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Abstract: The out-of-time-ordered correlator (OTOC) and entanglement are two physically motivated and widely used probes of the “scran
of quantum information, which has drawn great interest recently in quantum gravity and many-body physics. By proving upper and lower b
for OTOC saturation on graphs with bounded degree and a lower bound for entanglement on general graphs, we show that the time s
scrambling as given by the growth of OTOC and entanglement entropy can be asymptotically separated in a random quantum circuit model
on graphs with a tight bottleneck. Our result counters the intuition that a random quantum circuit mixes in time proportional to the diameter
underlying graph of interactions. &nbsp;lt also serves as a more rigorous justification for an argument of [Shor, 1807.04363], that black hole
be very slow scramblers in terms of entanglement generation. Such observations may be of fundamental importance in the understandin
black hole information problem. The bound we obtained for OTOC is interesting in its own right in that it generalized previous studies of OTC
lattices to the geometries on graphs and proved it rigorously. &nbsp; Based on [Harrow-Kong-Liu-Mehraban-Shor, 1906.02219]
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Introduction

> Scrambling describes 3 quantum phenomenon that

> Dynamically: initially localized infor
onto the whole quantum system so
be retrieved from local measurements

> Kinematically: the overall evolution and st
system “looks" random

mation gets spread
that it can no longer

ate of the
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Probes of Scrambling

» Operator growth — how local perturbations acting on
one part of the system spreads; quantified by OTOC

» Entanglement growth — scrambling happens because
the generation of global multipartite entanglement
“hides" information from any local measurement;
quantified by entanglement entropies (von Neumann,

Rényi...)
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OTOC

» Let O (x,0) be an operator acting on qudit «

» (Js(y,t) be an Heisenberg operator at time ¢ that only
acts on qudit y at time 0
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Introduction

» Let O (xr,0) be an operator acting on qudit «
» (y(y,t) be an Heisenberg operator at time ¢ that only
acts on qudit y at time 0

» The commutator form of out-of-time-ordered correlator
(OTOC) is defined to be

\.«1—‘

C(t) =

I

» The average is taken w.r.t. thermal state with inverse
temperature /3, which we take to be 0 in this work
(infinite temperature)
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Scrambling Time Scale

» After an enough amount of time, the unitary produced
by the circuit will be random enough

A Separation of
Qut-of-time-
ordered Correlator
and Entanglement

Linghang Kong

Introduction

Page 7/66



Pirsa: 19080079

Scrambling Time Scale

» After an enough amount of time, the unitary produced
by the circuit will be random enough

» The OTOC between  and y will become close to the
equilibrium value ©(1)

» The entanglement entropy between a set of vertices A
and its complement A will be close to the equilibrium
value ©(min{|A|, |A|})

A Separation of
Qut-of-time-
ordered Correlator
and Entanglement

Linghang Kong

Introduction

Page 8/66



Scrambling Time Scale Gutettime.
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Linghang Kong
» After an enough amount of time, the unitary produced

by the circuit will be random enough

Introduction

» The OTOC between  and y will become close to the
equilibrium value ©(1)

» The entanglement entropy between a set of vertices A
and its complement A will be close to the equilibrium
value ©(min{|A|, |A|})

» We define T([‘jfli”())c and Té‘}lw as the time needed for OTOC

and entanglement to reach a constant times their
equilibrium value
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» After an enough amount of time, the unitary produced

by the circuit will be random enough

Introduction

» The OTOC between  and y will become close to the
equilibrium value ©(1)

» The entanglement entropy between a set of vertices A
and its complement A will be close to the equilibrium
value ©(min{|A|, |A|})

» We define T([)"Qli”())c and 72'. as the time needed for OTOC

ent
and entanglement to reach a constant times their

equilibrium value

» For a given graph, we characterize its properties with

(y)

Tothe and 74, with (o, y) and A that maximizes them

respectively
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» Consider a graph G with V' vertices and £ edges.
d-dimensional qudits placed on each vertex
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» Consider a graph G with V' vertices and F edges.
d-dimensional qudits placed on each vertex

» On average, a Haar-random 2-qudit unitary is acted on
the vertices connected by each edge in each time unit
» A Haar-random unitary is uniformly random over the
group U(d?)
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Introduction

» Consider a graph G with V' vertices and F edges.
d-dimensional qudits placed on each vertex
» On average, a Haar-random 2-qudit unitary is acted on
the vertices connected by each edge in each time unit
» A Haar-random unitary is uniformly random over the
group U(d?)
» More precisely, unitaries are applied according to
independent Poisson distributions
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Introduction

» Consider a graph G with V' vertices and F edges.
d-dimensional qudits placed on each vertex

» On average, a Haar-random 2-qudit unitary is acted on
the vertices connected by each edge in each time unit

» A Haar-random unitary is uniformly random over the
group U(d?)

» More precisely, unitaries are applied according to
independent Poisson distributions
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» Let G be a graph with V" vertices and F edges. e e
Consider any pair of vertices & and y with D(x, y)
being the distance between them. Suppose the degree
for each vertex is at most d“, we have shown that

(1)
raree =@ Diw,ul)

Linghang Kong

Statement of the results
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Main Result

» Let (& be a graph with V' vertices and £ edges.
Consider any pair of vertices = and y with D(xr, y)
being the distance between them. Suppose the degree
for each vertex is at most d“, we have shown that
ety — o(D(zx
Totoc = @, y)) i}

» Suppose the graph is partitioned into 4 and A. We

A "min{|A|.| A
have also shown that 7., — () ( 'i '{{,1.| 0 k ) where
C'(A, A) is the number of edges with one endpoint in A

and onein A
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» Let (& be a graph with V' vertices and F edges.
Consider any pair of vertices . and y with D(x, y)
being the distance between them. Suppose the degree
for each vertex is at most d°, we have shown that
_(e,y)

Totoc = O(D(x.y)) :
» Suppose the graph is partitioned into A and A. We

Linghang Kong

Statement of the results

() (mii'{.‘.|..‘.|})' where
L AR

('(A, A) is the number of edges with one endpoint in A

have also shown that 7.},

and one in A
» Now we apply the bounds above to a perfect binary tree

/<§\0/< N\ Qj'\ ,/<

B TOTOC = (—)(]]_] ‘-) and Tent = SZ(‘ ) Where " iS the
number of vertices
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1. Scrambling in non-Euclidean geometries

» Existing work has studied scrambling mostly on
Euclidean lattices. The general assumption is that after
time ¢, a localized perturbation will affect everything
within some ball of radius vpytrerfly?

Implications

» However, this has not been proved and previous works
only gave heuristic arguments for it that included
uncontrolled approximations

» For the random circuit models defined on general
graphs, we find that if the graph degree is small then
indeed there is a linear butterfly velocity
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Implications

1. Scrambling in non-Euclidean geometries
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Implications

2. Black hole information scrambling

» Can be viewed as a more rigorous argument for
[1807.04363]
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Implications

2. Black hole information scrambling

» Can be viewed as a more rigorous argument for
[1807.04363]

» OTOC saturation is needed for Yoshida-Kitaev protocol
[1710.03363] of Hayden-Preskill decoding task

A Separation of
Out-of-time-
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Linghang Kong

Implications
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3. Counterexample of constructing 2-designs in time
proportional to diameter

Implications

» A 2-design is a distribution that approximately agree
with the Haar measure up to the first two moments

(important in quantum information; admit efficient
constructions)

» Having 2-designs implies saturation of OTOC,
entanglement, etc.

» Therefore our results implies that 2-designs might not
be achieved in time o diameter
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Outline

Proof Techniques for OTOC

| 3%

A Separation of
Out-of-time-
ordered Correlator
and Entanglement

Linghang Kong

Proof Techniques

for OTOC
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Markov Chain

» Using the properties of Poisson distribution, ©( £'t)
edges are picked in time ¢ with high probability. Here £
is the total number of edges
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Conversion into Markov
Chain
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Markov Chain

» Using the properties of Poisson distribution, ©( £'t)
edges are picked in time ¢ with high probability. Here £
is the total number of edges

» Each edge picked is uniformly random among all edges

A Separation of
Out-of-time-
ordered Correlator
and Entanglement

Linghang Kong

Conversion into Markov
Chain
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Markov Chain

» Using the properties of Poisson distribution, ©( £'t)
edges are picked in time ¢ with high probability. Here £
is the total number of edges

» Each edge picked is uniformly random among all edges

» Equivalent to picking a random edge every 1/FE unit of
time, up to a constant factor

A Separation of
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Page 26/66



e B A Separation of
Markov Chain el

ordered Correlator
and Entanglement

Linghang Kong

» Using the properties of Poisson distribution, ©( £'t)
edges are picked in time ¢ with high probability. Here £
is the total number of edges

» Each edge picked is uniformly random among all edges Gy ™

» Equivalent to picking a random edge every 1/FE unit of
time, up to a constant factor
» From now on the process of picking an edge and apply

a unitary is called a “step”, and the time elapsed will be
the number of steps divided by £
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» The Heisenberg operator can be expanded into the
Pauli basis {o;|p' € {0,1,....d* — 1}"}

, I " g
— N _ . |
UlosU =) agog, ag= —= T UtozUal)

f‘i Conversion into Markov
Chain
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» The Heisenberg operator can be expanded into the
Pauli basis {o;|p € {0,1,....d* — 1}"}

, | s +
= _ - ; I
UlosU =) agog, ag= =T UtosUcl]

f‘i Conversion into Markov
Chain

> Eyagza” transforms linearly in each step. Due to the
q
properties of the distribution in each step, this is zero

for ¢+ ¢
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» The Heisenberg operator can be expanded into the
Pauli basis {o;|p' € {0,1,....d* — 1}"}
| . ;
UT(TF,U = Z Og0g, O = = Tr[[.ﬂ(fﬁ(.fnfif]

(i Conversion into Markov
Chain

» Epagza” transforms linearly in each step. Due to the
q
properties of the distribution in each step, this is zero

for ¢ +# ¢

» The quantities '[PJ;;=(1,.?a(\-j;‘ sum to 1, and can be viewed as
a probability distribution. The process can be described
by a Markov chain on all the Pauli operators
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Markov Chain

» On each vertex the non-identity Pauli operators have
the same probability, so we only care if the operator on
a vertex is identity (l) or non-identity (N)

» i.e. the state space simplifies from (/“)" Pauli operators

to 2" configurations in which each vertex is assigned a
label “N" or “I"

A Separation of
Out-of-time-
ordered Correlator
and Entanglement

Linghang Kong

Conversion into Markov
Chain
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» On each vertex the non-identity Pauli operators have Linghang Kong
the same probability, so we only care if the operator on
a vertex is identity (I) or non-identity (N)

» The update rule is shown as follows

OO = OO

3 (/7 . o 1
U\—m UW with probability -
@‘&D = m"kn with probability 7,—;-5?
: sy, di—1
M M with probability 9

/ \

Conversion into Markov
Chain
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» On each vertex the non-identity Pauli operators have Linghang Kong
the same probability, so we only care if the operator on
a vertex is identity (I) or non-identity (N)

» The update rule is shown as follows

OO = OO

3 ([ (] - s 1
UW UW with probability -
@—U\ =Y m"kn with probability ;,-ylﬂ*
: sy, df—1
M M with probability 9

/ \

» For OTOC with Oy (x,0) and O3(y,t), the Markov

chain starts from a single “N" on y, and OTOC is
proportional to the probability of having “N" on
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Let (¢ be a graph with V" vertices and F edges. The
maximum degree of vertices is z. Consider any pair of

vertices & and y with D (. y) being the distance between
them.

Theorem (OTOC Upper Bound)

Suppose = < d*, where d is the Hilbert space dimension for

each vertex. Then -Té'f”o)c = O(D(x,y)) with probability at

/east ] - (1_(_-)[_1)(_1',;1)}. 4

Upper Bound
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Upper Bound

» The first part of the proof is to show that a label “N"

reaches vertex = in O(FE - D(.r, y)) number of steps with
high probability

A Separation of
Out-of-time-
ordered Correlator
and Entanglement

Linghang Kong

Upper Bound
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» The first part of the proof is to show that a label “N"

reaches vertex = in O(FE - D(.r, y)) number of steps with
high probability

» To show this we consider a modified Markov chain that
keeps only one label “N" that is closest to vertex 1, and
other labels “N" are set to “I" after each step

Upper Bound
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» The first part of the proof is to show that a label “N"
reaches vertex = in O(FE - D(.r, y)) number of steps with
high probability

» To show this we consider a modified Markov chain that dosrBoud
keeps only one label “N" that is closest to vertex ', and

other labels “N" are set to “I" after each step

» The number of steps needed in this modified chain gives
an upper bound for that in the original chain
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» The distance between this “N" label and vertex

increases by 1 with probability at most 7—(—?-}:” and
decreases by 1 with probability at least 1_((_:'!’+_I)

N
at most z-1 .L_. ______ i " Upper Bound

neighbors are
farther from x
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Upper Bound

» The distance between this “N" label and vertex

increases by 1 with probability at most 7—(—?-}:” and

decreases by 1 with probability at least 75—

N
X
at most z-1 .L_. ______ ™

neighbors are
farther from x

» As long as z < d?, this distance tend to decrease in

each step and becomes 0 in O(FE - D(x.y)) number of

steps with high probability

A Separation of
Out-of-time-
ordered Correlator
and Entanglement

Linghang Kong

Upper Bound
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Upper Bound

» The next step is to show that the probability for having
label “N" on vertex & is constant after it reaches x

A Separation of
Out-of-time-
ordered Correlator
and Entanglement

Linghang Kong

Upper Bound
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» The next step is to show that the probability for having
label “N" on vertex & is constant after it reaches x

» Again we study the Markov chain with a single “N

» The distance between this label “N" and vertex r still
tends to decrease in each step, so the probability for Hoger el
this distance to be 0 is constant in the equilibrium
distribution as long as » <

» It could be shown that the probability is monotonically
non-increasing w.r.t. the number of steps, and therefore
is lower bounded by a constant
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Let (¢ be a graph with V" vertices and E edges. The
maximum degree of vertices is z. Consider any pair of
vertices = and y with D(x,y) being the distance between
them.

Theorem (OTOC Lower Bound)
Suppose = = O(1). Then T((JIT{(/J}C = Q(D(z,y)) with
probability at least 1 — ¢=O(D(ry)),

Lowar Bound

This bound works as long as the degree is constant, but it
becomes weaker (in terms of the constant hidden in €2(-))

when the degree increases.
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Lower Bound

» The lower bound is proved using a union bound

» Consider a path starting from vertex y with length D.
For any A < 1, the probability for labels “N" to

propagate through this path within ADFE steps is
—O(D)
€

A Separation of
Out-of-time-
ordered Correlator
and Entanglement

Linghang Kong

Lowar Bound
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Lower Bound

» The lower bound is proved using a union bound

» Consider a path starting from vertex y with length D.
For any A < 1, the probability for labels “N" to
propagate through this path within ADFE steps is

-—O(D)

» For any integer D, there are at most (z — 1) paths
between vertex y and any vertex with distance DD away
from vy

A Separation of
Out-of-time-
ordered Correlator
and Entanglement

Linghang Kong

Lowar Bound
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» The lower bound is proved using a union bound Linghang Kong

» Consider a path starting from vertex y with length D.
For any A < 1, the probability for labels “N" to
propagate through this path within ADFE steps is

(._‘—(-—)(]-:J}
» For any integer D, there are at most (z — 1) paths
between vertex y and any vertex with distance DD away
Lower Bound
from vy

» By union bound, the probability for any vertex = with
distance D) away from y to get a label "N" is at most
(2 — )P .2 and is exponentially small in D if we

pick a small A
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Proof Techniques
for Entanglement

Proof Techniques for Entanglement
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Theorem (Entanglement Lower Bound)

For a general graph GG with vertices partitioned into sets A

and A, the entanglement saturation time is §) (“'“(‘_‘{(|j|;l|;—1|} )

where C'( A, A) is the number of edges with one endpoint in Proof Techniques
i or ntangliemen

A and one in A.
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Lemma
Let U,p be a unitary operator acting on two d-dimensional
systems AB. Then for any |{)) 44 g with ancilla systems
A'B’, the application of Up on |i)) increases the
entanglement between AA" and BB’ by at most 2log d.

Proof Techniques
for Entanglement
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Linghang Kong
Lemma
Let U,p be a unitary operator acting on two d-dimensional
systems AB. Then for any |{)) 4 a4 g with ancilla systems
A'B’, the application of Up on |i)) increases the
entanglement between AA" and BB’ by at most 2 log d.

Proof.

Suppose Alice hold AA” and Bob holds BB’ parts of |¢). Proof Techniques
Besides that they also share 2 copies of EPR pairs. Consider @5
the LOCC protocol in which Alice teleports register A to

Bob, followed by Bob's local application of U453 and

teleporting A back to Alice. The entanglement is

non-increasing under this LOCC protocol, which gives the
bound. []
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» The theorem above shows that the entanglement
between subsystem A and A increases by at most
2log d when a cut edge between A and A is selected

» The equilibrium value of entanglement is

O(min{|A|.|A|} log d)

» If there are C'(A, A) cut edges in total, the time needed ' Frenstemen

will be (el

Proof Techniques
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» One might argue that the slow entanglement saturation Linghang Kong
might be due to the low chance of picking the cut edge
in the binary tree

Variants of Qur
MO(IP‘
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» One might argue that the slow entanglement saturation Uinghang Kong
might be due to the low chance of picking the cut edge
in the binary tree

» We considered an alternative model which picks one

edge on one side of the cut edge, then picks the cut
edge, and finally picks an edge from the other side

Variants of Qur
Ml’)(lt—"‘
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» One might argue that the slow entanglement saturation Linghang Kong
might be due to the low chance of picking the cut edge
in the binary tree

» We considered an alternative model which picks one
edge on one side of the cut edge, then picks the cut
edge, and finally picks an edge from the other side

» There is still a separation in this model

Variants of Qur
MO(IP‘
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» One might argue that the slow entanglement saturation Linghang Kong
might be due to the low chance of picking the cut edge
in the binary tree

» We considered an alternative model which picks one
edge on one side of the cut edge, then picks the cut
edge, and finally picks an edge from the other side

» There is still a separation in this model

» The reason is that the unitary acted on the cut edge
can commute through other unitaries unless they share
r Variants of Qur

a vertex. In this way ©(V") unitaries on the cut edge Model
will collapse into one
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