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Abstract: We observe that boundary correlators of the elementary scalar field of the Liouville theory defined on rigid AdS2 background a
same as the correlators of the chiral stress tensor of the Liouville CFT on the complex plane restricted to the real line. The same relation ger
to the conformal abelian Toda theory: correlators of Toda scalars on AdS2 are directly related to those of the chiral W-symmetry generator
Toda CFT and thus are essentially controlled by the underlying infinite-dimensional symmetry. These may be viewed as examples of AdSZ
duality where the CFT1 is the chiral half of a 2d CFT. Similar relation applies also to a non-abelian Toda theory containing a Liouville s
coupled to a 2d sigma-model originating from the SL(2,R)/U(1) gauged WZW model. Here the Liouville scalar is again dual to the chiral :
tensor T while the other two scalars are dual to the parafermionic operators VA+ of the non-abelian Toda CFT. The duality is checkec
next-to-leading order in the large central charge expansion by matching the chiral CFT correlators of (T,V+,Va™) with the boundary correlat
the three Toda scalars given by the tree-level and one-loop Witten diagrams in AdS2. Based on arXiv:1904.12753,1907.01357.
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Motivation:

e correlation functions of operators on Wilson lines

in /' = 4 SYM and dual AdSs x S superstring theory:
novel examples of 1d defect CFTs

e non-gravitational example of AdS,/CFT;

defined by string sigma model action:

match AdS; correlators of elementary string fields

to correlators of operators on WL

e simpler setting: boundary correlators of elementary fields
in scale (conformal) invariant QFT on AdS, :
boundary CFT interpretation?

e examples: Liouvile, (non)abelian Toda, WZW, etc
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Correlators on WL at strong coupling: AdS,/CFT;
e novel sector of observables in AdS/CFT:

gauge-invariant correlators of operators inserted on Wilson loop
e described by an effective (“defect” ) CFT;

“induced” from N' = 4 SYM

® JE—-BPS line WML: leads to example of AdS,/CFT,
quantum theory in AdS; defined by superstring action

e in BPS WML “vacuum” we have AdS/CFT map:
elementary SYM ftields (&P, F L to the line)

<+ string coordinates as fields in AdS;

e 4-point correlators at strong coupling:

Witten diagrams for AdS/CFT correlators, OPE, etc.
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* ; BPS: infinite straight line

1 =t & (—oo,00), 8P = Py, W = trPel dtiAr+®e)

e O;(x(t;)) on WML: gauge inv correlator
{O1(t1)O2(t2)...0n(tn) )

= <tI'P|i(_,)l (f‘l) L’.’l dt(iA+dg) ()E(tl) (:)n(fn) C‘I- (1At Ps)

)

e operator insertions are equivalent to deformations of WL

[Drukker, Kawamoto 06; Cooke, Dekel, Drukker 17|

complete knowledge of correlators <+ expectation value
of general Wilson loop — deformation of line or circle

e correlators define “defect” CFT; on the line
determined by spectrum of dims and OPE coeffs

e (...)) correlators satisty usual properties of CFT;
without reference to their (non-local) origin in SYM
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e “elementary excitations”: short rep of OSp(4*|4)

8 bosonic (+ 8 fermionic) ops with protected A:

5 scalars: ®* (A = 1) that do not couple to WL;

3 "displacement operators”: Fy; = iF;; + D;®Pg with A = 2

._11??1‘

e protected dims: exact 2-point functions in planar SYM

(@7 (1)@ (1)) = 6N (B (1) Fy (1)) = 0 S
i (' : ( A, 4712 [;1(VA)

B(A) — Bremsstrahlung function [Correa, Henn, Maldacena, Sever 12]

e 3-point functions vanish by SO(3) x SO(5) symmetry

e 4-point functions: depend on fy, ..., f> and A
fat3y

non-trivial functions of 1d cross-ratio y = 72
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String theory side

4-point functions at strong coupling (N = o0, A > 1)
from string theory in AdSs x S’

® J,:-BPS Wilson line (or circle): minimal surface is

AdS>; embedded in AdSs

e fundamental open string stretched in AdSs:

preserves same OSp(4*|4) as %—BPS WL

1d cont group SO(2, 1) realized as isometry of AdS;

e expanding string action around AdS; surface:

AdS, multiplet of fluctuations transverse to string

5 (m* = 0) scalars y" in S§°; 3 (m* = 2) scalars x' in AdSs;
8 (m‘? = 1) fermions [Drukker, Gross, AT 00]

e identify 8+8 fields in AdS; with elementary CFT insertions
(cf. waves on line — change of minimal area)
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o m?> = A(A — d) for AdS, .1 scalar masses and CFT; dims:
massless S° fields y* dual to ®” in CFT; with A = 1
massive AdSs fields x’ dual to IF,; with A = 2

o
Strategy:
string action — interaction vertices for “light” AdS, fields
— tree-level Witten diagrams in AdS; — prediction for
4-point functions of protected ops on WL:
expansion in ﬁ ~ inverse string tension
e QFT in AdS;: superstring action is UV finite (no scale anomaly)
AdS; Witten diagrams with loops should be well defined

AdS,/CFT; duality should hold for any T = -‘/\
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AdS,

o
A

R

e compute tree-level 4-point functions
e use OPE to extract strong coupling corrections to dims
of "2-particle” ops of 2 of protected insertions: ®d}'P, etc.

[Giombi, Roiban, AT 17; Beccaria, Giombi, AT 19]
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AdSs x §” string in static gauge — QFT in AdS;

bosonic part of superstring action (1" = },_/T‘)

Sp =

p)

0 11 - ) d. %0, 1y" -
r E[#(T\/Eh!“ ) d {x]()pxi | d ,ZE);,Z i”/ li/
f ; 1..9\2

ral—=

gt= (e, =10 =10.1:2:3 #=Tliwd
minimal surface for straight Wilson line at Euclidean boundary

F=g. V=, ¥ =0, y'=0

. - . ; o) Ris,
induced metric is AdSy: g dotdo? = 13 (dt= + ds<).
e compute correlators of small fluctuations of “transverse”
coordinates (x', ") near AdS, minimal surface

e global symmetry of action SO(2,1) x [SO(3) x SO(6)]

Page 11/63



e make SO(2,1) manifest: AdS; adapted coordinates

- 1..252 A
dbf\dsg - (1 ]r?-)ldb“\ds" (1-—2x2)2’ ds; ., = 25 (dxg +dz7)
. = ‘:1:- il l{. _— )= 7.4 &

e action in static gauge: z = sand x =t

. — . Ty
Sg=T [ d?ovh
212 _,”__!"\Ja”'\‘f :'r);,y”é),_-‘!/” 1

(14 1x%)? : .
R . S I N — oY ST .\
h}“' (] 5 _1-2}?_ :('\f“" ((T) I (] 1_\-2)2 (] { 111/2)2 4 t"\f“' Hj(' MV

2d theory of 3+5 scalars in AdS;

with SO(2,1) x [SO(3) x SO(6)] symmetry

e bulk AdS; theory «» CFT; at z = s = 0 bndry:

CFT; defined by insertions on straight WL
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Lg = Ly -+ Lyy A IJ?..\‘,Z_!/ | IA4.U - ...
L, = 33"x'9,x' + x* + 30"y 0y y"

i

Lyy = g(0"x'9,x")? — 2(8"x'd,x/) + Fx29"x/9,x) + F(x?)?

o L"—-\‘,Q}/ — %(E)l’xial’_\.!)(a!lyna“yn) - %(alfxial.’yn)(a‘u_\.ia“yn)
Lyy = —1y%0"y"9,y" + §(3"y*9,y")? — 1 (3"y*duy’) (9" y°9,y")

e superstring: 3 (m? = 1) +5 (m? = 0) + 8 fermions (m? = 1)
e 2d theory is UV finite and dual to CFT;

e bndry correlators reproduced by AdS; amplitudes:
operator O <> string coordinates X = (x,y)

(O(t1)O(t2)...0(tn) Doy = (X(t1) X(t2).... X(tn))

2 ,‘\I.l.L';:

e X=Y = Opx1=9" (@=1,..,5)
X=x =5 Opr=Fy (i=1,273)
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4-point functions in CFT;
e local operators in CFT; on line R = {t}: SO(2,1) inv

(Oa(t1)OA(£2)0a(£3)0A (k1)) = Gf(){)_ | _ hobay

m ; = , X
(£12 34 )8 ‘ F13t24

e OPE: G(x) = L CA,N;h /\ "Fy(x), Fy=2F(hh2hx)

Lo :
(,.\{).\{)'& -

Ln-»

h= dim of exchanged operator; cyaj = :
()\() (?h(]h

e oeneralized free fields
(Oa(t1)Oa(t2)On(t3)0a(ts)) =

operators exchanged in OPE

@,

~ O/\a‘””O,\ 5 DA =28 +28, n=10,1,..
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: {0 : :
e leading terms (:('q % 4 (X) from disconnected diagram

~(0) /., ; 2 : ~(0) 1| w2 x2
s (X) =1+3567" (%), A (X) = h "'|'(-:1'}(\,)‘.3'J

e connected diagram: using 4-vertices in AdS; action

normalized bulk-to-bndry propagator

2

2 ~(0)

Ka(z,x;x") =C {ﬁ—\;)i}

224 (x

- - — 0. il el 1l__z
d=1 A=1 f=x"1 Kl("’t’”nziw e

e 4-point in terms of D-functions: in AdS; 1 [D'Hoker etal 89]

Page 16/63



ey (3‘4—4,ﬁ+iJ;(3—'lU,\-‘JrB) x2(2xt-11°+21x>—20x+10) .,
(’l, UL) 5(x—1)2 53 5(x—1)3 l()}_”\
2x*—5x° £10
= "‘51_\ log(1 — x)

“Cu). _ X 348) | x(aP-3x43) | 3 1oe(] — -

~P (r)() - B ’)(X ])_ 'I'g (X ].. 0}‘)/)( X O%‘)( /)()
" X —2%°-£5x°—3x+2)

(JA (/\) - 2(\71):

F———r ——logx — (x" —x" — 1) log(1—X)

e OPE limit y — 0: extra dims of 2-particle operators

50 (0) = S (= 60log x — 43) + 1 x3(— 60log x — 73) + ...
s

(X) = ’( sx> + sx*(—36logx —18) +...
)% (%) = i'{X" (24]0g X 7) -+ 3,3(4(81057, X 5) ...
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Introduction

e alternative representation of world-sheet theory in AdS; ?
relation to scale-invariant string sigma model in conformal gauge?
role of integrability — hidden symmetries?

e draw lessons from study familiar CFT’s in AdS; :

correlators fixed not just by 1d conformal SL(2, R)

but by co-dimensional Virasoro

e CFT in conf. flat space — trivial translation? No!
half-plane or disc: boundary conditions

different vacuum (field may transform non-trivially)
different observables:

2d S-matrix of elementary CFT fields

not good observable in flat space

but becomes one in AdS>
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e examples: Liouville and Toda models in AdS;

Weyl invariance: correlators in AdS;

expected to be related to correlators on flat half-plane

e novel feature: elementary fields (scalars of Liouville or Toda)
not good conformal fields in flat space

but their boundary correlators in AdS, are well defined

and turn out to be directly related to correlators of

chiral primary operators in same 2d flat CFT restricted to bndry
e correlators of Liouville scalar in AdS,; ~ correlators

of holomorphic stress tensor T restricted to real line:

thus fixed by Virasoro (no log xy terms, no anom dims)

e 1d CFT dual to conformal theory in AdS;

is effectively chiral half of 2d CFT

[Ouyang 19; Beccaria, AT 19; Beccaria, Jiang, AT 19]

Page 20/63



4254t 1,
72

. . . 2
e key point: action in ds= = as const vac:

fluctuations are massive ¢p (m? = AlA—=1)8=238,.)
correspond to bndry operators Op (O = T)

o, @ boundary correlators of ¢ (t,z — 0) — 2@ (t)

(Da, (t1)...@a, (k) ) ~ chiral CFT correlators (O, (21)...04, (zk))
restricted to boundary of 1-plane (z = t +iz — t)

e non-trivial question: proportionality coefficients xx

in &5 — kp0p as functions of ¢ or coupling
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e direct checks of duality:

compute tree and loop Witten diagrams in AdS;

o fix Ka: use Weyl invariance

to map AdS, theory to flat upper 1-plane

e relate g,_~p]ano boundary asymptotics of scalars

to CFT operators using their free-field representation

e free fields related to elementary bulk scalars

by non-linear (quantum) Backlund transformation;
this relation etfectively simplifies in the boundary limit
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Liouville theory in AdS,

°=In /‘{“ V8 [(00g)® + p* " + QR ¢]
e quantum Weyl covariance: Q=b"1+b
c=14+6Q°=b"2%+13+b?

e AdS; background x = (t,z)

7] 1 ¢ 2 2
ds® = —(dt= + dz°) , R=-2
=

e potential for ¢ has constant vacuum ¢ = ¢y

~ ! [}
¢ = @0+, Po = 55 log b;k

2

Pirsa: 19080068 Page 23/63



e fluctuation ¢ has classical mass m? = 2

= 1 Q
S = e / dt dz [(()”() b2

e equivalent perturbation theory near non-constant ¢ vacuum
in flat-space Liouville on J—,;«~p]an@ or disc
[D’Hoker, Freedman, Jackiw 83; Zamolodchikovs 01; Menotti, Tonni 04]

e assume standard Dirichlet b.c.

i 2 ;
("(t’z)‘z >0 - thb(t) I

®(t) ~ 1d boundary operator with A =2: A(A—-1) =2
e boundary correlators

N
(JT@(t)) = lim ( Hz 20(ti,2))

1 z;—0
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e structure as of tlat-space correlators of stress tensor T(z)

N N
(JTe®)) =« (J]T(z)) . Kk = Kk(b)
= i—1 =7
e AdS; : small borlargec = b P expansion

match checked at tree [Ouyang19] and 1-loop order [Beccaria, AT 19]
e conformal symmetry of Liouville in bulk:

co global symmetry extending SL(2, R) isometry of AdS;
implies strong constraints on AdS; boundary correlators
effectively equivalent to Virasoro constraints in flat bulk theory
e CFT; ~ restriction of CFT; on 1-plane to real line:
AdS,/CFT; is effectively AdS,/(CFT,)!/?
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e all-order expression for k(b)  [Beccaria, AT 19]

4Q 4b(1+ b?)

{ (3+2b%)(2+3b%)

K=

2 7 3
— —§Z?+§ET + ...

o
i

e Virasoro al gebra imp]_ies

(T@)T() =55,  (TE)T(@)T(@) = 7=
<212 212%23%31
(T(20)T(22)T(23) T(24)) = & (=ir + —r + oy
(21 )T(Z2) T{Z3) T{ 24, il = = = ke al= =
=12 =34 “13 <24 “14 <23
+C (Lf‘ Tt Tt o )
122334 ~14 153724714723 12724 734 713
1 I il
T ol il (’(/Y)’ IY - o -
217 234 Z13224
) = 2 [1 4 44 X s R4 %)
L'(/Y) I [l I X ! (l_x)-JJ I 2¢C (:'1—)()?

2] . - .
< term — “generalized free field” part; no log x terms
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e from Liouville action in AdS»
() () ) =B, (P(tr) D(t) P(ta) ) = 7 Fr
«(D(t] )q’(tg)q)(tq)q)(t4)>> — ('—;C]i.‘-}(' T Gcnnn

l‘ H
. a1 1 1
Gaise = (C22) (3 =% 55 T3 2)
thtyy sty 1yt

~ ~ 1 | 1
Geonn = Lo999 (t% —— + T + T ﬁ)

TN iy t;-'l .tT--I a5, 4 1y t1r 154 134 113
Cor =K% § = rxpryisdny = § — §07+
Com =3¢ = - (ﬂﬁjgf;.g(tbzlg,i)l _ lh 6p Si b3
Caozz = ke = ;g“ b (:;‘q :_.L..,_T = 22 B9p

e tree and 1-loop values checked directly [Beccaria, AT 19]
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Conclusions:

e conformal theory in the bulk (special potential):
structure of AdS; boundary correlators

essentially fixed by Virasoro symmetry

e duality may look “kinematical”

but non-trivial expression for k(b):

corrections from all orders in small b ~ 1/c¢ expansion
e important constraints on how higher-loop

Witten diagrams are to be computed

to maintain underlying co-dim symmetry

e implications for integrable but not conformal bulk theory?

Page 28/63



Abelian Toda theory

e generalization to abelian A, Toda theory:

tree level [Ouyang 19; Beccaria, Landolfi 19]

. 1-loop and all-order conjecture [Beccaria, Jiang, AT 19]

e Liouville field + massive scalars in AdS)
dual to chiral generators of W, symmetry

e Example: A; Toda in curved 2d background

S = 117 / d*x\/3 [(acp)?-’ + (9)? + u2e?? cosh(2V/3by) + Q_R(p}
Q=0b1+4p, c=2+6Q°

e Weyl-covariant at quantum level:
Q of linear dilaton & term fixed by “"tachyon” T'(¢, ¢)
p-function equation: — ]_, VT + 0°®9, T — 2T =0

e AdS; background: get constant vac ¢ = ¢o, ¢ =0

Pirsa: 19080068 Page 29/63



e o) ;
® ¢ = ¢+ (: getmasses mz = 2 and ”f:; 6

dual operators with A(A —1) = m* A; =2and Ay = 3

— N )
o L=2%(30)"+ 3(dy)* + 21(: p2b% | cosh (2v/3byp) — 2b — 1]
2 2 22
e boundary asymptotics
C(trz)‘z y() — chb(t) I ser g l)[](trz)‘z y0) — Zq(’b:';(t) |

e dual CFT ~ chiral half of W5 extension of Virasoro
P ~ T and P53 ~ dim=spin 3 generator V3
e boundary correlators

N M N
([Te) [Tes(t)) = tim (TTz %t 2) Hz”* (t}, 7))
i=1 j=1 B2 =1 j=1
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e correspondence: ¢ ~ kT, P3 ~ k3V;3
M Yo
/ B LI
chp chpz,,(t].) = kN i <H{ T(zi) HVS(“")>‘~ o
= J= 1= = £ '

e exact relations

40 g Jo=2 > 2%
K = . (5. — 4\/5-‘- — :" b | ‘-(i bg I L

C C

3= ek = B2 (bR +.)

e flat-space A; Toda CFT:

) C ,
<T(Z1)T(Zg)> f 5 <T(Z1)T(Z2)T(23)> = =55 3
<12 %] P51 3%93

(Va(z1)Va(22)) = ——,  (T(z1)V3(z2)Va(23)) = ———

~6
3/2-'2 :-...lqﬁ....]nﬁ....qq'
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Abelian Toda theory

e generalization to abelian A, Toda theory:

tree level [Ouyang 19; Beccaria, Landolfi 19]

. 1-loop and all-order conjecture [Beccaria, Jiang, AT 19]
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Q=0b1+4p, c=2+6Q°

e Weyl-covariant at quantum level:
Q of linear dilaton & term fixed by “"tachyon” T'(¢, ¢)
p-function equation: — ]_, VT + 0°®9, T — 2T =0

e AdS; background: get constant vac ¢ = ¢o, ¢ =0
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e correspondence: ¢ ~ kT, P3 ~ k3V;3
M Yo
/ B LI
chp chpz,,(t].) = kN i <H{ T(zi) HVS(“")>‘~ o
= J= 1= = £ '

e exact relations

40 g Jo=2 > 2%
K = . (5. — 4\/5-‘- — :" b | ‘-(i bg I L

C C

3= ek = B2 (bR +.)

e flat-space A; Toda CFT:

) C ,
<T(Z1)T(Zg)> f 5 <T(Z1)T(Z2)T(23)> = =55 3
<12 %] P51 3%93

(Va(z1)Va(22)) = ——,  (T(z1)V3(z2)Va(23)) = ———

~6
3/2-'2 :-...lqﬁ....]nﬁ....qq'
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e corresponding boundary correlators

(P)P(R)) = F,  (P(t)D()P(13)) = 752

th th sty
Ca o P 3 " (Chan
o AP3(t)®s(t2)) =34 (P(t)Ps(t2)Ps(ts)) = 735 i
' 12 13%2
Cyo éxz—%—%bz+.u, Cyy = qf\q—' ]“’—“ﬁb*
Cags = u\m — b + :,’,,} b*+.., Cry=cK: "’ 2 b+ ¢ **4 b3 +

checked by 1 ~100p Witten diagram computations in Ang

e 4-point correlators (PPPD)), (PPDP3P3), (P3P3P3P3)
also consistent with duality relations

e higher rank abelian Toda: scalar fields with different masses

dual to higher-spin generators of underlying VV-symmetry
e duality: structure of higher-loop boundary correlators
in Toda theory in AdS; fixed by W-symmetry
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e corresponding boundary correlators

(P)P(R)) = F,  (P(t)D()P(13)) = 752
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o AP3(t)®s(t2)) =34 (P(t)Ps(t2)Ps(ts)) = 735 i
' 12 13%2
Cyo éxz—%—%bz+.u, Cyy = qf\q—' ]“’—“ﬁb*
Cags = u\m — b + :,’,,} b*+.., Cry=cK: "’ 2 b+ ¢ **4 b3 +

checked by 1 ~100p Witten diagram computations in Ang
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Non-abelian Toda theory
e o-model for SL(2,R)/U(1) gauged WZW + potential

[Leznov, Saveliev 79; Gervais, Saveliev 92; Bilal 93]

leading order (1-loop) terms in Weyl-invariant action (¢; 1, y)

S-—;&f/cpx\AQHaqﬂzl (9r)? + tanh? br (3y)?
o 29 cosh 2br + R (Qg¢ — log cosh br”

Q =0b'43b from Weyl-inv of potential (tachyon -function)
e exact relations between b, WZW level k and ¢

| 1
- Vk=2'

small b expansion ~ large k or large ¢

2

b c=3+6Q%46b*=6b2+439+ b?

Page 37/63



e AdS;: expansion near vac ¢ = ¢, ¥ =0, y =0

L =(30)* + (3r)* + tanh® br(dy)?

2 i:%‘ “"Ebé cosh 2br — 2b{] A :‘} log cosh br
- o (Im)* 4 (912)?
(( @) + 1 + bz }.]2
¥ !%_ g5 (1 4T =) = 2bC| + Zl log(1 + b*y?)

i / s . . 9
\/1,\2 (111 £ in2) with classical m* = 2

e fluctuations ¢ and y* =

((t2)], = 22P(t) + ..., 1 2)], 0 = 2P + .

e classical model in flat space: 3 conserved dim 2 chiral ops
T and “parafermions” VE = Vﬁ . (cf. gWZW)
VE = (2019 — 9+)[et(d+r Litanhbroty)], 9-VE=0

0V = cosh Ebr‘a{}/, v =(1+ l:anhzbf-‘)a Y
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e 2-point functions: as in Liouville or abelian Toda

: , C 4Q) 5 7 .3
S ¥

/ ! C-Jr__
(VHz)V(22)) = 5

“12
C*~ is scheme-dependent; in special scheme
& 3k(k + 2)

Ct— =.
A k-2

l’_..
e proposed exact expression for «,,
2wtlp 2. 2

. = Zph—Z(4—log2) b
K, T Sb 3( log2) b” 4
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e AdS; 2-point correlators

_, Cao p , C,_
(P(t1) P(t2)) = =, (O (t) P () = ——F

4o (t1,)7V

° duality implies
o o—2c — 843 4 240
(22 =K"3 3(1+4b5)(2+56%) — 3 3 b* + ...
& 2 ~— 2 3(1420°)(1446%) 4 | 8 1) h2
Cio =k; Cr— = Ky, 7 =3+ 3 (log2—1) b+ ...

e 3-point functions of chiral primaries from conf inv:

(T(z1)T(22)T(z3)) = z —, (T(21)V7(22)V~(23)) = — Ve
>"a3 e fadey
e AdS; 3-point correlators
(P(t)P()DP(t3)) = x5, (Pt (1) (t3)) = - (’f\ —7
f2 113 23 thtiaty

Pirsa: 19080068 Page 40/63



duality implies

= a 64b(1+43b)? 1(, 64 1,3
Coxp = K°C = ST a2 B = b+ b
~ A e ~ 4b ” { q{’h\) _ 1(1 16 = 1.3
6. ki, € = —Co 373 1T 40T b+ F(5—-2log2)b’ + ..

e checked from tree and 1-loop Witten diagrams in AdS;

e 4-point correlator (P (t))P(ty)P(t3)P(ty))

has same structure as in Liouville case (fixed by Virasoro)

o (D(t])P(tr)P " (13)P (ty))and (P (1) P (o)D" (t3)D (ty))
only partially constrained by conformal invariance:

non-trivial functions of 1d cross ratio y;

singularities and conformal block expansions

agree with duality relations
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[Liouville theor_y: Details

Expression for

e 2 .
why stress tensor T ~ (d¢)~ + ... correlators in flat space
same as @-correlators in AdS; ?

o
A

importance of non-trivial vacuum and boundary limit
e semiclassical limit of small b:

transform classical AdS; action to tlat space by

¢(t,z) = ¢(t,z) + b 'logz

get Liouville CFT for ¢ on %-plane W=1t+1Z,2>0

classical stress tensor T(w) = —(d,¢)* + b1 9%¢
shifted field near bndry: ¢(t,z) ‘z—.»u =22®(t)—b llogz+...
boundary limitof T (w — t)

T(t) = =2 b~ 1 (t) + O(P)

—
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e corresponding quantum operators dual to ® and &+
e novel feature (cf. abelian Toda): anom dim of primaries V'

A, =247,, Yy = = == s 5
o k14 2b°
e boundary correlators
i 27 M{-i Ay, (vt ot
th H1 P+ Ez (t;,z; /H](z;. ) v (e, 25)

related to CFT ones by & — «T, ot - Kk, V =

M M*

H(D H Ot (t = N KC’I T+M 1_[ Tiz;) H &

=] =1 i=1

e check: compare CFT correlators (found from free-field rep)
to boundary correlators given by AdS; Witten diagrams
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[Liouville theor_y: Details

Expression for

e 2 .
why stress tensor T ~ (d¢)~ + ... correlators in flat space
same as @-correlators in AdS; ?

o
A

importance of non-trivial vacuum and boundary limit
e semiclassical limit of small b:

transform classical AdS; action to tlat space by

¢(t,z) = ¢(t,z) + b 'logz

get Liouville CFT for ¢ on %-plane W=1t+1Z,2>0

classical stress tensor T(w) = —(d,¢)* + b1 9%¢
shifted field near bndry: ¢(t,z) ‘z—.»u =22®(t)—b llogz+...
boundary limitof T (w — t)

T(t) = =2 b~ 1 (t) + O(P)

—
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gives operator relation required to match correlators
; "
O — kT, k(b)) =—5b+..

value of k confirmed by explicit computation in AdS;

e exact expression for k(b)?

(i) completeness of OPE in boundary CFT:

contains only boundary stress tensor and its descendants;
(ii) boundary op. dual to m* = 2 Liouville field in AdS;
should have A = 2 and thus can only be ~ T;

(iii) OPE of T in bulk and Liouville field at bndry

should fix x(b) or norm of (P (t1) P(t2))

e Liouville CFT on plane: primary V, = ¢*?, A =a(Q —a)

.y . _ (O—q) s _ _
I['(w) Va(w', @) = AL ”)3 Va(w', @) + ;p;] — O Va(w', @) + ...

[ w 'l';"i )

{
2 R i
()_l“,rtp{_lff P )

w—uw’

a—-0: T(w) o, )~ +

)
2(w—w')<

T it
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e L-plane (w = t + iz, z > 0): bndry conf Ward identity
including poles at w = @' in OPE of T and ¢
and assuming exact form of bndry asymptotics

(P(f,z)‘z 0 2 ®d(t) — Qlogz + ..., Q=b14b

0
leading “—1‘5? term in T(t)¢(t,0) cancels and get
_. _ 2Q
T P(t) = ——— +..

e compare expect. value with (T(zy) T(z,)) =

ra |
L

| | 4Q 4Q
=T, xb)=-—"=-rn==.
K J\( 7) . 1+ QQ‘

checked by 1-loop computation in AdS;
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Perturbative checks

Liouville on flat %-—p]ane (or disc) in non-const SL(2,R) inv vac
[D’Hoker, Freedman, Jackiw 83; Zamolodchikovs 01]

AdS; formulation: Liouville in AdS, in ¢ = const vac

e classically field redef; quantum-equiv in certain reg scheme

s — L 421 2b9 0) _ ] 21201 =2
4 (e20¢ -2bh7 1) -
< 2o | (A7 2 B ) _ 2 ——— (0) -
$=1z / U [(a(_,) TR 222 1 , @=¢"7 +
same as classical action on “pseudosphere” ds® = T {m:f{j‘ﬁ'
e 1-plane parametrization ds® = ;%(drg + dz?)
ey — 14z 2 ddwdw _  4dz (f._
¥ 2 —_— j - - N
w=t+iz=ir=, ds T2 = Ti-gz]?
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. 7’(?{" > -
. . <06 _2b( —1
S= 4 [drdz [(@ul) + — 3]

b2 72
e AdS; bulk-to-bulk m? = 2 propagator

o
A

g(z,2") = <C( )(2"))o = 1]—*3105;171

21
1 (t—t')2+4(z2—2')?
}]_ ‘] :;:" _Wﬁf U= 4272

Perturbative contributions in AdS,

<C(Z)L~,("§,)>me — 0_'+0—O o & * + ()(174)

= g(z,7') + Z(z,2)

¥(z,7') = b? [

L PlogT Ly L
2] ’”2 T— i
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[

Y P G e i Ca(b S 1 7. 2 i
222D DN e = P, = 3(1-38) + O

no log(t — t'): oper. dual to  has no anom dim: matches (TT)

o™

- 3-point correlator in AdS;
e tree level: disc parametrization

r" ﬂ\\ 1 3
) 2 & ™ [ L
;/k“, = /d“.:: l—[glw(ﬁhz) — —1??]&’3(9)
\‘.-_‘, " =1

2

K3(61,02,03) = [T, [t(6;) — 1(6))| ©,  d*z= i

in Poincare coordinates:

- di -2 z - ]
/ 2 H[ 2 . zl =5 2 1112 15m 12
S 22 4+ (t — t;)2. |£12|% [t13]% |t23]

g=1'"

(]
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e 1-loop level

i

\'1 = / d*2'd%2" g (01,2")gb (62,2" )80 (83, 2") [8(2', 2")]

V i /d*’:l(hh‘_ P’““q Q(”lr -'}_) ‘\T( F;n. I'L H‘ ZQ’ H%h A ““1

i=1

tota] agrooq Wi th

4 21, 7
f\—_L\ ——q;b—{'-*qb
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