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Abstract: The sign structure of quantum states - the appearance of &aogprobability&€s amplitudes with negative sign - is one of the most striking
contrasts between the classica and the quantum world, with far-reaching implications in condensed matter physics and quantum information
science. Because it is a basis-dependent property, one may wonder: is a given sign structure truly intrinsic, or can it be removed by alocal change of
basis? In this talk, | will present an algorithm based on automatic differentiation of tensor networks for discovering non-negative representations of
many-body wavefunctions. | will show some numerical results for ground states of a two-leg triangular Heisenberg ladder, including an exotic
Bose-metal phase.
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Sign Structure of Quantum States

Sign (o| V)
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Sign Structure of Quantum States
Sign (o| V)

How to classily its complexity?

How to ged rid of it?

When is it intrinsic?
Relationship with enlanglement?

Quantum Monte Carlo?
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Path integrals
(d+1) representation of the quantum partition function:
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Path integrals
(d+1) representation of the quantum partition function:

Z = Z e Z (nrn|f.'_7ﬁ|(r1)(nq\r_’._’"’{’|(rg} v s (O 1|r_—3—”}|m))

&g Qp—1
= Z W({a}) W({{a}) => Weight of a world-line.
{or}

“Positive-definite” I_mth inlcgr"zﬂs:

((r;,:|<_;‘,*”'} |gt1) & T — 'T<(l’.k‘f1|(¥k+]> >0 = W({a}) >0 V{a}

Quantum Monte Carlo

(e fA) Y WHaDA({a))
- Tr(rf_f"”?) B Z{a} W({a})

(4)

SHIHPIL‘ world-lines {a} m‘(‘nr(]ing to })I‘()l}ill)ilill\f W({a})
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B EE,————_——,——— ]
The sign problem of Quantum Monte Carlo

If the weights are both positive and negative, sample from the absolute value:

2ay WHahA{a}) Doy [WH{a})[Sien(W({a}))A({a}) (4 Sign)

(A) = S WHa) X W{ad)Sien(W({a})  (Sign)

Loh, Gubernatis, Scalettar, White, Scalapino and Sugar (1990)
Henelius and Sandvik (2000)
Trover and Wiese (2005)
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The sign problem of Quantum Monte Carlo

[t the weights are both positive and negative, sample from the absolute value:

Honecker ef af (2016)

iy~ Ster WlaDAda)) _ Y Wlah S (al)ata) (s |
> 1oy W) > o W@ Biea(W({al)  ~ (Sien) ‘
ASign  e#NAS ; N
But. .. <Sig§1) ~ TN Sign structure: Sign W({a}) i

Loh, Gubernatis, Scalettar, White, Scalapino and Sugar (1990)
Henelius and Sandvik (2000)
Trayer and Wiese (2005)
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The sign problem of Quantum Monte Carlo

[t the weights are both positive and negative, sample from the absolute value:

Honecker ef af (2016)

iy = S WlaDA{ah) Yo WalSmW({a)ata)) _ (dsm |
‘ > () W({a}) (e W Sien(V({a))  — (Sien) |

Sign  eNAS "
But... é’?gi) ~ TN Sign structure: Sign W({a}) "

Loh, Gubernatis, Scalettar, White, Scalapino and Sugar (1990)
Henelius and Sandvik (2000)
Trayer and Wiese (2005)
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The sign problem of Quantum Monte Carlo

[t the weights are both positive and negative, sample from the absolute value:

o 2y WHahA{a}) D (W{ap)Sien(W({a}))A({a}) (A4 Sign)

W= s e T S WehSim(P({a)) (S

ASign  eNAS :
But... <Si°‘i) = TN Sign structure: Sign W({a})
5 e

Specitic solutions

~ S RN 0, 4o ) U . o
JL Generic solution 1s NP-hard. Pariial alleviation

Loh, Gubernatis, Scalettar, White, Scalapino and Sugar (1990)
Henelius and Sandvik (2000)
Trayer and Wiese (2005)
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The sign problem of Quantum Monte Carlo

[t the weights are both positive and negative, sample from the absolute value:

() = 2ay WHahA{a}) Doy IW({a})

Sign(W({a}))A({a}) - (A Sign)

Y WHah) 0 Y W{ah)Sign(W({a}))  (Sign)

ASign  eNAS :
But... (Siﬂ‘i) & TN ' Sign structure: Sign W({a})
) e

Specific solutions

Yanariesolabion te NP . o
1 Generic solution is NP-hard. Partial alleviation

&

Meron cluster
Fermion Bag
Loh, Gubernatis, Scalettar, White, Scalapino and Sugar (1990)

Henelius and Sandvik (2000) Cllangc of basis
Trover and Wiese (2005)

Honecker ef af (2016)
[IN] T

008

(060

0.604

0.02

Chandrasekharan and Wiese (1999)

Nakamura (1997)

Umrigar, Toulouse, Filippi, Sorcella and Hennig (2007)
Hullman and Chandrasekharan (2014)

Alet, Damle and Pujar (2016)
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The sign problem e+OuantumPMeonteCarlo—

NI
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The sign problem e+OuantuemMente-Carlo—

Ground state limit: e## =~ | W) (| ) = Z U(o)|o) V(o) = (o] V) o)y = o1, ...,0N)

Sign structure: Sign(¥(o)) V(o) >0 V]e) = (Sign(‘l’(a))> =1 V(o) <= P(o) “;Classical"

NI
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The sign problem e+OuantumPMeonteCarlo—

Ground state limit: e #% =~ |U)(¥|  |¥) = > W(a)le) V(o) = (o|¥) lo) = |o1,...,0n)

Sign structure: Sign(¥(o)) V(o) >0V]e) => (Sign(¥(e)) =1 V(o) <= P(o) tclaﬂ

¥(o)
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Wavelunction positivization

Let’s change the basis with a unitary transformation U so that: “Ibl(d') >0 \I’(O‘) = (a‘|23\'~11}
Generally: Unitary compiled into local quantum gates
|lII> — =_— |l§> — = u — =
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Wavefunction positivization
Quantum anti-ferromagnets
Bi}jartitc lattice: Slgn(qj(sz)) = (_1)N'T1 (Marshall and Peierls, 1955 |;I"> = - =

. . o~ . -~z
Change of basis: Upg = ® L

jeA
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Wavelunction positivization

Quantum anti-ferromagnets

Il
Il

i ; : . 3 T X
Bipartite lattice: Slgn(\I'(S“)) = (—1)Nf4- (Marshall and Peierls, 1955) W)

. . ~ . -z
Change of basis: Upg = ® L

FeA

Apparent or intrinsic?

¥)

(i
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Wavelunction positivization

Quantum anti-ferromagnets

. ‘ ’ ) . 1 —~
Bipartite lattice: Slgn(\IJ(S‘)) - (_1)NA_ (Marshall and Peierls, 1955) W) = o _ ﬁ
Change of basis: Unrs = ® PRl

i

Apparent or intrinsic?

W) = 1(8) %) w‘u WPW~%LW~W
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Wavelunction positivization

Apparent or intrinsic?

Slgn (V(e) )) ~ (.045
¥) = Q) Ry (0,) |¥0) e MHF”I ”| 'H lwl |
@ ¥\ 0

1Wy) = Sign v a‘))) =1

Positive state a few gates away.

e
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Automating insights

Ingredients

Appropriate representation
Good cost function

Adequate software

PN
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|

1. Tensor network representation
Input wavetunction = Matrix Product State Local unitary transformation = Quantum Circuit
W) = ZATIA? * o 'AUNN o1, 02,...,0N) U {19[111"9[2]’ 8 )

Vy(0) = (o] Us| )
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2. The cost function

Definition

We require the following conditions at the output of the circuit:
Sign(Re[Vy(o)]) =1 Im[Vy(a)] =0 V |a)

Most conveniently expressed as averages over the output distribution:

Z Wy (o) |*|Im[Wy(e)]| =0 and Z Wy (o) [*Sign(Re[Py(a)]) = 1

a a

Cost function: C(9 Z Wy () |*Co(o Cal 7’1[111[‘1’19 ” — (1 - '))Sig;n(Re[\D,g(a')])

Discover the optimal parameters by mimimization: 9* = argmin C(19)
v

[ixample: Gradient Descent 9 — 99— nG(9) G(9) = VpC(9)

____—ﬁn-h
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2. The cost function

Computation
Approximate with average over finite samples: C(d9) = Z Wy (0)|*Co(a) ~ C(9) = r ZC@(O’ )
M ¢
aT L=}
1)
p= W)V — —  pa(on)
o) o) o) ) o) o
pa(ar,02) —>  ju(o1,02,03) — |o) = |o1,02,03,04)
{oa] o (] {oz] Lo

IR
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3. Differentiable programming
Automatic differentiation
Build a computational graph:
0Ty Ty T, > C(9)

Compute derivative from the output:

ac(w)  9Y IT, Ty 0T,
o9 01,01, o1, 99

= = O

€A ()
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The computational graph

Approximate cost function:  C(9) =~ 5(19) = 1 Z(jﬂ(gj) {a;} ~po(a) = |Vy(a)]* (perfect sampling)

— (0000 ®0O-
(. 00O OO O
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‘Pe(dz)HCﬁ(Uz)

C(9)

01000 &0 ——(Vo(an)|{Colan)
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The computational graph

Forward pass: output state

A] A] Al A]
’- ’- ,— 5 = v _
Ay *— v A, . . Ay
I - T — 5 - Ay —> #— T S
Ay #— vl A
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The computational graph

Forward pass: sampling
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The computational graph

Forward pass: cost evaluation

'4IGF}- @)

Il

r Abs

Sign

Vy(o)—Colo)

/000000

0000 d&—

Va(02) —PCﬂ(O'-z)

Vol ) HCola)
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The computational graph

Backward pass

Note: Vf)(. V) AIZV.&(@ ay) # G(8) = Pel(d)

1 ) .
=+ Z [vﬂ(jﬂ(g)') e 2(_?19(JJ)R(?[V19 log \Ilﬂ(o'j)]]

Ty

Ch(0;) = Co(o) +2{Co(0)}ng Re[log ¥y (a)]

Problem: No stable AD software with SVD gradicnts of Comp]cx-valued tensors.
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The computational graph

Backward pass

. i }"—{ Abs

'-" 1 s Yy al
Note:  VaC(9) = JZ VoCol(a;) # G(9) = VuC()

wpa  Feas kb A o N 1 57 Fae Bl
G(9) ~ G(9) = M; [v,ga,ﬂ(aj)Hcﬂ(aj)m(_[w log q:ﬂ(gj)}] o
Cy(o;) =Co(o) + 2{Cy(0)}ng Re[log ‘I’,g(cr_)] [

Problem: No stable AD software with SVD gradicnts of complex-valued tensors.
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The computational graph

Backward pass

:" 1 7 Yy al
Note: VaC(9) = - JZ VoCo(oj) # G(9) = Vel ()

. ~ 1 _ :
G(Y) =~ G(9) = in Z [V@(.TQ«}(O'J) e ZCfﬂ(a'j)R(?lVf; log \1119(0"))”

=

Ch(o;) = Co(o) +2{Co(0)}ng Re[log ¥y (a)]

Problem: No stable AD software with SVD gradicnts of complex-valued tensors.
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Numerical experiments

Two-leg triangular Heisenberg ladder Sublattice B
Jy

A~ -~ -~ A ~ H A~ Jl
H=0> 8;-Sin+023 88+ = Y Bijirirazez+he M
J ) J

J2 Sublattice A

|§%) = |S7...., %) P, j11|82,85, 5%, 88) = |SF, 57,55, 85)

Mg

e
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Numerical experiments

Two-leg triangular Heisenberg ladder Sublattice B
l]l"
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Numerical experiments

Two-leg triangular Heisenberg ladder Sublattice B
l]l"
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Numerical experiments
Two-leg triangular Heisenberg ladder
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Numerical experiments

Sublattice B
oe—06—0—0

Two-leg triangular Heisenberg ladder
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Conclusions

f‘\l'l(_.)lllil((.‘(l ilI._)I)r()(”.‘Il (() (1i5(‘()\’(‘|‘ n()ll—llL‘g{lli\’(’ t"(.-‘})l’L‘S(_‘IlI(lli()lls (.)I‘ "l{l“‘\'-l)()(l‘\_’ \’\'('I\-'(.‘[.llllt‘liUllS.
f”\lg()l‘ithm c,\'pl()ils automatic differentiation of tensor networks

Need stable AD primitives for R‘l’)l'ﬂI)lL‘X—\-’iiIl.IC(I tensors.

Directions:

- Classification ol the L‘mnpluxit‘v = sc.’lling of the (10[)[]1 with system size.

- |‘1nlang|mm_'nl ol positivization

- Positivization nl'}mlh inlcgmls

GT, J C;u‘l';n‘.(]ui“;l. MT Fishman, RG Melko and MPA Fisher - arXiv:1906.04654

D Hangleiter, I Roth, ID Nagaj and J Eisert - arXiv:1906.02309
R Levy and BK Clark - arXiv:1907.02076
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