) - ‘ D(p
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Extended Conformal field theory
%

$g 59, ¢1‘ ’ ¢ ¢
Lewellen (1992) has formulated " ] =%
¢, O, ¢9 O, ¢ %

open-closed CFT in terms of

sewing axioms
¢i ' ¢i

Bl . L Vi . W
o w oW T Ty :

. 4, 4
" 0

b

(d) Eg =
q_,'__—_% n b
¢! ’ l!).
By

Extended Hilbert space? Edge modes?
Entanglement Brane boundary condition?

Cobordism description of Hilbert space factorization?
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Local Hilbert space for closed CFT

—w =T + 1t Primaries
/ \ o T
\_/ =€ = ‘h >= (;bh (0)|U > disk

Representation of Kacs-Moody

gy = / dz 2" J(z)

\*_/ [‘Iﬂ-a Jm-] - ’I'I‘L(Sm tn

o7

n>0 J, ‘h, >=— 0 Highest weight

J ng " J an |h 2 Excited states

Pair of pants ~ OPE Coefficients Chiral Vertex operator (Moore-Seiberg)
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Local Hilbert space for the Open CFT

w=x + il
— e*HL’

Pl —ioo)

»

o * 0%
vabe
0 T = —("‘"J""‘
; H——k ;1}"3' +A; D
o I 2
B (2Imz)d A A (&
- .
a a
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Conformal BC and unfolding trick

a,b = conformally invariant boundary
conditions for the open string
* ¢ T(z) = T'(z) for real z

|h >up= f"(OHO >half disk J(z) = +J(2) for real z

Extend to z in LHP

T(:) = T(z") ] J7) S
J(2) = +J (%) ‘ | /

Preserves half the symmetry generators

L, = fdz 2T(2) F /d.f F"T(z)= ﬁd.zz“ 17(2)

Jp = /d.zz”‘J(.z) F /df z"J(2) ggd:;”.f(;)

n>0 J, ‘f}‘h>: 0 Highest weight

J ny J ny “;Lab> Excited states
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Local Hilbert space for the Open CFT

w=2x+ it
A e*HL’

Pl —ioo)

»

o * 0%
vabe
0 T = —c’:f"’“
; H— ;1}"3' +A; D
. I 2
B (2Imz)% A A %,
" .
a a
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Entanglement Brane boundary condition for a CFT

“Closed string” description of conformally invariant boundary condition.

0 b |b)

&l

(Lg o Egn)‘”’) =0

(JS £ J (:rl)|a) =0 Neumann/Dirichlet

Solutions: Ishibashi states  |h)) = Z lh, N) ® |h, N) h = Bulk Primary
N

O>>

e> = Vacuum Ishibashi state

Proposal: Entanglement brane

]im(gf)(z]) . (b(Z,J)c = (q5(z1 ) R Qf)(zn.))lm]k

()

Does not satisfy cardy condition, i.e. not a local open string BC'!
As in gauge theory, this corresponds to a sum over local open

string boundary conditions
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Entanglement Brane boundary condition for a CFT

“Closed string” description of conformally invariant boundary condition.

0 b |b)

&l

(Lg o Egn)‘”’) =0

(JS £ J (:rl)|a) =0 Neumann/Dirichlet

Solutions: Ishibashi states  |h)) = Z lh, N) ® |h, N) h = Bulk Primary
N

O>>

e> = Vacuum Ishibashi state

Proposal: Entanglement brane

]im(gf)(z]) ves (b(Z,J)c = (q5(z1 ) - Qf)(zn.))lm]k

()

Does not satisfy cardy condition, i.e. not a local open string BC!
As in gauge theory, this corresponds to a sum over local open

string boundary conditions
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E brane for a Free, Compact Boson

m m
Zero modes |pf,,pn> = ﬁ + nR, ﬁ — nR) qt’ i (/b + 2R
Ishibashi states:  |nR, —nR)) = expz - ;(I LInR, nR)
m m . - ,moom

=1

Local open boundary conditions are given by the Cardy boundary states:

Neumann |w)) = RY? z R R R))
nez,
Dirichlet Y — (2R)1/2 ,,f_ m. . m
I‘(Jbr)) ( ) Z( 7 I‘ZR’QR))

me

Vacuum Ishibashi/E brane state

2rR
0,00~ [ < docl6) O

|€'> - Restore shift invariance . .

P

n /
10,0)) ~ / dw||w))
Jo
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Extended TQFT Sewing relations

: 7 =V o o
= O A Y /AN
w U A N /
am E brane axiom
a0 B & A
N WV a
‘. ‘ | \ \»\\ 2 \\ \/ [ {(.\:}_..... ‘
\ O SO A - ’ \_/
, \ \ -

Moore-Segal:

Q: Given a closed string theory, what are the possible boundaries, i.e. D Branes?

3
. *
A: D branes correspond to extensions to anopen | U/ )
: P . N Sy
string algebra satisfying these constraints. I
T\”—»’
For us: Open string algebra ~ choice of Hilbert space extension _/

Pirsa: 19110041 Page 16/33



Pirsa: 19110041

E brane for a Free, Compact Boson

m m
Zero modes |pf,,pn> = ﬁ + nR, ﬁ — nR) qt’ i (/b + 2R
Ishibashi states:  |nR, —nR)) = expz - ;(I LInR, nR)

m m . - ,moom

[=1

Local open boundary conditions are given by the Cardy boundary states:

Neumann |w)) = RY? z R R _nR))
new
Dirichlet WY — (2R)1/2 e, MM
I‘(Jbt)) ( ) Z( 7 “2R’2R>>

me

Vacuum Ishibashi/E brane state

2rR
0.0) ~ [ <6 O

|€'> - Restore shift invariance . .

27

n /
10,0)) ~ / dw||w))
Jo
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Dirichlet E brane and edge mode entanglement entropy

" I\
Dirichlet extension to open E Hg — EB Mo, a = Q Hae — @ Hag, R He,e
strir‘ngs : € ®a L fev ) )
£ —~ e
Factorizing the close string N o TN
vacuum Y, u._\ 7 \-., [ rev )
{ e
Wavefunctional from the path integral
L(;‘IJ) oo € [O,Zﬂ'RJ
A Pz, t) = ¢o + Prz+ -+ _
w = log 2 ¢1€R
¢ > Pe = o + ¢1 loge
A
L ¢ R da = o + @1 log A
- R(J:)
A
W) = [ docdgn [ DIR@)DIL@)e 161, 6, L(@)) © e, b1, Rl)
B 2R 00 ) A
Z(B) = try pgr =1 / doy / doe Bl gz [ = log -
J0 J 00
A 1 5 Michel-Srednicki
S = oy log py = —log — + —logmR* + - - -«
trpv log py 3 08 € | 2 og mh” “Edge mode EE”
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Dirichlet E brane and edge mode entanglement entropy

3 I\
Dirichlet extension to open B Hg — EB Mo, a = Q Haoe — @ Hag, R He,e
strir‘ngs : € ®q L fev ) ta
3 - e
Factorizing the close string N | F\ TN
vacuum Y, u._\ Lo \-., [ e )
{ e
Wavefunctional from the path integral
L(;‘IJ) o € [O,Zﬂ'RJ
A Pz, t) = do + Prz+ -+ _
w = log 2 ¢1 €R
¢ > Pe = o + ¢1 loge
A
L ¢ R da = ¢o + ¢1 log A
- R(J:)
A
W) = [ docdgn [ DIR@)DIL@)e 161,60, L(@)) © e, 1, Rl)
K 2R 00 ) A
Z(B) = trypy =1 / doo / dpre P Z, [ = log -
J 0 J 00
1 A 1 5 Michel-Srednicki
8= oy log py = =log — + <logmR” + - - - <
trpy 10g o 3 08 € | 2 og mh” A “Edge mode EE”
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The Neumann E brane and T duality

¢~ ¢+ 2R Shift invariance /Fusion rules preserved
. _ i ipe
8 ¢=0 (Vo Vp, -V, ) ~ 5(2 i) V, = exp =P =/
I_ _
. . Bulk correlation of local operators preserved up to O(€)
But there are non-local vortex operators which we have to check: Use T- Duality
¢~ ¢+ 2rR
. ; Integrating over b, preserves shift invariance of ¢
P Lo~
‘ ' 74 7 ( 7 g
O VoV Vo) ~ 63 a) Vy=exp @ qe
: R
L [ ] d
This correspond to summing over Wilson lines of ¢
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Tensor product factorization from CFT fusion
Gaberdiel, Moore-Seiberg

Hy® Hy/ ~ — Hy

YV @

. 3 0 IEpstotwni0) = ([ + f f o T 9(wa)]0)

= > (XA (Ja)p(wn) A% (o )p(w2) |0)

Co-product n >0

A«uu,wg (Jﬂ) - Z( . lef " Jm ® 1 + u”n "1 ® Jm)

m=0 m
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Tensor product for CFT fusion
Gaberdiel, Moore-Seiberg
H, H; H, ® H)/ ~ = H3

Hjy wy () w2
dz d . 1 _
/0 57 WIZ"J(2)P(wi)d(w2)]0) .f 27:7 " (x| (2)¥(w1)p(w>)[0)

Z( I,,)t/ (wn) )A? (Jn)p(w2)|0)

Co—pr()duct for negative modes

n

A'"-’nﬂ-’?(‘] ”) = Z(” ;7, ])( 1)”'-1 (n+m) T @14 Z( ) w) 1 "l ® D J=i

m=0
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Tensor product for CFT fusion

Gaberdiel, Moore-Seiberg
H ®@Hy/~ — Hy

VY @

/0 (X2 () ) |0) = f L ) (bt ) () )

= Z X‘A .],,_)”(ZJ wl)A (Jn) (w2 )|0)

Co—product for negative modes

T

A“,“",? (J ”) Z (H, I.r;:. I)( l)m LL? (” l m 1 Q@ Jm | Z . un ’ i Q@ J [ Q@ 1

m—0
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Tensor product for CFT fusion
Gaberdiel, Moore-Seiberg

\e/ - e

Hj

T

Awywy (Jn) = X( o ')(’—1)"”w mim) g @1+ L( ) —wy) IR J

m=0 l=n
A 7 - _— N1\ (ntm) 4 o 7 C~ =1y, l—n ]
Wy, Wy (. n) L (” T;:" )(—l) W, 1® Jm + L(“_ l)(—'w-;) RJ G R1
m=0 l=n

H, ® H,/ ~ is the largest quotient of H; ® H, where A(J ,) = A(J )

Restores symmetry of the co-product

Preserves the level /central charge of the Kacs-Moody /Virasoro Algebra
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Entangling product and CFT fusion

7= ()

*,(0) n

Kacs-Moody Charges:
Jn(u) = /ri*:)(r} w)" J(n)

Jn(n=10) = /dn n"J(n)= /;j_z‘ (%) K J(2)

Ji(p=0): /dp p'r.f(p)

n n

A (J,,_(u_)) = mZ:U(u)m (::1) I, 1 + ZZ;(—'M)R : (?; )1 ® J

annihilation creation
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Comparison with Bogoliubov Transformation

z
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Comparison with Bogoliubov Transformation

2=+ 1T

A Rindler modes
v (OO0 ine 00 1 / \ | a . = aj’
Pl +1t),_, = dp a,e” = / dkafz"0(—x)+alz™0(x) F i
i J o P : Q=

Bogoliubov transformation

© ke ® 0k
pa, _/ dk %fl’.f+/ dk————
0 I'(—ik) o D(—ik)
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Comparison with Bogoliubov Transformation

2=+ 17T

7
A
fim — = 1 A () = ('” ) Jaol+ S (”) 1®J.,
€0 et \m, —\q
Largen " =>4 J,(u) = / dn(n —u)"J(n) ~ / dn exp(nn)J () In) N
n~0 ' ' g/ T(a+1)
n — —ip : R _(E\imm ‘
Wick s ik I (1 =0) / dn 0" J(n) ./u!;(t) J(z) (n) N TR
b bic ' ;o iqm /1 e7. T 1
rotation q — —k .;’,.I(p 0) /(Zp ptJ(p) / rf:(f) : J(2) q . —ik1 (*l;u)
" . €
Co-Product Bogoliubov
00 pike% 7 o0 p iA'C%ﬁ ]. OO pﬂs‘{_ﬁ%‘ " 00 p ikF )
A(J ,,_-,J(«u_))/ Al S K f dk S % pa, / dk———a}- / dk ———,
0 I'(ik) ik Jo I(—ik) —ik Jo I(ik) Jo D(—ik
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Comparison with Bogoliubov Transformation

= +iT
7
A
Jirm — = 1 A () = ('” ) Jaol+ S (”) 1®J.,
€0 e—t\m, —\q
Largen " =>> "4 J,(u) = / dn(n —u)"J(n) ~ / dn exp(nn)J () In) N
n~0 ' ' ¢/ T(g+1)
n — —ip ’ R _(E\imm ‘
Wick s ik I (1 =0) / dn 0" J(n) ./u!;(t) J(z) (n) N 4 TR
b bic ' ‘o iqm /1 ©7. T 1L
TOfRtion qg— —itk J(p=0) /(Zp,ﬂ J(p) /rf:(..".') : J(z2) q . —ikI'(—ik)
. " €
Co-Product Bogoliubov
00 pﬂ'.(’% 1 o0 p iA'C%ﬁ ]. 00 pr'fs‘{_ﬁ%‘ " 00 p ikP )
A(J ,,_-,J(«u_))/ dk ———¢|f dk S % pa,,/ dk——a}+ / dk ———,
0 I'(ik) ik Jo I(—ik) —ik Jo I(ik) Jo D(—ik
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Summary

We propose an extension of 2D CFT incorporating the E brane BC ~ vacuum Ishibashi state.

Factorization of CFT Hilbert space via a co- product formula (Gaberdiel /Moore Seiberg)

Puzzles and generalizations

Jnl0Ys = A(J,) Q12 = 0

J -n|0>3 = A(J N-.)|Q>12

Explicit understanding of the quotient on the tensor product
Relation to Conne fusion of Bi modules over Von Neumann algebras? (Wasserman, Henrique Conne..)
Generalization to QFT( Segal unpublished) — Alternative to the Algebraic QFT approach?
Higher co-dimension= richer structure: e.g. co-dimension 3 in Chern Simons theory
Applications
Tensor Network
AdS/BCFT

Entanglement in string theory
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Tensor Networks from OPE’s

J i i . .
e, )
-
k
k
i ] 1 7
e ) .
\ .
.
\ i iz .. P P

e—{e

{

P
the boundary extended CFT?

fe

k [
AdS/BCEFT - bulk dual to

Relation to Raamsdonk’s BC bits?

“String theory representation” Takayanagi et. al :Bulk dual to local quench
7 ) Z 4p

e ) 4q

‘e 2p
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Entanglcmcnt in string thcory

BH Entropy = Entanglement entropy

A
S = (1 = B80p)| g-2n Zstring (B) = 4G
c.f. Susskind-Uglum, Tseytlin

State counting interpretation from open-closed string duality

Punctures by the entangling surface ~ holes on the worldsheet
E brane boundary condition on the Worldsheet

Factorization of the string theory Hilbert space?
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The Neumann E brane and T duality

¢~ ¢+ 2R Shitt invariance /Fusion rules preserved
. . PP
At =0 AT N, /= exp 22 pE T
<I'IJL I‘I’Q e IM,) ~ (S( pl) P exp R P
O ;
. . Bulk correlation of local operators preserved up to O(f)
But there are non-local vortex operators which we have to check: Use T- Duality
é ~ ¢+ 2nR
. ; Integrating over P, preserves shift invariance of ¢
P o~
: e s o . i
5 T 5 > _ —
O (Vo Vi - V) ~ E i) V,=exp—,g€Z
: R
L - g
This correspond to summing over Wilson lines of ¢
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