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Fun With Path Integrals

Neil Turok

collaborators: J. Feldbrugge, A. Fertig, J-L Lehners, L. Sbernag,
U-L. Pen




Interference

basic to guantum physics

universal




all known physics
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Highly oscillatory integrals ‘¥ =(%)* [d’se*®

e.qg. Fresnel integral

Euler spiral

+R .
F(R)= j_R e” dx

[=lim F(R)=¢é"r

R—o0

Conditionally, not absolutely convergent

Higher dimensional case?
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2d: square cutoff

” dx dyei(x2+y D=2 =

2d: round cutoff p

lim 27 | RdRe™ —hm”(e’R )

R—>°° R—)oo
0

27?7




Resolution: use complex analyticity and Cauchy's theorem

Deforming the integration contour renders the integral
absolutely convergent: arcs at infinity vanish as R — oo
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higher dimensions:
Picard-Lefschetz

general method for analysing and performing highly oscillatory integrals:

“flow" the original contour onto a series of relevant “Lefschetz thimbles”

generalizes to arbitrary finite dimension

new approach to “real” path integrals (Feldbrugge and NT, in prep)
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Wheeler, Feynman,
De Witt, Teitelboim ...

gquantum geometrodynamics

N Final

\ 3-geometry
sum over

4-geometries

Initial
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(see Feynman's

particles without quantum fields birac Memorial Lecture)
e.g. pair creation in an electric field

Ernst Stueckelberg 1941
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relativistic particle

external
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relativistic particle

x(.l) =X,

external y T(A)dA, T(A)>0
" invariant internal time element
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Spacetime amplitude approach to relativistic guantum mechanics

w/ J. Feldbrugge, A. Fertig, J-L Lehners, L. Sberna
to appear shortly

Kinematics

‘P(x) -amplitude for particle to be at spacetime point X
Probability [ d*x ¥ (x)¥(x)=1 [Schrodinger)

<x“>= Jd“x P (x) x* P(x),

4, p, | = ins*
|:x p"] o <p“>=_[d4x ¥ (x)(—ihd")P(x), etc

energy-time uncertainty relation built in
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Dynamics e.g. in Minkowski
H=n"p,p, +m’ &S = jdl (7:M,% X" —m ’T);

amplitude for a particle at x;" to be observed at x;‘

Jd’r< f‘ _’H'”h‘x Jd’t‘ije’S/h—G (X ,5x,)

(|n gauge 7= _[r(it)d?t const) Jole. L(x,x")=—ih8(x—x")
Feynman propagator is a consequence of geometry and QM

unambiguous, no need for ig (gives simplified passage 1o NR QM)
will be interesting to calculate in other spacetimes
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e.g. propagate a localized particle
l.e. Gaussian with spacetime spread

and 35°>0

[d*x G ()]

irsa: 19090089 Page 15/38



3.g. propag
.e. Goussia
- T >0
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connection with on-shell (“physical”) states

]: dt <xf ‘ g el xi> = h2n6(H) = Re[G . (x,,x,)]
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[ d*xRe[G, (x.x)¥(xY|
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[d*x'G, (e x|
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application to radio astronomy

Feldbrugge, Pen, NT 1909.04632




Plasma lensing of the "black widow" pulsar PL1957+20

R. Main et al 2018

Pulsar Wind Observer

ve = 353(4) km/s

N T

&

/ \
Up = 5.1 kll]/.\'
Rn‘-,d"\ ~ R /;

a=2TR. —t
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Pi

Feynman path integral :} Fermat’s principle of least time
start from dispersion relation in plasma: ®° = k*c’ +(0; (X)

phase speed 2 =cy[1+ a;:z(z ; group speed |4]= \[1 g

K22

Hamiltonian H =—p/c¢’ + p’c* + i’ 0*(X)

generates reparameterisations: H = 0 for classical solutions

1
action § = J‘d/’t(pofco +5-X—T(A)H)

BUT if we fix initial and final xo how can Fermat’s principle arise?

Answer: fix initial energy (monochromatic beam) and final time
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thin lens

N 2
__n(X)e

80 mg
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Flowing
the contour

(case b)
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Interference patterns at increasing v  geometric optics limit

() v =1/2,14 =150 (h) v = 1/2,0 = 100 (1) oo = 1/2,12 = 500
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Interference patterns at increasing v  geometric optics limit

s

F

04 {1) () 0 0.2 0.4 0.6

2 2 0.3 ; }
(h) v = 1/2,0 = 100 i) a=1/2,12="500
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elementary catastrophes

Name Symbol K N
Viaximum /minimum

1/~l+;m")+;r
T /)+;a;1 /u+jh 2 /2 + jx
r‘:1‘~3111. pta(zf + x3) — pat2 — 1T
f1‘+‘?1"“;” 1111—!11“*»”131
"/EH “11 /1 qT" m+;f T /2 + 1T

I]TH Lo + J1L]

Swallowtail

Elliptic umbilic
Hyperbolic nmbilic
Butterfly

Parabolic minliw___

l,:_..:_o;'f.s:;:l[‘\:ﬂa—-l:
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elementary catastrophes
Name Symbol K N O(x; )

Maximum /minimum AT ‘ +2?

Fold Ay x’ /3 + pa

Cusp A ) o /4 + pex? /2 +
Swallowtail " 2’ /5 + p3x® /3 + jox® /2 +

S+ x3) — faTy — 1T
Hyperbolic umbilic D, ; XY+ TS — H3T1 Ty — floTy — H1Ty
Butterfly As 2%/6 + pyxt /4 + psa® /3 + o /2 +
Parabolic umbilic Dy Tl + X s 4 gy 4 st + s +

Elliptic umbilic Dy 3 x? — 3wyxs — s
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elliptic umbilic

(a) 13 = H1, 1

1.0

1.0 . \ S M-
-1.0 =05 0.0 0.5 1.0
H1

(d) pg = 0,2 = 50 (¢) pia = 0,1 = 100 () y3 = 0,12 = 500
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back to localised lenses

2d :
O(x)= (X — i)’ + —~

( 1+.¥12 +2x§ )

As O increases, evolves from
pair of twin cusps with folds,
through hyperbolic umbilic to
create an elliptical fold with
NO CUSpPsS
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0.6

(h) 1 =100 (¢) 12 = 500
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2d :

B(F) = (¥ ) +

(+xt+x2)

Formation of elliptic umbilic
catastrophe (when inner triangle
shrinks to zero) via merger of three
CuUsSps

Pirsa: 19090089 Page 37/38



Summary

New approach to the Lorentzian path integral

QM is all about interference

llustration: path integrals in the sky!

Goals: existence of QM path integrals without Wick rotation
QFT without fields

Geometrodynamics, emergence of time and the cosmos
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