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Abstract: It is generally believed that modification of general relativity inevitably introduce extra physical degree(s) of freedom.
In this talk | argue that this is not the case by constructing modified gravity theories with two local physical degrees of freedom. After classifying
such theories into two types, | show explicit examples and discuss their cosmology and phenomenology.
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Shinji Mukohyama (YITP, Kyoto U)
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Dark component in the solar system?

which people tried to

explain with a “dark
planet”, Vulcan,
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Why modified gravity?

Dark energy, dark matter, inflation, big-bang singularity,
cosmic magnetic field, etc.
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How to unify Quantum Theory
with General Relativity?

Probably we need to modify
GR at short distances
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Dark energly, dark matter, inflation, bngbang
singularity, cosmic magnetic field, etc.

Help constructing a theory of quantum gravity?
Superstring, Horava-Lifshitz, etc.

One of the best ways to understand something may
be to break (modify) it and then to reconstruct it.
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# of d.o.t. in general relativity

* 10 metric components = 20-dim phase space @
each point
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* Lapse N, shift N', 3d metric h,

2

ds® = —N?dt* + h;j(dz* + N'dt)(dx’ + N7dt)

* Einstein-Hilbert action

ME
2| I /c.‘l“;r\/fg(;)R

B AI |?;|

I =

/ dtd*ZNVh [N*’-J Kij — K* 4 ““Jﬂ

s

e Extrinsic curvature

1 .
Kri_) _ Q—N(az h'r_; i D!-NJ' B DJ' N!)
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# of d.o.f. in general relativity

* 10 metric components = 20-dim phase space @
each point

* Einstein-Hilbert action does not contain time
derivatives of N& N' =2 1, =0 & 1, =0
All constraints are independent of N & N' 2 7, & 7.
“commute with” all constraints =2 1*-class
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{S,C}=0for 3i

Reduces 1 phase space dimension
* 1%t-class constraint F

{F,C}=0for Vi

Reduces 2 phase space dimensions

Generates a symmetry
Equivalent to a pair of 2"d-class constraints

{C |i=1,2,.}: complete set of independent constraints

A=B #= A =B when all constraints are imposed
(weak equality)
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# of d.o.f. in general relativity

* 10 metric components = 20-dim phase space @
each point

* Einstein-Hilbert action does not contain time
derivatives of N& N' =2 1, =0 & 1, =0
All constraints are independent of N & N' =2 7, & 7.
“commute with” all constraints =2 1-class

* 20— (4+4) x 2 = 4 = 4-dim physical phase space @
each point =2

Minimal # of d.o.f. in modified gravity = 2

Can this be saturated?
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Is general relativity unique?

* Lovelock theorem says if we assume:
(i) 4-dimensions; (ii) diffeo invariance; (iii) metric only; (iv)
up to 2"%-order eom’s of the form E_,=0.

* Effective field theory (derivative expansion) says at
low energy if we assume:
(i) 4-dimensions; (ii) diffeo invariance; (iii) metric only.

* A metric theory with 3d-diffeo but with broken 4d-diffeo
typically has 3 local physical d.o.f. (e.g. scalar-tensor theory,
EFT of inflation/dark energy, Horava-Lifshitz gravity)

Pirsa: 19060040

Page 14/56




Example: simple scalar-tensor theory

e Covariant action

1 [ , 5, o (d) _ ]
f = 5 / d'z\/—g [QL{}?"’}[ "R+ P(X, (x'?)] X = - - g"" 0, b0,

—
.

* ADM decomposition

ds®* = —N?dt* + h;;(dz* + N'dt)(dz’ + N’dt

| N
* Unitary gauge 9" N pij _ NN )
N2 N 2

.11
p=1t WP X = T This is a good gauge iff
2 N+ - e
. ) derivative of ¢ is timelike.
* Action in unitary gauge
= / dtd* #NVh {f. () [I\'”I\',J K2+ ) H] | i fLH(OK f._,(_.m-',r)}

Q% (¢) = fi(t) P(X,0) = f2(N,t)
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Is general relativity unique?
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Is general relativity unique?

* Lovelock theorem says if we assume:
(i) 4-dimensions; (ii) diffeo invariance; (iii) metric only; (iv)
up to 2"%-order eom’s of the form E_,=0.
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Example: simple scalar-tensor theory

e Covariant action

| i , P _ 1
[ = = / rf'l.'r\_.--""—.r; [Sli{fﬁ}[ YR + PLX, (,-'?J] X = - 3 ym"f);,(f")i),,{;ﬁ

—
.

* ADM decomposition

ds®* = —N?dt* + h;;(dz* + N'dt)(dz’ + N’dt

I N
. je VE] N 2
* Unitary gauge q ( N i LN )

.11
p=t WP X = o re This is a good gauge iff
2 N“ . . . A
R ) derivative of ¢ is timelike.
* Action in unitary gauge

[ = /dhi“;r'.-\-'\f.‘; {f. 0 [h’*ff\',_, K24 ‘-“n] K MN,:)}

0% () = fi(t) P(X,¢) = f2(N,t)
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Is general relativity unique?

* Lovelock theorem says if we assume:
(i) 4-dimensions; (ii) diffeo invariance; (iii) metric only; (iv)
up to 2"-order eom’s of the form E_,=0.

» Effective field theory (derivative expansion) says at
low energy if we assume:
(i) 4-dimensions; (ii) diffeo invariance; (iii) metric only.

* A metric theory with 3d-diffeo but with broken 4d-diffeo
typically has 3 local physical d.o.f. (e.g. scalar-tensor theory,
EFT of inflation/dark energy, Horava-Lifshitz gravity)
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A class of minimally modified gravity

Chushan Lin and SM, JCAP1710 (2017), 033

* ADM decomposition
ds? = -N%dt? + h; (dx'+N'dt) (dx'+N'dt)

* Ansatz: actions linear in the lapse function N

S = / dtd*xvVhN F (K;j, Rij, Vi, h' )
' ‘[\Jj — I:(),h ij V,—N_}- Y‘} I\-’rj ‘l ;”’(21’\‘? ]
* For simplicity, exclude mixed-derivative terms, i.e. those

that contain spatial derivatives acted on K|

* Relation between K;; and 1 (momenta conjugate to h,)
assumed to be invertible O*F
det # 0

OK ;0K
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Is general relativity unique?

* Lovelock theorem says if we assume:
(i) 4-dimensions; (ii) diffeo invariance; (iii) metric only; (iv)
up to 2"-order eom’s of the form E_,=0.

» Effective field theory (derivative expansion) says at
low energy if we assume:
(i) 4-dimensions; (ii) diffeo invariance; (iii) metric only.

* A metric theory with 3d-diffeo but with broken 4d-diffeo
typically has 3 local physical d.o.f. (e.g. scalar-tensor theory,
EFT of inflation/dark energy, Horava-Lifshitz gravity)
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What we expect/need

* 10 metric components =2 20-dim phase space @ each
point

* 1ty =0 & m, = 0: 1%-class constraints
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Is general relativity unique?

* Lovelock theorem says if we assume:
(i) 4-dimensions; (ii) diffeo invariance; (iii) metric only; (iv)
up to 2"%-order eom’s of the form E_,=0.

* Effective field theory (derivative expansion) says at
low energy if we assume:
(i) 4-dimensions; (ii) diffeo invariance; (iii) metric only.

* A metric theory with 3d-diffeo but with broken 4d-diffeo
typically has 3 local physical d.o.f. (e.g. scalar-tensor theory,
EFT of inflation/dark energy, Horava-Lifshitz gravity)
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An example of MMG: square-root gravity

* Action

N R R T I ea(t) )
S /d TV hN [H.UH) \/(1 1 .-U(f)'-}k) (I t h) .\.(r}]

K=K;KV-K* K=K, €=zl

S ~ / d'zvVhN [gu" A4 ;M'ﬁ(n.k: - eaR) 4 ]

2 N=EM

GR with M; = teaM?, e} ==, A Is recovered.

1 ;'f:“y;“'n":

=1
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What we found

* The necessary and sufficient condition under which a
theory in this class has 2 or less local physical degrees of
freedom.

* Simple examples with 2 local physical degrees of
freedom

* Hamiltonian-based ansatz [Mukohyama&Noui 2019]
-2 more examples, “unification” with cuscuton, ...
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Hamiltonian-based ansatz [Mukohyama&Noui 2019]

H — /”'5‘_-,- Vh {Hh,; ", V) + NHo(hy, 7, V;) = 2N'V (”’7’)]
: Vh
with {Ho(z), Ho(y)} = 0

ety =0&m; =0 &V’( ’) ~ () are 1*'-class
\,1

. If {J{O(x) V(y)] =~ (0 holds trivially then
lass and there is no tertiary constraint.

1*t class X 8 —) [10x2 8x2]/2 =
« If {Hy(x),V(y)} = 0 does not hold trivially then

_)._
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Hamiltonian-based ansatz [Mukohyama&Noui 2019]

" / Ll {"‘t'h.m’--’,v,) b NHo(hi, 74, 9,) = 2N'9) (;)]
with {Ho(z), Ho(y)} = 0
* Example 1: cuscuton [Afshordi-Chung-Geshnizjani2007]

L/ g 13 "
Ha ( My = = ) I 1% An — e/ |h
|2 A

F

. [ 3k il e o i 3A 7] '
S / BrNVR | KK = K2+ R+ A (— sl P
§ N anv:t) TN

: i A 3N /
S, @ /u“,r v 4l l'hj'. = In(X*)0¢ 5 X I 2uv .\"

« Example 2: extended cuscuton [lyonaga-Takahashi-Kobayashi2018]

Ho |!Ir|' (T,*' i*) n V ::F| ("u ' i ,‘: e )
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What we found

* The necessary and sufficient condition under which a
theory in this class has 2 or less local physical degrees of
freedom.

* Simple examples with 2 local physical degrees of
freedom

* Hamiltonian-based ansatz [Mukohyama&Noui 2019]
-2 more examples, “unification” with cuscuton, ...
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Matter coupling in scalar tensor
theory

* Jordan (or matter) frame

=

| .
I = = /u’i.r vV =g [S!‘(r_,ﬂ) H|y'|| + .- ] + Ihatter |_rj;,t”: matter|

e i 1 I Y2 £ AN ) )
Einstein-frame 9 =2 (q_n)yw, K.Maeda (1989)

)’ — . /(fll"v _[}lIJ ’rjljlqh| l " ] i Illlllll[Sz (‘J ”.{u “]‘iltt""l‘

)
o L}
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Matter coupling in scalar tensor
theory

* Jordan (or matter) frame

] = = /u’i.r VvV =g [S!“(rjj) li’|y'|| + .- ] + Ihatter |_rjfm: matter|

=

: : E 32( 4\ ,p]
* Einstein-frame ¢ = O (0)g). K.Maeda (1989)

I = p /"[l-r\fﬁ g" ”"\HW l ] 1 Im.nn[“ (¢ (,FJ” ; matter|

e This is a modified gravity
because of non-trivial matter coupling = type-|

* There are more general scalar tensor theorles where
there is no Einstein frame =2 tvp«
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Type-| & type-Il modified gravity

* Type-l:
There exists an Einstein frame
Can be recast as GR + extra d.o.f. + matter, which

couple(s) non-trivially, by change of variables

Cannot be recast as GR + extra d.o.f. + matter by
change of variables
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Matter coupling in scalar tensor
theory

* Jordan (or matter) frame

| — o,
] = = /u’i.r vV =g [S!‘(r_,ﬂ) li’|y'|| + .- ] + Ihatter |gﬂH: matter|

—

: : o 27 4\
* Einstein-frame 9 = 2(d)g,,, K.Maeda (1989)

= p /f’f'l-f‘v” g" [“’\HW l ] 5 Inutn;[“ (¢ (,FJ” ; matter|

| This is a modified gravity
because of non-trivial matter coupling = type-|

* There are more general scalar tensor theorles where
there is | TR R, - p—
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Type-lI minimally modified gravity (MMG)

Katsuki Aoki, Chunshan Lin and SM, PRD98 (2018) 044022

* There exists an Einstein frame

* Can be recast as GR + matter, which couple(s) non-trivially,
by change of variables

« Matter coupling just after canonical tr. = breaks diffeo 2

15t-class constraint downgraded to 2"%-class = leads to
extra d.o.f. in phase space = inconsistent

» Gauge-fixing after canonical tr. =2 splits 1%t-class constraint
into pair of 2"9-class constraints

« Matter coupling after canonical tr. + gauge-fixing = a pair
of 2"d-class constraints remain =2 consistent
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Simple example of type-| MMG

Katsuki Aoki, Chunshan Lin and SM, PRD98 (2018) 044022

 Start with the Hamiltonian of GR
phase space: (N, N/, I';) & (my, m;, I'TY)

_ s: f: " = ﬁ”, F=- / ',r!_,-\,f:;;__;-u-l;, 1 := " /A
G=0
{G, 7} %0 {G, a0 {G.m} =0 {G,H} =0
* Lagrangian for g’ = (N, N', v;) |
V=97 = 4 — HEE M Harvanias ey
* Adding matter

T o
Iinaitter [_(}“1_,3 matter ]

c.f. Carballo-Rubio, Di Filippo & Liberati (2018) argued that the square-root
gravity should be of type-I but did not find a consistent matter coupling.
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Example with wpe #-1 & G /G # 1

eft

* A # 0 before canonical tr.

e ct=f23f 21, =1*

* A choice of f, ;o (A.L/AJDI)Q + (_(/)/(/)(L)?
o 14(9/¢c)?

I Y “I,-""[‘ﬂ 2=0) 9 A 'I". 2 M -IIMEZ 1.1, ‘__=\:|I|' 2

|/ M/ME=11, A=
M.2/M?=0.9, A=, 2
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More general example of type-| MMG
& phenomenology

Katsuki Aoki, Antonio De Felice, Chunshan Lin, SM and Michele Oliosi, JCAP1901 (2019) 017

* Original phase space: (M, N', 1) & (I'ly,, m;, I1")

S . | | 5

21 PV P 1)

F = / Er(M? /A f(I1,H) + N'11,)
f(o,0) = fo(o) + fi(o)Y + O(¥?) "
* Same sign for N&N, I'; &y; 2 f,>0,f; >0

* Wy, # -1 in general (without dynamical DE)
* G,/G=1/f, #1in general while ¥/® =1
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Type-Il minimally modified gravity (MMG)

» Cannot be recast as GR + matter by change of
variables

* |Is there such a theory? Yes!

* Example: Minimal theory of massive gravity
[Antonio De Felice and SM, PLB752 (2016) 302; JCAP1604
(2016) 028; PRL118 (2017) 091104]

* Another example? : Ghost-free nonlocal gravity (if
extended to nonlinear level?)
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Massive gravity in a nutshell

Simple question: Can graviton have mass?

Fierz-Pauli theory (1938)

Unigue linear theory
withoul instablliies

( ghnsta)
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Massive gravity in a nutshell

Simple question: Can graviton have mass?

) ) wan Dam-vellman
Flerz-Paull theory (1939) Zhakharov discontinuity

Unique linear theory (1970)
withoul instabilities Massless limit #
(ghosts) General Relativity
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Massive gravity in a nutshell

Simple question: Can graviton have mass?

Nonlinearity =

EIT Dlam Waltrman

7 Jyaros digcanlinuly
Fierz-Pauli theory {(1939) Zhakha s
Unigue linear theory Massless hmit #

ALt instabllities atiul
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Massive gravity in a nutshell

Simple question: Can graviton have mass?

= - y
1eh e I Boulware-Deser ghost
(18972)

Nonlinearity >

> { .
Vi Yal vl all
Fierz-Pauli theory (1339D ,':1,1;|r:,1r::'..'| I:.!|.1.. I..IHIWII:I“I.I.._..
Uniqua linear lhﬁf)f’)l' (1970)
without Instabilities Massless limit #
(ghosts) Ga : a2t

o [
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Massive gravity in a nutshell

Simple question: Can graviton have mass?

~am-Gabadadze
e Rham-Gabadar
= Yolley (2010)

Boulwara-[Jesar ghosl
- e (1972)
Nonlinearity =
Yiltrnan

wan Lam-v :
iscantinuily

2 b 4 aroy o
Elorz-Pauli theory (1939) ZneKar . 70)
Unique linear theory Massless imit #

withn?s rl.‘r::mal;ia:;illﬂnﬁ General Relativit
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Cosmological solutions in
nonlinear massive gravity

D'Amico, ot gl (2011)

rJLJr).ﬂ—UJl'I'%!r_‘I'u;u of flat
LRw thomogenaous
Isolropie) unvargs)
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Cosmological solutions in
nonlinear massive gravity

D'Amico, etal (2011)
Norn-exislence of flal

FLEW (homogenaous
GLM (2011a) isolropic) universe!

GLM = Gumrukouoglu-Lin-Mukohyama
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Cosmological solutions in
nonlinear massive gravity

More genaral fiducial
?';lmc | B

aliowed
GLM (2011b)

D Amico, etal. (2011}

Non-axielence ol flal

FLRW (homoget mm}”
[sotiopic) univorse

GLM = Gumrukouoglu-Lin-Mukohyama
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Cosmological solutions in
nonlinear massive gravity

(" More general fiducial ) ( NEW i

metric 1, Nonlinear instability of
FLRW solutions

allowed d
L GLM (2011b) = \_ DGM (2012)
<

>

{ '
D'Amico, et al (2011)

Nan-existence of Tat

GLM (2011a) FLRW (homageneous

Isotropla) universe!

GLM = Gumrukouoglu-Lin-Mukohyama
DGM = DeFelice-Gumrukcuoglu-Mukohyama
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Minimal theory of massive gravity

( MTMG ) De Felice & Mukohyama, PLB752 (2016) 302;
JCAP1604 (2016) 028

2 physical dof only = massive gravitational waves
exactly same FLRW background as in dRGT

no BD ghost, no Higuchi ghost, no nonlinear ghost
positivity bound does not apply

Three steps to the Minimal Theory

1. Fix local Lorentz to realize ADM vielbein in dRGT
2. Switch to Hamiltonian

(It is easy to go back to Lagrangian after 3.)
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Exefcise!
Fitting ADCM & MTMG to RSD data

De Felice & Mukohyama, PRL118, 091104 (2017)

“‘Normal branch” of MTMG with ACDM background
(mass of GW)¢ ~ (1.08 x Hy)? ~ (1.6 x 10-* eV)?
cf. LIGO bound: |mass of GW| <12 x 1042 eV ~29 x 10¢ Hz

0.4 0.6 0.8 1.0 1.2
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Exe;cisef
 Fitting ADCM & MTMG to RSD data

De Felice & Mukohyama, PRL118, 091104 (2017) |

" :j]‘i"f%“"ﬁL \J'

= = = = ACDM = “Self-accelerating branch” of MTMG

“‘Normal branch” of MTMG with ACDM background
(mass of GW)? ~ - (2 x Hy)? ~ - (3 x 1032 eV)4
cf. LIGO bound: |mass of GW| <12 x 1042 eV ~29 x 10¢ Hz

i il A L A A
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De Felice, Larrouturou, Mukohyama, Oliosi,
PRD98, 104031 (2018)

* Any solution of GR that can be rendered
spatially flat by a coordinate change is also a
solution of the self-accelerating branch of
MTMG, with or without matter.

e Schwarzschild sol =

« Spherical GR sol with matter - gravitational
collapse, star interior
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Blue-tilted & amplified primordial
GW from MTMG Fujita, Kuroyanagi, Mi;qu:;:Br;n?;gr;)a;nlaé

Simple extension: ¢, = ¢,($) with ¢ = ¢(t)

m large until t_ (t.., <t <tgz) but small after t

m

cf. no Higuchi bound in MTMG

Suppression of GW in IR due to large m - blue spectrum aLIGO&
DECIGO

143N GmB
.

T : conformal time
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Summary

* Minimal # of d.o.f. in modified gravity = 2
can be saturated =2 minimally modified gravity (MMG)

* Type-l MMG: J Einstein frame
Type-ll MMG: no Einstein frame

* Example of type-l MMG
GR + canonical tr. + gauge-fixing + adding matter
Rich phenomenology: wy, G, etc.

* Example of type-Il MMG
Minimal theory of massive gravity (MTMG)
Cosmology: self-accelerating branch & normal branch
BHs and stars: no strong coupling, no new singularity
Stochastic GWs: blue-tilted & largely amplified
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