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Abstract: We present a paradigm for effective descriptions of quantum magnets. Typically, a magnet has many classical ground states &€’
configurations of spins (as classical vectors) that have the least energy. The set of all such ground states forms an abstract space. Remarkably, the
low energy physics of the quantum magnet maps to that of a single particle moving in this space.

This presents an elegant route to simulate simple quantum mechanical models using molecular magnets. For instance, a dimer coupled by an XY
bond maps to a particle moving on aring. An XY triangular magnet maps to a particle moving on two digoint rings. We can even simulate Berry
phases; when the spin has half-integer values, the particle sees a pi-flux& nbsp; threaded through the rings.

A particularly interesting example is the XY tetrahedral magnet. Here, the ground state space is a 'non-manifold’ due to singularities. These
singularities behave like strong impurities to create bound states. The entire low energy physics of the magnet is dominated by these bound states.
We call this phenomenon ‘order by singularity@€™. This leads to a preference for certain classical ground states purely due to topology, rather than
due to thermal or quantum fluctuations. Unlike order-by-disorder, this effect persists even in the classical limit.
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A cluster of quantum spins, at low energies,
maps to a single particle moving on the

corresponding classical ground state space.
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Path integral point of view

- Semi-classical path integral formalism for spins
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At low energies, the partition function is dominated

by paths within the classical ground state space

= low energy partition function resembles that of a

particle moving within the classical ground state space
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Clusters with XY couplings
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- Each pair of spins Is separated by the same distance
+ Fundamental motifs in frustrated magnetism - ‘simplex’ geometries

+ Classical ground states: all spins must lie in the XY plane and add to zero
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» No frustration
- Ground state space: S !

+ Low energies: maps to a particle on a ring
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XY dimer - low energy physics
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- Particle on a ring: states indexed by angular momentum

* Spectrum: ~0,50,=0,+1,+2 +3, ...
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Fifective low energy theory

« Parametrization with low energy fluctuations
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Constraint to
preserve
normalization:

n-lL=20

2 Heisenberg spins:

6 free parameters
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Fifective low energy theory

« Parametrization with low energy fluctuations
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* Assumptions: S > 1; l#,*m. ~ O(1)

* Result: partition function of a particle on a ring!
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+ Ground state space: S' ® Zo

« Low energies: maps to a particle on two
disjoint rings - can also be explicitly shown
using a path integral based derivation
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XY trimer: low energy spectrum
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Fffective low energy theory

- Semi-classical path integral formalism for spins
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j Berry phase: area swept out

by each spin at the north pole

Interacting Electrons and Quantum Magnetism, A. Auerbach
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XY trimer

27 rotation: each spin subtends 2t at north pole

= Berry phase contribution 675
= trivial for integer S, it phase for half-integer S

* In mapping to a particle on the ground state space, we have
a ;-Aharanov-Bohm flux through each ring!
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H = ,\J{sl .Sy + S5 s_..1} 2 J{s1 'S5+ 8,-S,+S5-S3 48, s_..l},

A>1
« Ground state space: Sl Y Sl

* Two dimensional manifold. No non-trivial Berry phase.

« Low energies: maps to a particle on a torus

Pirsa: 19080082 Page 14/29



XY asymmetric quadrumer
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Low energy spectrum is that of a particle moving on a torus!
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« Ground state space: four spins must lie in the plane and add to zero.
* Spins must form two pairs with each pair being oppositely aligned.
* Three such possibilities: (1-2)-(3-4) or (1-3)-(2-4) or (1-4)-(2-3)

* Each possibility is described two angles: corresponds to a torus
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XY quadrumer
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XY quadrumer

N

Space of three tori, with each pair touching along a line — non-manifold!

At generic points, it is a two-dimensional space. At the touching lines,

dimensionality cannot be defined.

Claim: low energy physics of the XY quadrumer corresponds to a particle

moving on this space.

Page 18/29



XY guadrumer - tight binding mesh
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XY guadrumer - tight binding mesh

Two fitting parameters: L (size) and t (hopping amplitude)
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XY quadrumer - half-integer spins
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We thread flux into the tight binding mode

XY quadrumer - half-integer spins
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using Pelerls’ phases,

Resulting spectrum agrees very well with spectrum of the spin problem.
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XY guadrumer - ‘order by singularity
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model: low energy spectrum consists solely of bound states!

We
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a macroscopic number.

have ~L bound states,
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XY guadrumer - ‘order by singularity
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Wavefunctions can be obtained analytically within

lpp_,q,'r

t

on a ring with well defined angular momentum.

They resemble states
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XY guadrumer - ‘order by singularity’
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Low energy states are localized along singular lines within the ground state space!
Low energy physics is dominated by collinear ground states.

This effect persists even in the classical S — oo limit,
explains results of Chalker and Moessner (1998) in the classical XY quadrumer at T' — 0.
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XY guadrumer - ‘order by singularity’
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Order by disorder vs. Order by singularity

Frustration can lead to large classical degeneracy, not related to symmetries of the
Hamiltonian. These two mechanisms can ‘select’ a subset of classical ground states.

Order by disorder
(Chalker, Introduction to Frustrated Magnetism)

* Weak quantum fluctuations (large S) give rise to zero point energies. This contribution
s different about different states. It breaks the degeneracy.

* Weak thermal fluctuations (low temperature) contribute entropies to the free energy.
[his is different about different states. It breaks the degeneracy.

* Mapping to single particle motion: the fluctuations give rise to a potential on the
classical ground state space.This can localize the particle.

* Classical limit: the potential is proportional to the fluctuation strength (1/S or 1) =

vanishes in the classical limit (T = 0 or S—00),

Order by singularity

* Necessary condition: non-manifold character of classical ground state space.
* Mapping to single particle motion: singularities mimic impurities to create bound states.

Low energy spectrum Is spanned by bound states, localizing the particle.

* Classical limit: mapping to single particle picture becomes betterasT = 0 or S— 00

= selection effect becomes stronger!
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Order by disorder vs. Order by singularity

Mechanisms of state selection

Order by disorder

Potential due to quantum/
thermal fluctuations
~1/Sorl

< >
Classical ground state space

Order by singularity

Non-manifold ground state space,
allowing for bound state formation

Pirsa: 19080082 Page 28/29



Summary

principle: At low energies, the physics of any cluster maps to that

Genera

of a particle moving on the corresponding classical ground state space

XY trimer:
Role of Aharanov Bohm flux. For half-integer spins,

we have two disjoint circles threaded with pi-fluxes

XY quadrumer:

Non-manifold ground state with three touching tori.
Tight binding provides an excellent description.
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Order by singularity: R \ :'
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Low energy spectrum on the non-manifold consists solely “ __;;\;_‘j ~;i-
of bound states. This leads to a preference for collinear FPIreeeeraeeseesnasy
states even in the classical limit I‘
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