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Abstract: The mixing time of Markovian dissipative evolutions of open quantum many-body systems can be bounded using optimal constants of
certain quantum functional inequalities, such as the logarithmic Sobolev constant. For classical spin systems, the positivity of such constants follows
from amixing condition for the Gibbs measure, via quasi-factorization results for the entropy.

& nbsp;

Inspired by the classical case, we present a strategy to derive the positivity of the logarithmic Sobolev constant associated to the dynamics of certain
guantum systems from some clustering conditions on the Gibbs state of a local, commuting Hamiltonian. In particular we address this problem for
the heat-bath dynamicsin 1D and the Davies dynamics, showing that the first one is positive under the assumptions of a mixing condition on the
Gibbs state and a strong quasi-factorization of the relative entropy, and the second one under some strong clustering of correlations.
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© 1. Bardet, A. Capel. A. Lucia, D. Pérez-Garcia and C. Rouzé, On the
modified logarithmic Sobolev inequality for the heat-bath
dynamics for 1D systems, preprint, arXiv: 1908.09004.

and C. Rouzé, Positivity of the modified
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MAIN TOPIC OF THIS TALK

Dissipative evolutions of quantum many-body systems

Velocity of convergence of certain quantum dissipative
evolutions to their thermal equilibriums.

Log-Sobolev Inequalities for Quantum Many-Body Syst
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MAIN TOPIC OF THIS TALK

Dissipative evolutions of quantum many-body systems

Velocity of convergence of certain quantum dissipative
evolutions to their thermal equilibriums.

C ONCRETE PROBLEM
Provide sufficient static conditions on a Gibbs state which
imply the existence of a positive log-Sobolev constant.
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OPEN QUANTUM SYSTEMS

No experiment can be executed at zero temperature or
be completely shielded from noise.

E environment

S system
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No experiment can be executed at zero temperature or
be completely shielded from noise.

— Open quantum many-body systems.

E environment

S system

Figure: An open quantum many-body system.
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OPEN QUANTUM SYSTEMS

No experiment can be executed at zero temperature or
be completely shielded from noise.

— Open quantum many-body systems.

E environment

S system

Figure: An open quantum many-body system.

o Dynamics of S is dissipative!
o+ The continuous-time evolution of a state on S is given by a
q. Markov semigroup (Markovian approximation).
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NOTATION

Figure: A quantum spin lattice system.

Finite lattice A CC 73

To every site = € A we associate H- (= CP).

The global Hilbert space associated tolA isiHA = QL sy Hoe
The set of bounded linear endomorphisms on Hy is denoted by
Ba -= B(HAa)-

The set of density matrices is denoted by

S\ :=S(Ha) = {orn €EBar : pA 2 0 and tr[pa] = 1}-

Log-Sobolev Incqualities for Quantum Many-Body Syst
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QUANTUM DISSIPATIVE SYSTEMS

NOTATION

Figure: A quantum spin lattice system.

Finite lattice A cC Z<.

F al . . ~ )

[0 every site x € A we associate H, (= C! ).

The global Hilbert space associated to A is Hpy = ®,,( \ H...
The set of bounded linear endomorphisms on Ha is denoted by
Br = B(Ha).

The set of density matrices is denoted by

Sa = 8(Ha) = {pa € Ba : pa 2 0 and tr[ps] = 1}.

Angela Capel (ICMAT-UCM, Madrid) Log-Sobolev Inequalities for Quantum Many-Body Syst.
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QUANTUM DISSIPATIVE SYSTEMS

EVOLUTION OF A SYSTEM

Isolated system.
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Ql_-'.\N'IIIM DISSIPATIVE SYSTEMS
EVOLUTION OF A SYSTEM

Isolated system.

Physical evolution: p +— UpU* ~~ Reversible

Dissipative quantum system (non-reversible evolution)

T :p—=T(p)

o States to states = Linear, positive and trace preserving.

pRoeSH®H), owith trivial evolution

T: SHoH) —» SHoH) -
7«_(/)%0) - T oo =T =T®Il

o Completely positive.

T quantum channel

Angela Capel (ICMAT-UCM, Madrid) Log-Sobolev Inequalities for Quantum Many-Body Syst.
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QUANTUM DISSIPATIVE SYSTEMS

OPEN SYSTEMS

Open systems = Environment and system interact.

E environment

S system

Figure: Environment + System form a closed system.

State for the environment: \t) (f\,

P p®|Y) <l‘l — U (/; ® |) <l|l) U* v tre|U (p ® ) <r]’) Ul =p

T: S(H)

quantum channel
[)
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QUANTUM DISSIPATIVE SYSTEMS

MARKOVIAN APPROXIMATION

Continuous-time description: For every ¢t > 0, the
corresponding time slice is a realizable evolution 7; (quantum
channel).

The effect of the environment on the system is almost
irrelevant, but still important.

Assumption: The environment does not evolve

= Weak-coupling limit

Environment holds no memory + Future evolution only

depends on the present.

Markovian approximation

Angela Capel (ICMAT-UCM, Madrid) Log-Sobolev Inequalities for Quantum Many-Body Syst.
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QUANTUM DISSIPATIVE SYSTEMS

DISSIPATIVE QUANTUM SYSTEMS

DISSIPATIVE QUANTUM SYSTEMS

A dissipative quantum system is a l-parameter continuous semigroup
{T:"} >0 of completely positive, trace preserving (CPTP) maps (a.k.a.
quantum channels) in Sx.

Semigroup:
° 77* 07:« — 77*} ..
o 7)) = 1.

f * * * * *
ST =T oLy =LioT, .

QMS GENERATOR

The infinitesimal generator £} of the previous semigroup of quantum
channels is usually called Liouvillian, or Lindbladian.

Notation: p, := T,"(p).

t *
PA —_— Pt = 7-1' ( )
Angela Capel (ICMAT-UCM, Madrid) Log-Sobolev Inequalities for Quantum Many-Body Syst.
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QUANTUM DISSIPATIVE SYSTEMS

QUANTUM DISSIPATIVE EVOLUTIONS USEFUL?

Recent change of perspective = Resource to exploit

New area:
Quantum dissipative engineering,

to create artificial evolutions in which the dissipative process

works in favor (protecting the system from noisy evolutions).

Interesting problems:
o Computational power
o Conditions against noise
e Time to obtain certain states

o ...

Angela Capel (ICMAT-UCM, Madrid) Log-Sobolev Inequalities for Quantum Many-Body Syst.
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QUANTUM DISSIPATIVE SYSTEMS

MIXING TIME
We define the mixing time of {7,*} by

7(e) =ming t > 0: sup ||T;*(p) — Tc(p)lly <€
PAESA

RAPID MIXING
We say that L} satisfies rapid mixing if

sup ||pr — oall; < poly(|A])e™".
PAESA

PROBLEM

Find examples of rapid mixing!

Angela Capel (ICMAT-UCM, Madrid) Log-Sobolev Inequalities for Quantum Many-Body Syst.
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QUANTUM DISSIPATIVE SYSTEMS

CLASSICAL SPIN SYSTEMS

> \/ Log-Sobolev constant
/ \

Exponential

Spectral gap decay of correlations

A~

K/\ Rapid mixing
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QUANTUM DISSIPATIVE SYSTEMS
Input:  DVI- 1920x1080p@60Hz
Output:  SDI - 1920x1080I@60Hz

QUANTUM SPIN SYSTEMS

)

Wo r<D, AxD *

Za=hK >0 .

> HWI (k) MLSI(a) == S TCay(c2) h PI(\)

7
Wy p<D, axl ™2, ol “’-"l“v
(Ag)e . () unital

TCy(ey) > Gauss.
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QUANTUM DISSIPATIVE SYSTEMS

QUANTUM SPIN SYSTEMS

Wa 2 <D, AxD 2

o=k >0

PI(\)

Ric (£)> &k - HWI (k) MLSI(a) “== S TCy(cz)

/\\‘,((".;
7
Wy <D, axl ™2, € ‘!"l‘t

(A l¢=0 unital

TCy(ey) > Gauss.
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QUANTUM DISSIPATIVE SYSTEMS

QUANTUM SPIN SYSTEMS

Ric(L)> K

.-‘ﬂn.ut'l.‘l Capel (ICMAT-UCM, Madrid)

> HWI (k) MLSI(a)

-

Z [
“r=k>0R

=0

1
Wy p<D, axD 2
Ae)eso unital

Wy <D, AxD 2

Kastoryano-Temme, 2013

\\
Qb

=34

— PI(A) > Exp.

> (Gauss.
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QUANTUM DISSIPATIVE SYSTEMS
LOG-SOBOLEV INEQUALITY (MLSI)
Recall: py = T,*(p).

Liouville’s equation:
y *
Dpr = La(pr).

Relative entropy of p; and oy:
D(ptlloa) = trlpe(log pr — logap)].
Differentiating:

O D(pellon) = tr[LA(pr)(log pr — logan)]. (1)

We want to find a lower bound for the derivative of D(p¢||oa) in
terms of itself:

200D (prl|lon) < —tr[L3 (pr)(log pr — logay)].

Angela Capel (ICMAT-UCM, Madrid) Log-Sobolev Inequalities for Quantum Many-Body Syst.
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QUANTUM DISSIPATIVE SYSTEMS

LOG-SOBOLEV CONSTANT

LOG-SOBOLEV CONSTANT

The log-Sobolev constant of £} is defined as:

. . —tr[LA(pa)(log pa —logaa)]
L= f
oL PAESA 2D(palloa)

[f (L) > 0:

D(pt||loa) < D(palloa)e 2 ER L,

and with Pinsker’s inequality, we have:

1pe = oally € V2D (palloa) e A <\ /2Tog(1/omin) e~ *FA)

LLog-Sobolev constant = Rapid mixing.

PROBLEM

Find positive log-Sobolev constants! |

Angela Capel (ICMAT-UCM, Madrid) Log-Sobolev Inequalities for Quantum Many-Body Syst.
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QUANTUM DISSIPATIVE SYSTEMS

MAIN PROBLEM OF THIS TALK

Develop a strategy to find positive log Sobolev constants.

CONCRETE PROBLEM

Provide sufficient static conditions on a Gibbs state which
imply the existence of a positive log-Sobolev constant.

Angela Capel (ICMAT-UCM, Madrid) Log-Sobolev Inequalities for Quantum Many-Body Syst.
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QUANTUM DISSIPATIVE SYSTEMS

CLASSICAL SPIN SYSTEMS

(Cesi, Dai Pra-Paganoni-Posta, '02)

(1) Quasi-factorization of the entropy (in terms of a conditional entropy).

+

(2) Recursive geometric argument.
Lower bound for the global log-Sobolev constant in terms of the log-Sobolev |
constant of a size-fixed region.

+

(3) Decay of correlations on the Gibbs measure.

4

Positive log-Sobolev constant.

Angela Capel (ICMAT-UCM, Madrid) Log-Sobolev Inequalities for Quantum Many-Body Syst.
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QUANTUM DISSIPATIVE SYSTEMS

CONDITIONAL LOG-SOBOLEV CONSTANT

LOG-SOBOLEV CONSTANT

Let £} : SA — S be a primitive reversible Lindbladian with stationary
state op. We define the log-Sobolev constant of £} by

‘ .o —tr[L(pa)(log pa —logaa))
I — f
Uenl= i 2D(palloa)

CONDITIONAL LOG-SOBOLEV CONSTANT

Let £} : SA — Sa be a primitive reversible Lindbladian with stationary
state op, A C A. We define the conditional log-Sobolev constant of £} |
on A by

. .. —tr[L4(pa)(log pa —logon)]
¥a (LA == inf
an(£a) OAESH 2D A (pal|loa)

Angela Capel (ICMAT-UCM, Madrid) Log-Sobolev Inequalities for Quantum Many-Body Syst.
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QUANTUM DISSIPATIVE SYSTEMS
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QUANTUM DISSIPATIVE SYSTEMS

STRATEGY

Decay of

on the Gibbs state
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QUANTUM DISSIPATIVE SYSTEMS

STRATEGY

Decay of correlations

on the Gibbs state
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QUANTUM DISSIPATIVE SYSTEMS

STRATEGY

Decay of correlations

on the Gibbs state
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QUANTUM DISSIPATIVE SYSTEMS

STRATEGY

Decay of correlations

on the Gibbs state
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QUANTUM DISSIPATIVE SYSTEMS

2 QUASI-FACTORIZATION OF THE RELATIVE ENTROPY
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CONDITIONAL RELATIVE ENTROPY

QUASI-FACTORIZATION OF THE RELATIVE ENTROPY
QUASI-FACTORIZATION OF THE RELATIVE ENTROPY QUASI-FACTORIZATION OF THE RELATIVE ENTROPY

STATEMENT OF THE PROBLEM

PROBLEM

Let Hac = Ha ® HB ® Hc and papc,0aBc € Sapc. Can we prove
something like

D(pac|loaBc) < &(daBc) [DaB(pac|loase) + Dec(pasc|loasc)] ?

(QUANTUM RELATIVE ENTROPY

D(pllo) = tr[p(log p — log )]

Angela Capel (ICMAT-UCM, Madrid) Log-Sobolev Inequalities for Quantum Many-Body Syst.

Pirsa: 19100062 Page 39/73



Pirsa: 19100062

CONDITIONAL RELATIVE ENTROPY

QUASI-FACTORIZATION OF THE RELATIVE ENT 'Y
HQUASI-FACTORIZATION OF THE RELATIVE ENTROPY QUASI-FACTORIZATION OF THE RELATIVE ENTROPY

PROBLEM

D(papc|lecaBc) < &(oapc) [DaB(pasclloaBc) + Deco(paBcl|loasc)]

CLASSICAL CASE, Dai Pra et al. ’02

:'J t!. B3
Ent,(f) < | — 4||h — 1]

[Enty (f | F1) + Entu(f | F2)),

0

where h = ﬂ
dji

CLASSICAL ENTROPY AND CONDITIONAL ENTROPY
Entropy:

Ent,.(f) = p(flog f) — p(f) log p(f).

Conditional entropy:

Ent,(f | G) = u(flog f | G) — pu(f | G)logu(f | G).

Angela Capel (ICMAT-UCM, Madrid) Log-Sobolev Inequalities for Quantum Many-Body Syst.
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CONDITIONAL RELATIVE ENTROPY

QUASI-FACTORIZATION OF THE RELATIVE ENT 'Y
HQUASI-FACTORIZATION OF THE RELATIVE ENTROPY QUASI-FACTORIZATION OF THE RELATIVE ENTROPY

RELATIVE ENTROPY

(QUANTUM RELATIVE ENTROPY

Let pa,oa € Spo. The quantum relative entropy of px and o, is defined
by:

D(palloa) = tr [pa(log pa — logaa)].

PROPERTIES OF THE RELATIVE ENTROPY

Let Hap = Ha @ Hp and pap,ocaB € Sap. The following properties hold:
Q@ Continuity. pap — D(pag||locar) is continuous.
Q@ Additivity. D(pa ® pilloa @ o) = D(pallea) + D(pgllor).
@ Superadditivity. D(pag|loa @ o) > D(palloa) + D(ps||lor).

@ Monotonicity. D(paglloas) = D(T (pap)||T(cap)) for every
quantum channel 7.

CHARACTERIZATION OF THE RE, Wilming et al. 17, Matsumoto 10

If f:8a X Sap — R satisfies 1 — 4, then f is the relative entropy.

Angela Capel (ICMAT-UCM, Madrid) Log-Sobolev Inequalities for Quantum Many-Body Syst.
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CONDITIONAL RELATIVE ENTROPY

JASI-FACTORIZATION OF THE RELATIVE ENTROPY :
QUASI-FACTORIZATION OF THE RELATIVE ENTROPY QUASI-FACTORIZATION OF THE RELATIVE ENTROPY

CONDITIONAL RELATIVE ENTROPY

CONDITIONAL RELATIVE ENTROPY

Let Hap = Ha ® Hp. We define a conditional relative entropy in A as
a function

Da(+||) : Sap x Sap = Rg
verifying the following properties for every pap,ocap € Sap:

Q Continuity: The map pap +— Da(pan|lcag) is continuous.

Q@ Non-negativity: Da(pagl|lcar) > 0 and

p e . 1/2 —-1/2 -1/2 1/2
(2.1) Da(paBllcap)=0 if, and only if, pap = O-A/H(TB / PBO / (TA/B'

Q@ Semi-superadditivity: Da(pagl|lca @ o) > D(pallca) and
(3.1) Semi-additivity: if pap = pa ® pB,
Da(pa ®pBlloa ® o) = D(palloa).

Q Semi-motonicity: For every quantum channel 7,
Da(T(paB)||T(oaB)) + Dp((tra oT)(pas)||(tra oT)(cas))
< Da(paB|lca) + Da(tra(pas)||tra(can)).

Angela Capel (ICMAT-UCM, Madrid) Log-Sobolev Inequalities for Quantum Many-Body Syst.
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CONDITIONAL RELATIVE ENTROPY

OUASI-FACTORIZATION OF THE RELATIVE ENTROPY
QUASI-FACTORIZATION OF THE RELATIVE ENTROPY QUASI-FACTORIZATION OF THE RELATIVE ENTROPY

REMARK

Consider for every pap,cap € San
Dy p(paglloas) = Da(pag||loas) + De(pas|loas).

Then, Dj{ p Verifies the following properties:

Q Continuity: pap D‘f{ p(paBlloas) is continuous.

© Additivity: D} 5(pa ® pBlloa @ o) = D(palloa) + D(pslloB).
@ Superadditivity: D;,*{‘H(p,m||o,1 ®op) > D(palloa) + D(pgllor).

However, it does not satisfy the property of monotonicity.

AXIOMATIC CHARACTERIZATION OF THE CRE (C-Lucia-Pérez Garcia, ’18)

The only possible conditional relative entropy is given by:
Da(paBllocaB) = D(pasl|locas) — D(pglloB)

for every pap,oap € Sas.

Angela Capel (ICMAT-UCM, Madrid) Log-Sobolev Inequalities for Quantum Many-Body Syst.
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CONDITIONAL RELATIVE ENTROPY
QUASI-FACTORIZATION OF THE RELATIVE ENTROPY
? y QUASI-FACTORIZATION OF THE RELATIVE ENTROPY

.\‘B
Figure: Choice of indices in Hapco = HaA @ HpB @ Her.

Result of quasi-factorization of the relative entropy, for every
PABC,OABC € SABC!

D(papclloape) < &(oapce) [Dap(papc|loape) + Dpo(pape|loapc)] .

where £(oapc) depends only on o4pc and measures how far o 4¢ is from

TA T,

Angela Capel (ICMAT-UCM, Madrid) Log-Sobolev Inequalities for Quantum Many-Body Syst.
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CONDITIONAL RELATIVE ENTROPY

QUASI-FACTORIZATION OF THE RELATIVE ENTROPY
? QUASI-FACTORIZATION OF THE RELATIVE ENTROPY

QUASI-FACTORIZATION FOR THE CRE (C-Lucia-Pérez Garcia, ’18)

Let Hapc = Ha @ He ® He and pape,ocapc € Sapc. Then, the following
inequality holds

D(papc|loaBe) <
|
1 — 2||H(cac)ll o

(DaB(pascl|loaBc) + Dpc(pascl|loase)],

where

Hilio)i= rr;'/:2 ®r7(_.'/2 OAC (T;l/"') @rf(_,l/g —1ac.

Note that H(cac) = 0 if 0a¢ is a tensor product between A and C.
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CONDITIONAL RELATIVE ENTROPY

QUASI-FACTORIZATION OF THE RELATIVE ENTROPY
3 QUASI-FACTORIZATION OF THE RELATIVE ENTROPY

This result is equivalent to:

(1+2[|H(ocaB)|l)D(paslloas) = D(palloa) + D(pgllos) |.

Recall:
e Superadditivity. D(pap|lca @ o) > D(palloa) + D(pgllon).

Angela Capel (ICMAT-UCM, Madrid) Log-Sobolev Inequalities for Quantum Many-Body Syst.

Pirsa: 19100062 Page 46/73



CONDITIONAL RELATIVE ENTROPY

QUASI-FACTORIZATION OF THE RELATIVE ENTROPY
3 QUASI-FACTORIZATION OF THE RELATIVE ENTROPY

This result is equivalent to:

(14 2||H(caB)|| ) D(paslloar) = D(palloa) + D(pgllos) |

Recall:
e Superadditivity. D(pap|lca @ op) > D(palloa) + D(pgllon).

Due to:

e Monotonicity. D(pagl|locas) = D(T(pap)||T(cap)) for every
quantum channel 7"

we have

2D(paglloan) = D(palloa) + D(psllos).
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CONDITIONAL RELATIVE ENTROPY

QUASI-FACTORIZATION OF THE RELATIVE ENTROPY
) QUASI-FACTORIZATION OF THE RELATIVE ENTROPY

RELATION WITH THE CLASSICAL CASE

STATES OBSERVABLES

QUANTUM D(paslloas) fan = T, (Pan) tr[oag faslogfas|

SETTING D(paglloas) — D(pgllog) fo = Tay (Pn) tr(tr, [UABfABIUEfAB] — ogfglogfs]

A Y

tr(oas -] = pu()
tral] = u(-19)

CLASSICAL = u(f logf)
SETTING u(u(f logf1G) — u(f 16) log u(f 16))

Figure: ldentification between classical and quantum quantities when the states

considered are classical.
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CONDITIONAL RELATIVE ENTROPY

QUASI-FACTORIZATION OF THE RELATIVE ENTROPY
3 QUASI-FACTORIZATION OF THE RELATIVE ENTROPY

3. LOG-SOBOLEV CONSTANT
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LOG-SOBOLEV CONSTANT

QUANTUM SPIN LATTICES

Figure: A quantum spin lattice system A and A, B C A such that AU B = A.

PROBLEM

For a certain £}, can we prove a(L}) > 0 using the result of
quasi-factorization of the relative entropy?
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LOG-SOBOLEV CONSTANT

EXAMPLE 1

HEAT-BATH DYNAMICS WITH TENSOR PRODUCT FIXED POINT ‘
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LOG-SOBOLEV CONSTANT

HEAT-BATH WITH TENSOR PRODUCT FIXED POINT

THEOREM (C-Lucia-Pérez Garcia, ’18)

The heat-bath dynamics, with tensor product fixed point, has a positive
log-Sobolev constant.

Consider the local and global Lindbladians

Lo:=FE; —1a, LA=) L}

rEA

Since

1/2

IE:(!':\) = O\ /

1/2 _1/2

1/2
(T.r"‘ P (TJ"' (T.\ = 0z & e

for every pa € Sa, we have

Ef\(p,\) = Z (02 @ pae — pA).

TreEA
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LOG-SOBOLEV CONSTANT

HEAT-BATH WITH TENSOR PRODUCT FIXED POINT

Decay of correlations’

on the Gibbs state
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LOG-SOBOLEV CONSTANT

HEAT-BATH WITH TENSOR PRODUCT FIXED POINT

CONDITIONAL LOG-SOBOLEV CONSTANT

For x € A, we define the conditional log-Sobolev constant of £} in 2 by \

k .. —tr[L3(pa)(log pa — logon)]
[’:r M— f )
o (Caliisein 2D (pallon)

where o, is the fixed point of the evolution, and D, (pa||oa) is the
conditional relative entropy.
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LOG-SOBOLEV CONSTANT

HEAT-BATH WITH TENSOR PRODUCT FIXED POINT

GENERAL QUASI-FACTORIZATION FOR ¢ A TENSOR PRODUCT

Let Ha = @ Hz and pa,oa € Sa such that op = ®O‘;,-. The following
rEA
reA

inequality holds:
D(palloa) < Y Da(palloa).
rEA
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LOG-SOBOLEV CONSTANT

HEAT-BATH WITH TENSOR PRODUCT FIXED POINT

LEMMA (Positivity of the conditional log-Sobolev constant)
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LOG-SOBOLEV CONSTANT

HEAT-BATH WITH TENSOR PRODUCT FIXED POINT

D(palloa) < Da(palloa)

rel

—tr[L5(pa)(log pa — logop)]
<
- Z 2cep (L3)

rEA

| . | |
S 2 inf “.-\(Ej-) Z o “.[ﬁ.r‘(ﬂj\)““f-’. PA — I();_'. TA ”

rEA TEA
|
2inf ap (L)

reA

(— tr[LA (pa)(log pa — logoa)])

< (—Il'[ﬁf\(p;\)(lng pa — log rr,\)}).
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LOG-SOBOLEV CONSTANT

HEAT-BATH DYNAMICS IN 1D
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LOG-SOBOLEV CONSTANT

HEAT-BATH DYNAMICS IN 1D

CONDITIONAL LOG-SOBOLEV CONSTANT

For A C A, we define the conditional log-Sobolev constant of £} in A
by

o . —tr[L%(pa)(log pa —logoa)]
N —— -
an(£4) PAESA 2D A(palloa)

where o, is the fixed point of the evolution, and

Da(palloa) = D(palloa) — D(pac||loac).
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LOG-SOBOLEV CONSTANT

HEAT-BATH DYNAMICS IN 1D

ASSUMPTION 1

[n a tripartite Hilbert space Ha ® He ® Hp, A and B not connected, we
have

—1/2 — —1/2 ] g |
|h(caB)|ls = HUA'/"@rf,,l/“rﬂma‘,‘l/“@a,,l/" - ll/mH < e 5

o0

[n particular, classical Gibbs states satisfy this.

For any B C A, B = B; U By, it holds:

Dp(palloa) < f(opa) (Da,(palloa) + Dpy(palloa)) .

[n particular, tensor products satisfy this (with f = 1).
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LOG-SOBOLEV CONSTANT

HEAT-BATH DYNAMICS IN 1D

[n a tripartite Hilbert space Ha ® Ho ® Hp, A and B not connected, we
have

||h4(0'/1H)||OO:H(TXIN@(TBINO'AHO'EI/Q@(TFIIN—]l/\};H < Ko<=

o0

[n particular, classical Gibbs states satisfy this.

ForranyeBiE A, B = By Ui By, ittholds:

Du({)AHfTA) < f(oBa) (DH1 (P/\”‘TA) = lez(!’/\||f7/\)) :

[n particular, tensor products satisfy this (with f =1).
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LOG-SOBOLEV CONSTANT

EXAMPLES OF POSITIVE LOG-SOBOLEV CONSTANTS

THEOREM (Bardet-C-Lucia-Pérez Garcia-Rouzé, ’19)

In 1D, if Assumptions 1 and 2 hold, for a k-local commuting Hamiltonian,
the heat-bath dynamics has a positive log-Sobolev constant.
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LOG-SOBOLEV CONSTANT

SKETCH OF THE PROOF

T

A= U;\; and B = UBJ
Jj=1

1=1

f‘illut‘lil Capel (ICMAT-UCM, Madrid) Log-Sobolev Inequalities for Quantum Many-Body Syst.

Pirsa: 19100062 Page 63/73



LOG-SOBOLEV CONSTANT

SKETCH OF THE PROOF

T

A= U;l; and B = UBJ
Jj=1

1=1

|
D(palloa) <
(palloa) < | — 2||A(acBe)|| o

. 1/2 L/
h(oacpe) i =0,."" @ oge

(Da(palloa) + Dp(palloa)l,

L/

2 2 1/2
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LOG-SOBOLEV CONSTANT

SKETCH OF THE PROOF
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LOG-SOBOLEV CONSTANT

SKETCH OF THE PROOF

K

[),\([)A\H(T,\) S Zl)-'\r(f)-\H(T‘\)
i=1

oa is a QMC between Ay <> A, <> A\ (A UOJA,)

OA = Q%(T.)\l(m” ) E & T (8a, ) AN (A1UOAY)
1€
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LOG-SOBOLEV CONSTANT

SKETCH OF THE PROOF

STEP 3

Assumption 1 = «o(Ly) > K min }{u\(ﬁﬂ').u\(ﬁjg,)}
ie{l,...n
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LOG-SOBOLEV CONSTANT

DAVIES DYNAMICS

GENERATOR

The generator of the Davies dynamics is of the following form:

LR(X) = i[Ha, X]+ ) LE(X

keA

=foi,k(w)( (W)X St (w —-{551» ) Sec k(W X})

[mportant property: Given A C A,

£4(X) := E(XIN) = lim €4 (X).

{—o0

Is a conditional expectation onto the subalgebra of fixed points of L.
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LOG-SOBOLEV CONSTANT

DAVIES DYNAMICS

CLUSTERING OF CORRELATIONS

The state o € S(H) is said to satisfy exponential conditional
[Li-clustering of correlations with respect to the triple (Ma, Ng,Nagp) if |
there exists a constant ¢ := ¢(Na,NB,Nap, o) such that, for any

X € B(H),

| Covpryg,0(Ea(X),ER(X))| < (_.||X||El(a)e—d(A\B.B\A)/E‘

Moreover, the triple (Na,Ng,Nag) is said to satisfy exponential
conditional L-clustering of correlations if there exists a constant
¢ := c(Na,NB,Nap,o) such that any state o = £} g(o) satisfies
conditional ILi-clustering of correlations with constant c.

Decay of correlations
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LOG-SOBOLEV CONSTANT

DAVIES DYNAMICS

(QUASI-FACTORIZATION, Bardet-C-Rouzé '19

Assume that there exists a constant 0 < ¢ < such that the triple

l
2(4 4+ v2)
(Na,NB.Nag) satisfies the exponential conditional L;-clustering of
correlations with corresponding constant ¢. Then, the following inequality

holds for every p € S(H):

|
D% . (pollo) <
AH(/H )_ 1_2(4+\/§)('

(DApllo) + Di(pllo)) (3)

for every o = E4 (o).
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LOG-SOBOLEV CONSTANT

THEOREM, Junge-LaRacuente-Rouzé 19

ChemM ceZS L} : Sn — Sa the Lindbladian associated to the Davies
dynamics and a finite lattice and A C A, we have

an (£57) = v(l4]) > o,

where (| A|) might depend on A, but is independent of its size.

Angela Capel (ICMAT-UCM, Madrid) Log-Sobolev Inequalities for Quantum Many-Body Syst.

Pirsa: 19100062 Page 71/73



LOG-SOBOLEV CONSTANT

OPEN PROBLEMS

PROBLEM 1

Can we use any of the quasi-factorization results to prove log-Sobolev
constants in a more general setting?

PROBLEM 2

Does the heat-bath example hold for greater dimension?

PROBLEM 3

[s there a better definition for conditional relative entropy?
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