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Abstract: Canonical quantization is not well suited to quantize gravity, while affine quantization is. For those unfamiliar with affine quantization the
talk will include a primer. This procedure is then applied to deal with three nonrenormalizable, field theoretical, problems of increasing difficulty,
the last one being general relativity itself.
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The Real Quantum Gravity

1. A Toy Model

The role of ‘free’ and ‘pseudofree’ models

2. An Ultralocal Model

A model with no spatial continuity

. A Covariant Scalar
Adding spatial continuity to the previous model

4. Affine Quantum Gravity

The mother of all problems!
SOLVED !?! ©

NR: = NONRENORMALIZABLE
1
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NR: A Toy Model
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Affine Quantization-1

affine classical position and dilation variables

tg,p}y =1, qlq.p} =q, {q.9p} ={q,.d} =qs0

affine quantum position and dilation variables

Q. P] =inl, QlQ,P]=ihQ, [Q,QP]=ihQ
= [Q,(QP + PQ) + (QP — PO))/2 = ihQ
=[Q,(QP + PQ)/2] = [Q,D] =ihQ, Q50

the Lie algebra for the affine group

3
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Affine Quantization-2

|P, C]) = ¢~iqP/h ,ipQIh |0> |P, C/) — C‘.,i,r;Q/hc,-iln(q)D/h |/)>

action for Schrédinger’s equation

Ap = [ (w0 |[ih(dlon — T (P, Q)] | w()) dt
: [(l//(r)l [ih(d/ot) — 7' (D, Q)] | w(1)) dt

0~ .

action for enhanced classical equations

Ac = [(p).q | in(alor) = 7 (P, Q)| p(t). q(1)) dt

= [{p(g(n) — H(p(1), q(1))} dt AL = [(pO.qn | [ihd10n) — 70 (D, Q)] | p(1). q(1)) dt

- | {—q(Op(t) — H'(p(1), q(1))} dt,

Both operator pairs lead to similar classical stories and with hbar > 0.
4 SR —
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Favored Coordinates-1

Dirac: “Cartesian coordinates should lead to H(p,q)—>H(P,Q)”

canonical quantization

Hp,q) ={p,q| ZP,D)Ip,q), (0Q+iP)|0)=0 O
=(0|ZP+p, 0+ |0) = (p,q)+ O(h;p,q)

20l dp, ) I* = 1{p.q1dp,q) "] = 0™ 'dp* + wdg® @

affine quantization

H(pg,q) = (p,q| Z'(D,O)|p,q) , ((0-1)+iDib)|b) =0
={(b|H'(D + pgQ, qgQ)|b) = #'(pg,q)+ O'(h;p, q)

—2/b

"

2n(dp. q) |° - | (p,qldp,qg) °] = b= 'g%dp* + bqg~*dg® @
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NR: Ultralocal Model-1

H(rz, @) = J { :I: [7(x)” + l"?’l(’_‘;'(/)(_x.')z] -+ go(/)(_X')4} dx., §2 1

g
k(x) = n(x)p(x), @px)s0

{p(x),k(x)} = ' (x = XN px), px) SO0
H'(k,¢p) = I{%[K(,r)(p(_r)'zic(x) + 1-1’1(%(])(-{)2] + gc)fp(x)‘l} d’x

Classical to Quantum

[p(xX), KX)] = ih o’ (x —x)px), px)sS0 O ©

P(x) = .[B(x,/l)"‘/lB(..x‘,/'l)cl/'l, B(x.A) = A, A) + c(DI. A(x,A)[0) =0
K(x) = — ifl% J'B(-r, D) TA104) + (0/0A)A]B(x, A) dA

6
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NR: Ultralocal Model-2

Px) = px) , Kx) == ih(1/2)[p(x) (5/5p(x)) + (8/5¢p(x)) p(x)]
ih d¥(p, /0t = | [ {(1/2[RO@() 2R + mip(x)*] + gop(0)*} dx | Wi, 1)
RO @)™ =0, Y@ =e U e formal
px) = py=¢pka), a>0, ke {0,£],£2,£3,.-.}°
¥ () = e WO T (ba )2 | g | Y% agutarized
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NR: Ultralocal Model-3

— i " o) . YY)
Y (@) =Ile W,(q)k)(ba.s)l/-I(pkl (1=2ba*)2

characteristic functional

C(f)=lim I, [é’rfk(ﬂk/h(/ 5) e ~2Wren) | 1 |‘“-2b("“)d(pk

a—0

= nm M [ {1 = (ba®) [[1 = /™) e 2W0d | o | 717200 iy, )

a—()

C(f) = exp{ bfd \f — TN =2V 211 1|} Poisson «

pseudofree model: equal-spacing spectrum, NO zero-point energy
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NR: Covariant Model-1

s>4  f#pf

H(z, ) = [{(1/2)[x(x)* + (V)(0)? + mip(x)*] + gyp(x)*} d

affine variables

K(x) = a(x)px), pkx)s0
H'(k,¢) = [ {1/ 2)[K(.X‘)(/}(-Y)_2!{'(-.\’_) + ( V(/J)(-\')Z + m(?‘q)(.r)z] + g‘_,q.:(..\’)“‘l} d’x

Classical to Quantum

Px) = px) , K(x) = = ih(1/2)[p(x) (6/0@p(x)) + (6 dgp(x)) p(x)]

Schrédinger‘s equation

ih oW(p,0/ot = “ (/2 R)@(xX) 2R (X) + (V@) ()2 + mip(x)?] + gop(x)?) d“.‘x} (g, 1)
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NR: Covariant Model-2

K(x) (/)(,.\‘)“1/2 =0 . Wg)= e~ V@) I1, | px) |_I/?‘ formal

-
a different regularization ’

o) > o= pka), a>0, ke {0,£1,£2, +3,}°

Ji1 = /(1 +2s) . 1=K and 2s nearest spatial neighbors to K: otherwise, Ji; =0
; -Y.(p) 27=(1=-2ba*)/4 -
\Pr((p) = € A Hk[EIJk‘, (/)l ] ( il regularized (

I = [ | lyr((p ) |.- I—[kd(/) k » k=Pl > R=2ba’N’ divergence free
J(_._,—Z}’",..(/'»;)(S(l = Ek"flz) Hk[zljk,l ’_]IZ]—(I—EIM”)/Z d’]k] /)R-l dp ® G

4
There are indications that affine quantization of (ﬂ4 models is non-trivial

10
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NR: Quantum Gravity-1

8,(X) dx dx? >0 , g, (x) g(x) = .5"’ r(x) gp () Emi(x) . glx) = det[g ,(x)] >0

H'(z,8) = [{g e minb — (112)xml] + g'"* OR) d'x

Classical to Quantum f#p

[75(x), A‘}( )] = ih(1/2) 63(x, x") (657, (x) — 6, (X))
(8. (X), 25X = iR(1/2) 53 (x, x )[b‘ghd(x) + 8, 8,4(0)]
lgub('x)’g('d(’)‘ )] =0 ’ Q(’() — d(,t[ le(x)J > 0

L‘Qab("-) = .I‘+ B_l_(){, }/)}/(.{;,B(.X, }/)d}/ 2 {}/ﬂb} >0 ’ dJ/ = “u<h d}’ab
my(x) = —ih(1/ 2)]‘+ {B(x, V) 17,01 07,.) + (019y,.)7,.1B(x, y) }dy

"
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NR: Quantum Gravity-2

§(Jb('¥) = gah(-x‘)
7y (x) = — in(1/2)[g,(xX)(0/6g,.(x)) + (6/8€,(X))gp(X)]

Schrédinger‘s equation

ih O¥({g}, 001 = [ [ 125008027200 - 24080 7))
+g(0)"FCRW) d | P({g) D) @

ﬁ.g(x) Q(.Xf)_]/;’ — () l N.B. The field z*(x) is NOT made an operator. |

Y({g}) = Y({gH T, gx) " formal
W,(1gh) = Y,({gh [Z @777 reguiarized

12
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NR: Quantum Gravity-3

affine gravity coherent states nx) = {n'x))

Ly [ 7P(x) § () dx C;(i/h)]l]h(x)ﬂ (x) dx 3)

| 7. 57) = ¢ |=|xg)]

(T | 8O | 7,0) = ["21S (B 80 | B) [ = g, (%)

(| 2 |2, ) = 790) g = mi(x) @

<]1'”, [gﬂlﬂ_!, gf) — exp{ I/))(\) d X
det{ I,lg””b(x) + g% (x)] Fi— /f(x) (2" (x) — 2% (%)])

x In{ - - , \ }
det[g"" ()] det[g""(x)]!> '

ultralocal : NO constraints imposed

13
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Favored Coordinates-2

enhanced classical Hamiltonian density

H'(m!(x), g.4(x)) = (m, g | Z"(73(%), &oy(X)) | 7, &)

= (B HF(x) + 7" g (" [ ()" | B

</)| ’?("/F‘ Q ()‘)[(” P |/)> ’?Uv </)|g(f(‘)|[)> m“/ -—q(d(\)

= X' (¥ (X)gip(%), 8ea(X)) + O'(R; 7, g)
= #'(m)(x), 8.4x) + O'(h; 7, g)

these are favored affine gravity coordinates

14
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Favored Coordinates-3

|p, q) = e~14Ph Q| ()Y | (wQ +iP)|0) =0

2001 d|p, ) > = 1{p.gldp,g)° 1= o~ 'dp> + wdg’

|Pv q) — C,."I:JQ/hC,—ill](d)[)/h |b) ? [((Q-1)+iD/b] “)) -0

20[0d|p, )17 = | {p,q|dp,q)|7]1 = b~'g*dp* + bg~*dg>

; By o (N A i (@l 25 A3y
|7,8) = ' JL[JT” "(X) 8 () d'X ptirh Jl[ 0y (X)) To(x) dx 15)

Chllld|zg)|” = |{mgldmg)|"]

= J'[(/)’(_.-\‘)fz)"g“bg(.(, dn’dr® + (p(x)h) gt g dg,.dg,,| dx

da

Fubini-Study metrics
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NR: Quantum Gravity-4

. P TSR T . W sl S N A
o7 = i [ T(X) 8 () dx ,—im) [ () () d )

(|€t{~i—[{£{”h(_\‘) + 2% + ij—]hnﬁ(_r)_'lzr”h(}r} — 7)) \
(mgl|ln.g) = e.xp{ =2 [px) ln{ = = = } dx f
‘ det| ge2(x)|12 det[g"“"(x)]'? :

complex polarization

Clx)(m, g|¥) = l— ihg"(x)

— + 0, + )"(A.xf)_lg\, (x) ——
or*(x) g T 5g,,(x)

| mg1wy =0

A= _lffl C:)'Crx) px)ydyx . lim Ve TA6(n—n)olg—g') = (n.g|n.g)

b} L
- V=00

an analog to Wiener measure
16
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NR: Quantum Gravity-5

#'=a2~- 0.8 =T  #=a260).8=2,00 ¢ T>0

kinematic and physical functional integrals

(2", g"|7,g") = im &

V=20

X exp{ — (I/”uh)][(/}(\}ﬁ) 'q”,,q( ArN 4 (Poh) gPgdg, 89 dix dt)

A

expl — (i/h) [ g, 7" d*x dt]

g 9 § P drn*P(x, t)dg ,(x. 1) (XY

projection operator IE enforces the constraints

(72" |E| 7. g = lim ", [ expf —(ilh) [1g 2" + N“H, + NH|d’ dt)

L= 0

.

- be rlf ( d -

xexp{ — (1/2vh) J'l(/:'(.r)f'?) 8ub8ea® A9 4 (fx)h) g Ehe x:"“] dx dr)

X [n_\.ln|rr3b| dﬂ'”h(x* 1) dguh('\-' 1) ‘ (j)R! N“* N] & ©

first and second class constraints
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Comparison List

The Canonical Story The Affine Story
g(x) = det[g,,(x)] = 0 g(x) = det[g,,(x)] > 0
complex variables real variables
part Euclidean all Lorentzian
discrete metric continuous metric* C.R. lives
(E%(x) . AJ(0)} = — 818! 8(x.y) [74(x), 25(3)] = ih(1/2) 83(x, y) [8475(x) — SLa4(X)]

A oy o o (7 (&), 2] = ih(1/2) 83 x. v) |88, )+ 65 e, (x)]
E%x) = — ih 8/6A,'(x) ’ e

|80 & g(M)] = 0

FAVORED CANONICAL FAVORED AFFINE
VARIABLES ?7?? VARIABLES !!!
non-Cartesian proper affine

coordinates yield a coordinates yield a

FALSE quantum theory VALID quantum theory
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Today’s Message

1. Nonrenormalizable models are NOT continuously
connected to their own free model.

2. If Q&P then Q&D, where D=(PQ+QP)/2. Note
that [Q,P]=i hbar, and then [Q,D]=i hbar Q,
which is the Lie algebra of the affine group.

3. The favored pair q&p to promote are “Cartesian
coordinates” which make a flat plane. The favored pair
q&pq to promote have an affine form on a
Lobachevsky plane of constant negative curvature.

4. Canonical quantization of nonrenormalizable models
fails, but affine quantization is successful.

P ————

5. Affine quantization of gravity offers self-adjoint
momentric and metric fields that respect positivity
requirements.
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Freedman, et al, 1982

d=3 d=4
sof 100 l
a
N=-3 +/
8ot N =4
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-;_H o <
N =12 40
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Fig. 3. The zero-momentum coupling constant g (0) as a
function of the bare coupling constant ratio go/(50 + g¢) for
(¢*)3 on lattices of size N =3, 6 and 12.

Fig. 1. The zetro-momentum renormalized coupling constant
£R(0) as a function of the bare coupling constant ratio go/
(50 +go) for (¢*)4 on lattices of sizes N = 3, 4, 6 and 10.
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Phi*4 4 With Counter Term

E=04 d=4

g_R
)
o
o

. } s n=03—>¥=
ro - n:OQ <
n=12 +
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