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Particle theory from Jordan geometry

Shane Farnsworth

Max-Planck Institute for Gravitational Physics

Collaboration with Latham Boyle

Pirsa: 19090075 Page 3/31



Coordinatizing a Manifold C*(M,R) — C*(M, Af)

X(p)e C'(MR)—=x(p)e C'(M.A)
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Constructing a geometry

So far we have a coordinate algebra: C*°(M.R) @ Ar. But
how do we describe vector fields, differential forms,
connections, spinor fields, Dirac operators, etc...?

I

S=k / epre e REL 4 — / F;JK'LeIeJeK(Wj.LDW —Wj.LW)

S

differential Inner Covariant Clifford

Metric exterior representation
forms Product

derivative of forms
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Qutline

1. Vector fields
2. Differential forms
3. Connections
4. Spinor fields
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Vector Fields
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Vector fields = derivations

Riemannian geometry: V = V'O,

Inner derivations:

0, = [a._]. (non-commutative algebras)

dab = [a._. b]. (Jordan algebras)
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Vector fields = derivations

Riemannian geometry: V= V/'0,

Inner derivations:

0, = [a._]. (non-commutative algebras)
dab = [a. _. b]. (Jordan algebras)
Properties:
V. V]f= V'f ayf=e"
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Example: J,(C) with basis {I.\,}, a=1,....n* — 1.

Jordan product: ab = 3(ao b+ bo a), where:

I 14

/\3 @] /\b = *2—(-—(53b]1 -+ dabcf\c -+ I.fabc/\c).
n J \...\,...../
Jordan Lie
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Example: J,(C) with basis {I. \,}, a=1,....n* — 1.

Jordan product: ab = 3(ao b+ bo a), where:

1,1x
/\3 @] /\b — '—‘(-—()abH -+ dabcf\c -+ ".fabcf\c)-
2°n L~
Jo;aan Lie
Basis of derivations given by:
. 4
05 = ;fabc[/\c. s /\b].

Action on basis A\, given by:

(Saf\b —_- — abCAC.
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Example: Pati-Salam

Gauge group: SU;(2) x SUR(2) xSU(4).

w

Let's look at this bit!
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Example: Pati-Salam

Gauge group: SU;(2) x SUg(2) xSU(4).

~w

Let's look at this bit!
Finite coordinate algebra: Ar = J5(C) @ J5(C)

Two point space!
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Differential Forms
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‘Jordan’ One forms

Linear Map: Vf= V7),f

f+ g) = Vf+ Vg
(V+ W)f= Vf+ WF.

Can think of Vf as map from derivations to coordinate
algebra. Call it:

dffV] := VA,

where the ‘exterior derivative' d satisfies:

d(fg)[V] = U(f)g + Mg) = ((df)g + fag)[V].
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Dual basis of 1-forms

Define df by action on vector fields V70 ,:
df = E70,f.
where E?[0p] = 5; Write general one form as:

w = wyE°,
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Differential ‘n’ forms A = ¢ ,A"

1. Define product of forms w ¢ A", W' € A™:

ww' = (Uv'l an )E] AL NETTM e ATEN

2. Extend ‘d’ to higher order forms

& = 0.
d(u;;u') — (du;)w’ - ( 1)‘““‘|wdw’.
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Example: J,(C) with basis {I, \;}, a=1,...,n* — 1.

Dual forms satisfying £7(05) = 07:

16 ;. 1
—PANNG) (ApdAg). dE? = Eﬁbe A E°.
]

r

Ea o
Simplest example J>(C):

E20e = 8P (AAg)(Apdery)
= 2(__[)(?3(/\b(3)‘e/\c)

1 a
o -'Efbca((:ccb) - ())g

(Remember 5\, = —¢_,Ac.)
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Connections
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Connections on A = C*(M,R) ® J,(C)

Local basis of derivations {0,,,0,}:

V,,V_" V,,(V”('),, - \/d(”a)
= (0, V' = VTV )0y + (0, V7 — VWA )b,

0

where '], is the usual Affine connection, while Wﬁa is viewed as a

local ‘gauge’ connection.
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Discrete connections Ar = J,(C) & J,(C)

Basis of derivations:

. 4 . 4
sh= et _ohl  oR =R _of
n n
where
oL = (A,.0). of% = (0. \,).

Discrete connection = gauge link:

oL = P(L. R)ESE.
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Spinor Fields
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Spinor Representations (Pati-Salam)

Pati-Salam Gauge group: SU;(2) x SUR(2) xSU(4).

Let's look at this bit!

Ar = ,(C) @ J2(C) represented on H = C*2,

L, a 2 h"; “l !"L

q;a d, dy e

N uR UR VR

1 qta? ] cf ?

LRy a 9k dr__ egr

J — . X

(9 .q9) 5 0 ' o d lg dp
0 “f (Ir up :‘!';;\'.\
Ve e VR eR

0? ={L.o'}, i=1.2.3.
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Spinor Representations (Pati-Salam)

Pati-Salam derivation algebra: su;(2) x sug(2) xsu(4).

"

Let's look at this bit!

Derivations on B= A& H:

. / i, uy 1y

Viiai dy d e

U “'n !-’R

/J‘ . Al

) 1 v F\"ﬁl (r“r‘- (f'c\\ ep
(Vi VRV = > . ' o dp g dg
0 uy dy ug dp
v e TR g
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Spinor Representations (Pati-Salam)

Charge conjugation and grading:

”f Hr f’ll_ 1’
dy dp el
g ug VR
F: dp eR
W = ; : 7
updp Ug F
] d; = dp
v, & TR @g
uy — Uy — A
\J"Jr (J’L —ep
H_,(_\- ”R .I-‘F‘!
Y — f . dr dr eR
Uy | g dp
uyp d[ —uR _dR
'.‘91'_ EL 71"'5\ — éR

These operators correspond to a ‘geometry’ with signature 6:

£ =1. Jv = —~J.
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Spinor Representations (Pati-Salam)

‘Local Lorentz’? su;(2) x sur(2) x su(4)
——
Let's look at this bit!

f / uy ”L J‘-’L
0 dy dy el
0 g Ug R
dg dp ep
MY = ’ iy d; U dp
M;E!

uy (ff_ U (/H
7 e R ep

su(4) ~ so(6)
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Spinor Representations (Pati-Salam)

‘Local Lorentz’? su;(2) x sug(2) x su(4)
N

Let's look at this bit!

i i uy uy v\ T
0 dy dy el
0 g UpR R
dg dg___eg
MY = B 7 (fl] Up ”-!“
MT!

uy (ff_ U (/H
7 e R en

su(4) ~ so(6)
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Spinor Representations (Pati-Salam)

‘Local Lorentz’? su;(2) x sug(2) x su(4)
N

Let's look at this bit!

u U 124 N 7]
0 ‘!' L L
dy (f[ e[
up = ""F\’
0 dg df:’ eR
MU = :
iy dy up 1
ME
Uy (J'L U (/H
IF;L -E“';L ?':;R “&.’R

su(4) ~ so(6)
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To do/questions:

1. Construct a 'Clifford’ action of forms.

A

Determine relationship between the ‘discrete connection’ and
the ‘discrete’ Dirac operator.

What scalar representations are predicted?
How do three generations enter?

Construct gravitational action.

AL

Quantization?
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