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Abstract: Many free-fermion topological phases can be diagnosed by analyzing a suitable collection of symmetry data. While the Fu-Kane
criterion for topological insulators is an early example, the systematic generalization to cover all possible crystalline symmetries and their ass
topological phases has only recently been achieved. Interestingly, a key step in the generalization is to recognize the importance of under
the entanglement-free product states: once these trivial phases are completely mapped, the topological ones are naturally expose:
a€ceremainders.a€- In this talk, we will first introduce the theory of symmetry indicators for topological (crystalline) insulators and semimetal:
then discuss how it can be generalized to cover superconductors.
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PERIMETER INSTITUTE
FOR THEORETICAL PIVSICS

June 4, 2008.
Dear Hoi Chun:

The Perimeter Institute for Theoretical

Summer School for Young Physicists.
for high school stu

Physics is holding its annual International
This program is a 14-day intensive physics camp
dents on the wonders of modern physics.

You have been chosen to participate in this

year's program taking place at the Perimeter
Institute in Waterloo, Ontario, Canada. You

will be participating from:

August 8, 2008 to August 20, 2008
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Quantum entanglement @ ISSYP 2008

[pic credites: Alice from Disney and Bob from BBC/ Wiki]
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Quantum entanglement @ ISSYP 2008




Pi

: 19100080

Electrical insulators @ high school
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A natural question:
Electron entanglement in an insulator?
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Trivial insulators




Question to address today:

How to predict & diagnose
topological materials in the reg|

word?




The “real world”

X Wi
XXX
wARLE

Shared hie Thozeraselarhils
"33

7 n]

,;,j—_,q_ LIRSl s , ~
;, 2 1 Wi 5.
,*:-.‘. _é_: g o X .t!) f’-:l,
S 5 : . . : *}
e G020,
i Saalhe sy
cmm2
ool ey
. . sl e u
1 sdeiomae Yy
SRS s

WA e
B d g g e

e mael -
Crupie Vi Wbk reaniits LTrun o ¥
auit 3wl

l.",’." e S y—
o e i,

Pirsa: 19100080 Page 11/65



Pirsa: 19100080

The “real world”
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>100,000 combinations!
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Strategy II: focus on simpler problems
e.g., free fermions in a crystal

Collection of single-particle
(Bloch) states

[Hemswreet & Fong (1974))
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Strategy II*: focus on even simpler problems
€.9., sym. data of free fermions in a crystal

Representation content in the
collection of single-particle
(Bloch) states

[Hemstreet & Fong (1974)]
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Symmetry indicators

Band insulators

frivial) J\ S(hontrivial) "
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* No need for a priori knowledge on topo. invariants
* No need for wave function integrals

* BUT, some information Is lost — not a complete classification

[HCP, Vishwanath & Watan
[Similar idea but different formul

Symmetry data ( ’lto”"c W‘;T/'('pooiogi;:al ',.
&

abe, 1703.00911: Nat. Commun., 2017]
ation: Bradlyn et al, 1703.02050; Nature 2017]
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Outline aka Take-homes

* Application to materials search reveals 3 surprisingly
large fraction of materials are potentially topological

* EXtension to superconductors by proper notion of
“trivial” states
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Sym. data of free fermions in a crystal

Spatial symmetries of the crystal = 230 space groups

(if magnetic, 1651 magnetic space groups)
Special momenta which are invariant under some sym.
Transformation of the Bloch states

| Rep. “vector,” well-defined when gapped
] (n]"]? nF]E’ n]"lsa nzl, nz.,: “eey LI) E ZD
] 2
- (0,0, 1, 2

[Hemstreet & Fong (1974)]
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Sym. data of free fermions in a crystal

Rep. “vector,” well-defined when gapped

(nl_‘ls N, I oo Ny oMy 5 - - V) E ZD

but not all entries of ZPare physical, e.g.

(11,27,20,0,6..,1)
\_/#

of bands??
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Sym. data of free fermions in a crystal

Rsand = {Physical rep. vectors} < ZP

* demand data at all high-symmetry momenta can be consistently
patched up (compatibility relations)

* Negative numbers are not “physical”

per se, but we keep them to
maintain the group structure
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The atomic solutions
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Full set of atomic insulators

Given a space group (an internal sym), we can exhaustively enumerate all

Lattice Points Orbitals

‘Band representations”: Zak. 1980; Zak, Bacry, Michel,
Bradlyn et al, 2017
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Full set of atomic insulators

——_.)

Lattice Points Orbitals

Tight-binding orbitals fix Mmomentum-space sym. reps
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Full set of atomic insulators

Lattice Points

Orbitals

Fourier

— Fhsvs < HBand
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RBand VS Ratomic iN any given sym. group
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RBand VS Ratomic iN any given sym. group

Non-atomic = topological

?. | Band topology.
® & e o indicated by

& /

Atomic (8.9.. Zy x Z,)
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‘Bootstrapping” from the trivial

HCP, Vishwanath & Watanabe, Nat. Commun. 2017
Watanabe*, HCP* & Vishwanath, Sci. Adv. 2018

For any of the 1,651 magnetic space groups, with or without
spin-orbit coupling,

= RBand
BS —

RAtomic
is 2 finite abelian group.

= as "vector spaces,” Rgang and Ratomic have the same dimension

= Basis for Reang constructible from that of Ratomic
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“‘Bootstrapping” from the trivial

HCP, Vishwanath & Watanabe, Nat. Commun. 2017
Watanabe®, HCP* & Vishwanath, Sci. Adv. 2018

Mo = RBand
BSE=

is a finite abelian group.
RAtomic

Implication:

to diagnose any topological material in

this framework, one only
needs to know the trivial ones (i.e., ato

mic insulators) very well
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Example: class All with inversion symme.try
(Standard Tl setting; Fu-Kane parity criterion)

~ 2D JYBS = Zg

- simply the quantum spin Hall index
2 EDk

XBS:ZQXZQXZQXZ4

Weak Tls Strong Tl & something more,
protected by TR & inversion

[HCP., Vishwanath & Watanabe, Nat. Commun. 2017]
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1650 magnetic space groups left
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All 1,651 magnetic space groups

(spinful or spinless)
[Watanabe®, HCP* & Vishwanath, Sci. Adv. 2018]

~20 me pages

Page 31/65
Pirsa: 19100080 g



Some cautions

1. A complete classification/ diagnosis?
- NO: incomplete knowledge from sym. alone!

- Symmetry indicators of band topology

2. Why “band structures” instead of “band insulators”?

- Gap condition only imposed at high-symmetry momenta

- could have irremovable gapless points at
(semi-)metal not insulator

generic momenta, i.e.. topo.

[Hughes et al, PRB 2011]
[Turner et al., PRB 2012]
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Outline aka Take-homes

v Symmetry indicators are readily computable from
analyzing the trivial insulators

° Application to materials search reveals 3 surprisingly
large fraction of materials are potentially topological

* Extension to superconductors by proper notion of
“trivial” states
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Topo. materials discovery

Symmetry
Indicators

>100,000 combinations!

I




Diagnosing “higher-order” TCls
= With 3D inversion & time-reversal: Xgg = Zg X Z,4

* 2 € Z, = gapped surfaces but 1D helical ‘hinge” modes
* Realized in elemental bismuth

[Schindler et al, Nat. Phys. 2018]
[

Also, a rotation-TC]- Hsu et al, PNAS 2019]
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Integration with ab initio routines

Chemistry data

compute/ guess \1/

k-space irreps

Expand over Rgang

fractional | : T
@ —> | (semi-)metallic

Integral

fractional
Expand over Raomic @————— Guaranteed

nontrivial

Integral

o,

ab initio &
wave function analysis

ab initio energetics
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Non-magnetic materials search

[Tang, HCP, Vishwanath & Wam;"1805.07314, 1806.04128, 1807.09744]
[Also: Zhang et al., 1807.08756, Vergniory et al., 1807.10271]
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