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Abstract: In thistalk, | will briefly discuss the construction of semiclassical 1/2-BPS boundary conditions and duality interfaces in 3d N=2 theories,
following work with T. Dimofte and D. Gaiotto. Then, | will sketch some mathematical applications of these codimension-1 defects to the geometry
of triangulated 4-manifolds and chiral algebras, based on work with T. Dimofte and building off related advances by Gadde, Gukov, and Putrov. |

will also mention recent and ongoing work on generating 2d dualities from dual "sandwich" configurations of 3d theories sandwiched by both left
and right boundary conditions.
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Improvements from defects

There is more to QF T than just local operators. Extended

operators can QF Ts, phases thereof

dualities: composition laws of duality interfaces
furnished by lower-dimensional dualities

of dualities in the presence of defects.

. equalities among local
ops/correlation fns in dual theories can admit precise
leading to interesting

(conjectural) equivalences. What about extended operators?

Access in QFT. Physics supported on

defects, intersections of defects/corners, ...

Pirsa: 19080055 Page 3/42



Today’s plan

e Construction of maximally symmetric dual boundary
conditions in 3d N = 2 theories

e Math application: 4-manifolds & chiral algebras u.

e Physics application: 2d dualities from dual “sandwiches”
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Dual boundaries
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(2+41)d IR dualities & codim-1 defects

e Interface: domain wall between (dual) theories T, T

® e Boundary condition: wall between T, trivial theory

Compose in interesting ways <> category theory/algebra
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[Dimofte-Gaiotto-NMP]: 1712.07654

1/2-BPS boundary conditions in 3d A/ = 2 theories on R}! x R<g
Breserves a 2d N = (0,2) SUSY algebra on boundary + U(1)g

symmetry:
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Semiclassical analysis

Identify simple reference boundary conditions and then deform:

0S¢
=00 (v 259, g

Ju

O,

Think of u, v as conjugate variables in phase space (e.g. position,

momentum).

boundary conditions from boundary action e.o.m'’s:

/ v u — / vdu+ Sy(u)
Jx1<0 Jx1<0

Neumann: V|y =0 — 9, ¢|s =0, »_|p =0
Dirichlet: ¢|y =0 — ¢|yp =0, ¢ ]p =0
couple to extra bdy matter ', C:

5‘;_)([1. [, C)
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Identifying putative dual pairs

O,

Consistency conditions on boundary conditions:

1. Cancel gauge anomalies

2. “Factorization” of superpotential (arises from SUSY'c

vacuum)
Dual pairs of boundary conditions must have:

1. The same flavor symmetry groups

2. The same ‘'t Hooft anomalies
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An index for coupled bulk-boundary systems

Dual bdy conditions must have the same

O,

! F J+R/2_ e
HT.B — TrOpSH( ]-) q X

In the case of N b.c. on gauge field:

Also computed by path integral /localization arguments
Operatorial count of operators in

Q. -cohomology ~— vacuum character of bdy chiral algebra

Ml q) = H(l g7 %)t

n>0

(1 anr]X—l)

(1 o an)(l o qnllX l)
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An example: SQED/XYZ

dd o Z: Ve s X Y

Hices hranch

etal

C'oulomb branch
i

Figure taken from

Famously IR dual:
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A dual pair

: (DD . (DNN) +T
e (DD) — |y =0 e D Z|p=0
e D — V,i|y unconstrained o (NN) = Y. Z|y free
e U(1)y global symmetry e [ with U(1) flavor symmetry

rl( , Rl ”y”l_ln q 'sa: Q)HD( n

nez

= Fl— l/‘/S}/)”D( Mn(—q"2y/a)Nn(—q"?/ay)
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Duality interfaces from dual bcs

dualize
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SQED/XYZ interface

Duality interface: (D, N, N)|I'|(N, N, N)

/ do+ (wz¢&>+xr¢). E— Y&

Only option consistent with symmetries, factorization of W, etc.

wlq)&) ? Z|m: — ‘D&)|m:

Can also deduce V;, = X, V_ =Y from quantum corrxns to int

superpotential. (Give vev to X or Y, integrate I out at one loop).
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5-brane
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Application 1: The M (agnificent)
5-brane
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Application 1: The M (agnificent)
5-brane
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Application 1: The M(agnificent)
5-brane
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Application 1: The M(agnificent)
5-brane
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Topology and Field Theory

Field theory/geometry correspondences from 6d superconformal

7?5(1 ( d ) My x Mg_q

A[(i o

theory

TIMag,g)  T'[Mo—g,9

Field theories ‘labeled’ by geometric data. Deep IR — many details

of metric go away.
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2 or more M5 branes: hard!

Bottom-up philosophy: associate simple field theories to

manifolds, formulate gluing rules, try to hit T[My].

Focus on with a piecewise linear structure, i.e.

those that admit combinatorial triangulations. *

This restriction — explore field theory side very explicitly.
Abelian gauge theories with Lagrangian descriptions. On the other
hand, in d = 3 this is known to capture a subsector of the full

Mb5-brane theory.

Previous work on 4-manifolds from 6d by

MHH“iocwngomsmootll structure & Klrby moves.

Nl) Not every 4-manifold is smooth, nor is every 4-manifeld triangulable, but the categories of smooth and Pl

manifolds are equivalent in 4d. We impose further restrictions later
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Triangulation invariance for 3-manifolds <+ IR dualities in 3d

Mediator: 4-simplex <+ Duality interface

Basic triangulation-changing operations:
Simple 2d N = (0, 2) dualities

1. Two free Fermi multiplets
2. 2d U(1) gauge theory with 2 chirals, 3 Fermis, cubic

superpotential

4d Pachner moves employ these dualities in various

combinations
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Duality interfaces & 4-simplex
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o A d-simplex has d + 1 vertices.

Formally: the simplest convex, regular, d-polytope

0-simplex: point

. 1-simplex: closed interval

. 3-simplex: tetrahedron

1.
2
3. 2-simplex: triangle
4
5

. 4-simplex:

Glue simplices together (along faces, edges, ...) to build up more

interesting manifolds
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Triangulation primer

2 ~ PL-mflds related by finite sequence of

(1,3)
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The (d + 1)-simplex is the for going between

ttiangulations of d-manifolds!

back

front

pentagon - pentagon

Different Pachner moves <+ different ways to divide

(d + 1)-simplex boundary in half.

In 3d, there are 1-4 and moves. In 4d, there are 1-5, . and

e,
moves©.

> » . .
“Focus on Pachner moves that preserve ideal triangulations
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Field theory side

bollowing DGG prescription:
, gluing faces <» gauging, gluing

edges <> superpotential

Ne =1SQED: . & W = XYZ
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Triangulation independence (A 3d warmup)

2-3 move realized as of 2-2 moves.

Glue pentagons into 2 or 3 tetrahedra, 2 realizations of
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Triangulation independence (A 3d warmup)

2-3 move realized as of 2-2 moves.

Glue pentagons into 2 or 3 tetrahedra, 2 realizations of
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Triangulation independence?

We want to study the geometry of triangulated 4-manifolds.
Invariance under 3-3 move?

3-3 move as sequences of 2-3 and 3-2 moves on octahedra.
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Field theory side

4-mflds <> sequences of interfaces

Oz O) O O)

’\/‘\/‘\,>

Colh'de_

Collide
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Some gory details

Toop © NN NN [T T T W b, &[N Ny Ny NaNbD N N,

/ 7
i N [ v, (W)
OxPs Py Pv Dudp Qudy — PxPw ( O, )

PrPw ‘_,-"':’7(1){; q)s‘_,“';-’,n PyPz — @ rDs ( PaPp — Qr@ V)

Lyt - J\.vvl\..»cl\l_vl\.7 r.r.re. \U;“; (Dd- (De|'M’1N;I2MI31\JJ\bl-)gﬁvl\'r

I [ " Wy (W)
J Pz Py 0 1% Pa Doy Peps — PzPw ( OGP )
E O bPw [0 X o e ¢ d b r O y Ox DOp o d ( ) 3 O b Qr Py )

(We also keep careful track of charges, background CS levels for

gauge/flavor symmetries)
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A 3-3 move sandwich

B, = (DDDD)
Bry = NN Bo: NaDgN N 1D, 05, 9

7-{(1!) — ‘E;I Q -'Iiup Qo ZSI\
~ U(l)g X UL)g + T, T T" Wy 0, &5, &, 0,0,

7r|nll‘ [gl & Ik,l,[ o [‘ﬂ\

~ U(l)y, x U(Q)g, + T, 1, T" Ve, n, 1 &g, ¢, 0,

&1 82

Each side is IR-dual to 4 free Fermis (requires flavor permutation):
Zrop = Zbor = F(q"*v1)F(q"/*/g3)F(q"/*/a)F(q"/* v2)

Uses duality of
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Application 2: Duality Boogaloo
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Check w/ 2d elliptic genera
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Q..-cohomology revisited

that are @| -closed

(W survives)
Q(d7Y_)=0, n>0
Mp(xiq) = [J(1—¢""'x7)

n>0

but C_Q+(c_) ~ d1¢ #0.

Q+(977-) = 0= Q+(977-)
Fix;q) = | [(1—¢"™)(1 - ¢"x7)

n=0

How do we get modes of ¢/_ from a 3d Dirichlet sandwich?
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Tog : 3 Fermi multiplets
T4 2d U(1) gauge field, 2 chirals 4 Fermis

Check with elliptic genera:

F2(a*)F(q %y /s)F(q'?/sy)
F(as)F(a/s)

) F(a2)F(q"/2y/a)F(q"/?/ay)
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Q..-cohomology revisited

that are @| -closed

(W survives)
Q(d7Y_)=0, n>0
Mp(xiq) = [J(1—¢""'x7)

n>0

but C_Q+(c_) ~ d1¢ #0.

Q+(977-) = 0= Q+(977-)
Fix;q) = | [(1—¢"™)(1 - ¢"x7)

n=0

How do we get modes of ¢/_ from a 3d Dirichlet sandwich?

Pirsa: 19080055 Page 39/42



T0p0|0gica| descent [Witten, Moore-Witten]

Ina TQFT with , study Q-cohomology:

e Start with Q-closed 0-form (local) operator O(°)

e Inductively solve dOU) = {Q. oU+1) b J
e Obtain that you can integrate

over k-cycles
In the free chiral with D b.c. example: Q¢ = 0 (and 97¢).

o do = 0, (_;,-"')de — 1 QI ) dx+ }
e It is in cohomology! {Q, ,O(l)} = ¢(1) —¢(0) =0
@ ['1((’);'-1;"? )dx* are good ops in cohomology, contribute the

Jo
missing modes upon collision
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An N = 2 particle-vortex example

~

Free chiral ® «» U(1),/, gauge theory + ¢

D(- : (.;"'TJ|; )y = C 74 0

Dc|®|D.
Our recipes for dual boundary conditions gives:

(NN)|(T, ®)|(N D)

2d A =10,2) vs. 2d

Both elliptic genera vanish

Gaugino modes mostly match left-moving Fermi modes (after

descent)
But Q;(A_) ~ F;z # 0... missing mode?

Descent on 3d monopole operator... More soon!

Pirsa: 19080055 Page 41/42



Much fun to be had

1. More on 2d N = (0,2) (non-Abelian) dualities from

sandwiches coming soon
. Boundary chiral algebras in the holomorphic twist

. Sandwiches for non-SUSY theories?

. Advances in construction of QFT boundaries and defects lead

to new way to study 4-manifold geometry, connections to

chiral algebras. Many follow-ups along these lines.

. There are many exciting questions to tacklel!
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