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Abstract: The sign structure of quantum states - the appearance of & ogrobability&€e amplitudes with negative sign - is one of the most striking
contrasts between the classica and the quantum world, with far-reaching implications in condensed matter physics and quantum information
science. Because it is a basis-dependent property, one may wonder: is a given sign structure truly intrinsic, or can it be removed by alocal change of
basis? In this talk, | will present an algorithm based on automatic differentiation of tensor networks for discovering non-negative representations of
many-body wavefunctions. | will show some numerical results for ground states of a two-leg triangular Heisenberg ladder, including an exotic
Bose-metal phase.
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Sign Structure of Quantum States
Sign (o|¥)

How to classily its complexity?

How to ged rid of i1t?

When is it intrinsic?
Re]ationship with enlanglement?

Quantum Monte Carlo?
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Path integrals
(d+1) representation of the quantum partition function:

O =0
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Path integrals
(d+1) representation of the quantum partition function:

Z = Z e Z ((110|(?_TH|(“)((kl\f-’._”q|ozg} Aoy 1|(?_TH|(Y[)>

op Npg
= Z W({a}) W({a}) => Weight of a world-line.
{or}

”l’usili\-‘L‘—do[]nilu" paltll inlcgrals:

((.}zk|<fTH\(yk+]> ~T - 7lapHlogs) >0 = W({a}) >0 Y{a}

Quantum Monte Carlo

iy = D) Yo WilabA(a)
A) = Tl"((f_ﬁﬁ) o Z{a} H"Y({a})

Sample world-lines {ax} according to probability W({a})
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D ]
The sign problem of Quantum Monte Carlo

If the weights are both positive and negative, sample from the absolute value:

2iay WHahA{a}) 3oy [WHa})[Sien(W({a}))A({a}) (A Sign)

W= el) T S WlahSen(V({a]) (S

Loh, Gubernatis, Scalettar, White, Scalapino and Sugar (1990)
Henelius and Sandvik (2000)
Trayer and Wiese (2005)
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The sign problem of Quantum Monte Carlo

If the weights are both positive and negative, sample from the absolute value:

o 2y WHahA{a}) 3y IW{ap)Sien(W({a}b)A({a}) (A Sign)

W= Wiah) — S WD SV ({a)) (S

ASign eINAS

But.- TSigny ¥ VN

Sign structure: Sign W({a})

Loh, Gubernatis, Scalettar, White, Scalapino and Sugar (1990)
Henelius and Sandvik (2000)
Troyer and Wiese (2005)
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The sign problem of Quantum Monte Carlo

If the weights are both positive and negative, sample from the absolute value:

o 2y WHahA{ad) 3y IW({a})Sien(W({a}b)A({a}) (A Sign)

W= Wiah) — S WD SV ({a)) (S

ASign eINAS

But- Signy ¥ VN

Sign structure: Sign W({a})

Loh, Gubernatis, Scalettar, White, Scalapino and Sugar (1990)
Henelius and Sandvik (2000)
Troyer and Wiese (2005)
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The sign problem of Quantum Monte Carlo

If the weights are both positive and negative, sample from the absolute value:

o 2y WHahA{a}) 3y IW{ap)Sien(W({a})A({a}) (A Sign)

A o - . . be - .

S S (T3] S 1oy W ({ah) Sign(W({a}) (Sien)
AS; ANAS |

But... (Sifll)l ~ ¢ N Sign structure: Sign W({a})

Specific solutions

~ e NP . oo
1 Generic solution is NP-hard. " Partial alleviation

Loh, Gubernatis, Scalettar, White, Scalapino and Sugar (1990)
Henelius and Sandvik (2000)
Fl‘l'()‘\-’t‘l' and Wiese (2005)
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The sign problem of Quantum Monte Carlo

If the weights are both positive and negative, sample from the absolute value:

(Ay = 2oy WHahA{a}) Doy [WH{a})Sien(W({a}))A({a}) (A Sign)

g WlHah) 0 Y W{ah)Sign(W({e}))  (Sign)

ASign  NAT ,
But... , ~ ' Sign structure: Sign W({a})
<Slg11) V Nfﬂ(.’

Specitfic solutions

1 Generic solution is NP-hard. " Partial alleviation

& ©

Meron cluster
Fermion Bag
Loh, Gubernatis, Scalettar, White, Scalapino and Sugar (1990)

Henelius and Sandvik (2000) Change of basis
Fl'ro‘\ml' and Wiese (2005)

Honecker ef al (2016)
18] T

008 -

0.0 1=

0.04

T

0.02 -

Chandrasekharan and Wiese (1999)

Nakamura (1997)

Umrigar, Toulouse, Filippi, Sorella and Hennig (2007)
Hullman and Chandrasekharan (2014)

Alet, Damle and Pujari (2016)
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Tl cion problon e L

Ground state limit: ¢ /1 = [W)(¥]  |¥) = 3" U(a)|o) V(o) = (o|V) o) = |o1,...,0n)

Sign structure: Sign(¥ (o)) V(o) >0V]e) => (Sign(¥(e)) =1 V(o) == P(o) ‘ ‘:Classical”

e
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S —

Ground state limit: e #H ~ | (0| W) = Z\Il(cr)h:r) V(o) = (o|V) o) = |or,....on)

Sign structure: Sign(¥(o)) V(o) >0V]e) => (Sign(¥(e))) =1 V(o) == P(o) ‘ ‘:Classical”
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Wavefunction positivization

Let's change the basis with a unitary transformation U so that: V(e) >0 V(o) = (a'|L?\‘~I!}
Generally: Unitary compiled into local quantum gates
|lI’> = et |\I}> = — U = -
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Wavefunction positivization
Quantum anti-ferromagnets
Bi})artitc lattice: Slgl](\:[}(sz)) S (_1)N‘3‘ (Marshall and Peierls, 1955) |;I;> = - =

' . y P
Change of basis: Upg = ® Ll

jeA
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Wavefunction positivization

Quantum anti-ferromagnets
: : : : 1 U — -
Bl})al‘tltc lattice: Slgn(\If(Sz)) = (—1)N"1 (Marshall and Peierls, 1955) |\I’> - = ﬁ
. A it
Change of basis: Upg = ® e

jEA

Apparent or intrinsic?

" Mﬁﬁ«www“ﬁhqhumq\kvhw
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Wavefunction positivization

Quantum anti-ferromagnets
: : : : 1 U — .
Bl})al‘tltc lattice: Slgn(\I}(Sz)) = (—I)N"" (Marshall and Peierls, 1955) |\I’> - - = ﬁ
. A it
Change of basis: Upg = ® e

jEA

Apparent or intrinsic?

W) = U(8) |¥) MT_L WWW«%LTMWT
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D |

Wavelunction positivization

Apparent or intrinsic?

Slgn ~0045
V) = Q) 1, (0,) | Vo) II | M “ lwl | | M IMI J
J

W) = (Sign(¥y(e))) =1 _ )

Positive state a few gates away.
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Automating insights

Ingredients

Appropriate representation
Good cost function

Adequate soltware

e
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1. Tensor network representation

Input wavefunction = Matrix Product State Local unitary transformation = Quantum Circuit
9l gl2
|IIJ> = ZATIAgz . ,AKFN|O'1,O'2,...,O'N> Y = {19[ ]’,'9[ ]" ' }
a
= (o|U Ale) il
V(o) = (a|Us|V) G, =e "

—

Ay Ay Ay Ay Ay Ag

S AR

Ay Ay Ay Ay Ay Ag

\D(a)==i:=:=

a Jy 0y T4 as  0g
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2. The cost function

Definition

We require the following conditions at the output of the circuit:
Sign(Re|[Wy(o)]) =1 Im[Vy(a)] =0 V |o)

Most conveniently expressed as averages over the output distribution:

Z Wy (o |H1n[\1119 )]‘ — (0 and Z |\Il,9(a')|28ign(Re[\Ilg(a)]) —

T o
Cost function: C(49) = Z Wy (a)]*Co(o) Col ’7’1[111[‘1’1? ” — (1 — y)Sign(Re [‘1’19(0')])
a
Discover the optimal parameters by minimization: 9* = argmin C(19)

[ixample: Gradient Descent 9 — 19— nG(9) G(9) = VuC(9)

s
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2. The cost function

Computation
Approximate with average over finite samples: C(9) = Z Wy (o)|*Co(o) ~ C(I) = % Zco(a’j)
o)

po= W)W — —>  pa(o1)
o) lma) jon) o2} o) (7]
e,
paloy.os) > pylor,00,03) —> |o) = |oy,09,03,04)
(on]  {oul (o1] (o2 o]

s
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3. Differentiable programming

Automatic differentiation Forward Pass

A 4

Build a computational graph:

9Ty > Ty — - T, = C(9)

Compute derivative from the output:

ac(9) Yy oT, T, O,
o O, I, IT, 09

Reverse Aceumulation

-
<«

a7y

_ 9Ty

[
@ ‘90, (==
L
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The computational graph

2
F4

: (I--‘ﬁ"""t‘-ul saunpling)

Approximate cost function:  C(¥9) =~ 5(19) = i Z(Jﬂ(gj) {o;} ~polo) = |Vy(o)]

w16 00000\ o)) {Cs(o1)
1000600 Wg(02)|{Co(02)

XYY XX Wo()}HColo)
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The computational graph

Forward pass: output state

"o ve e

Ay #— U Ay — —
I — - 5 — Ay —> #— il S

Ay #— v Al
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The computational graph

Forward pass: sampling

Ay ?_ Ay ?. A.?_ Ay ._ ._ ._ ._ '_

Azé—l v L e o o o o
— T — S —

" Q- g Ai > o o o o

s t G- MO A e o o o o
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The computational graph

Forward pass: cost evaluation

"1IQ— @ oy

Abs

<muuu'

0000 o0

0000
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The computati(mal graph

Backward pass

= 1 p -~ 2]
Note: VoC(#) = + ; VoCola;) # G(9) = Vel ()

G(9) ~ G(9) — - 3 [vgc@(q, )+ 2Co(a;)Re[Vg log \pﬂ(a_,)}]

e

C;;(O'j) . C'ﬁ(a) + Q{Cﬁ(o)}ng R(‘-[log ‘I"ﬁ(a)]

Problem: No stable AD software with SVD gradicnts of complex-valued tensors.
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The computational graph

Backward pass

. 1 | i 1
Note: VoC(d) = - é VoColo;) # G(0) = VeC(I)
~ 1 L .
G(9) = G(9) = 7 E [Vf)tﬂ(c‘r‘,) +2Cy(a;)Re[Vy log \Ilg(a_,)”

Cy(o;) = Col(o) +2{Cy(o)}ng Ro[log \I!,g(a_)]

Problem: No stable AD software with SVD gradicnts of complex-valued tensors.

Pirsa: 19070022 Page 32/39



The computati(mal graph

Backward pass

= 1 p -~ 2]
Note: VoC(#) = ; VoCo(a;) # G(9) = VyC()

. ~ 1 - . .
GW) ~G(9) = > [vgcﬂ(q,) +2Co(0;)Re[Vy log \I:ﬂ(a_,)}]

e

Ch(o;) = Co(o) + 2{Co(0) Iy Re[log ¥y (a)]

Problem: No stable AD software with SVD gradicnts of complex-valued tensors.

'l‘wo-qul)it gate clcvomrmsilion Inetficient
O R
== DO NOT
: : : : TRUNCATE
oo
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Numerical experiments

Two-leg triangular Heisenberg ladder Sublattice B

3 & & a8 & Jrin A i
H = Z S;-Sip1+J2 Z S;- 82+ 5 ) Z Pj i 1342+ he W
J J J

Sublattice A

|S%) = |ST,....S%) P, ]S7, 8%, 8, Sf) = |87, 87,87,87)

R R

s
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Numerical experiments

Two-leg triangular Heisenberg ladder Sublattice B

. . . . . . ]ring . J 1/ /,,/ p // /,/o
H=J Z Sj : Sj—f—l + Js Z Sj : Sj.|.2 + ) Z Pj,.g+1,.j+3,.j+2 + h.c. G/
J 1 J

Sublattice A

|87y = |S5.....5%) P, ]S, 85,88, S5y =17, 87,85, SF)

?; [ J’

Marshall Sign

0 250 500 750 1000
Steps
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Numerical experiments

Two-leg triangular Heisenberg ladder Sublattice B

. . . . . . ) ]rin . J]./M /"/ p // /,/o
H =, Z S;-Sip1+J2 Z S;j-Sjt2+ 9 2 Z P 143,542+ hc G / /
J 1 7
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i T
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9 o 0
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Numerical experiments

Fl\&fo-leg triangular Heisenberg ladder Sublattice B
I:I — ~ ~ ~ - .]ring s Jle\ c\
=D S Sy 8 S+ TEY P s+ e N Y%
; - 2 @, 5 \
’ ¢ J ve Sublattice A
|S*) = |ST, ..., S¥) P, kalSE, S, Sk SPYy = |S[, S7, ST, S
Marshall Sign Ji-Jo
- T 1.0 koAOAOCA A A A —A—A A
0 o
/2 1 ane - °
= 0.6 0
9 o 0 D .
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%o
0000000058304
=T I . - ! . . 0.0 t.‘_...."._ _____ I
0 250 500 750 1000 0 250 500 750 1000 00 05 1.0 15 2.0
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Numerical experiments

'l‘wo-leg triangular Heisenberg ladder Sublattice B
; I : ©
A -~ -~ ~ -~ 3 -~ J1 7 ,.'.- 7.!“
Jring ,- /
H=01) 8-S+ 120 8 Siia+ "8 Py jia e+ hee ~ &
_. 2 2 O—0
! d / ve Sublattice A
|1S%) = |ST.....S%) P, 1ulS;, S%. Sk, SPYy = |S[, S7, ST S
Marshall Sign Ji-Jo Bose Metal
m ™ 1.0 hoAOMOA A A A—A A A4 1.0
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/2 - w2 0.8 o 0.8
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¥ o 0 2 \
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Conclusions

."‘\Ul(_)lnill(_‘(.l (‘l}.)l)r()ilﬂ_‘ll l() (_1i5(.‘(.)\"'('r IlUIl—IlL‘g{lli\-’(_‘ I‘L‘}.)"(_‘S(_"]‘illi(_]“ﬁ (.)I" ]nil“‘\_"-l)(](]‘_\_’ \’\-’il\-’L‘['llll(_'liUllS.
1”\|gol‘itl1m cxpl()ils automatic differentiation of tensor networks

ced stable AD primitives for complex-valued tensors.
Need stable AD I t | I | lued t
directions:
D t
- Classitication ol the Cum}ﬂcxit‘_\' = srnling of the (10|.)l|1 with system size.
- Iﬂnlanglmncnl ol positivization
- Positivization ol‘palh inlcgmls

GT, J C;Ll'l';l:-‘.qllill;l, MT Fishman, RG Melko and MPA Fisher - arXiv:1906.04654

D ”ang]cilcr, [ Roth, D Naga) and J Eisert - arXiv:1906.02309
R Levy and BK Clark - arXiv:1907.02076
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