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Abstract: Fracton order is a new kind of phase of matter which is similar to topological order, except its excitations have mobility constraint:
excitations are bound to various n-dimensional surfaces with exotic fusion rules that determine how excitations on intersecting surfac
combine.

This talk will focus on one of the simplest fracton models: the X-cube model. | will explain how this fracton model can be thought of as stz
from a 3D toric code and stacks of 2D toric code layers, and then condensing certain excitations on the 2D layers. This is the first TQFT pic
the X-cube model as a 3D order with non-invertible 2D "defects". When we zoom out so that the layers appear close together, I'll show t
model can be described by what | call a foliated field theory. | define a foliated field theory to be a field theory that couples to a foliation
which describes the geometry of the foliating layers (in analogy to a metic which describes the geometry of spacetime). In this case, the
field theory takes the form of a 3+1D BF theory which is coupled to stacks of 2+1 BF theories, with stacking structure described by the fol
field.

This talk is based on arXiv:1812.01613 and another forthcoming work.
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Fractons from U(1) Gauge Theory

Pretko 2017

* Generalize U(1) Maxwell electromagnetism:

* Add dipole moment conservation P / o(F)

In addition to charge conservation

dipole moment
moving change IS conserved

changes dipole moment . .

isolated charges
are immobile a dipole is mobile

 fracton: an immobile particle
- often a fraction of a mobile particle
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Fracton Motivation

* solvable models of quantum glassiness (Chamon 2005)

|
4

/

i | i Prem, Haah, Nandkishore 2017

 dualities to elasticity theory of two-dimensional crystals
(Pretko, Radzihovsky 2018)
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Fracton Motivation

* robust quantum information storage (Haah 2013)
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* measurement based quantum computation from
ungauged fracton models which have subsystem symmetries
(Else, Bartlett, Doherty 2012)

Raussendorf, Okay, Wang,
Stephen, Nautrup 2019
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Fracton Motivation

 toy model of holography (Yan 2018)

* connections to quantum gravity (Pretko 2017)
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Fracton Motivation

* new phases of matter (Vijay, Haah, Fu 2015)
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Routes to Realization?

coupled spin chains couple Kitaev honeycombs
Halasz, Hsieh, Balents 2017 KS, Kim 2017

obye

Majorana Lego
You, von Oppen 2018
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review: 2D toric code

|
am X
H=-) 2 Zz-Y =x==x-
Wi - - ; X
’ Z =o0"
X =0"

« Z, gauge theory / 2+1D BF theory lattice model

* gubits on links of square lattice

* gapped & exactly solvable
* degen=4 on torus
* topological excitations

10
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review: 2D toric code

I
=-2 L) 202 +
« qubits on links of square Iattu. f B Z
« Z, gauge theory / 2+1D BF theon ;4 \:
« gapped & exactly solvable \ |
X 'm
* degen=4 on torus X |
. . . X o
* topological excitations 7
e=Z=rsror =717
X
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Review: X-cube model

Vijay, Haah, Fu 2016
z | I
I Zl 2 __I Y Y
H=->31 -2 + K+ K]
) / | l

 gubits on links of a * gapped & exactly

cubic lattice solvable
* stable to perturbations
S ==
Z =0 * degen = 2(6L-3)
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Subdimensional Excitations

Vijay, Haah, Fu 2016

* Create fractons at corners * Create lineons at ends of
of rectangular operators line operators

.|'~
| |

| |
8. rf}_ b & 4

kg I / lineon left
ettt 1) fracton Eﬁ\ behind
. excitation
B / \ T

s & Pauli Z operators

i
Pauli X operators il X ac:tllng on ground state
acting on ground state -~ P ="

X\ P
]

lineon excitation
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Subdimensional Excitations

<[

planon lineon fracton
(moves along (moves along (immobile)
2D planes) 1D lines)
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< "?.!.t_F'racton duck

i~ R,
TR} (Rt EUST 1, ER  oWGDW. 5

TQFT lake ™ B

planon lineon fracton
(moves along (moves along (immobile)
2D planes) 1D lines)
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Outline

 TQFT picture

- X-cube model and fractons from
3D topological order with 2D “defect” layers

* Foliated Field Theory
- field theory that couples to foliation/layer structure
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review: 3D toric code
2=

= ZZ Z Z-X*X-

0 bmzed % X X

 qubits on links of cubic lattice ﬁﬂ

* point-like charge excitations e—z-z—z-z-z-we
 1t-flux loop excitation
* N e
ctations of 7

-
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toric code summary

3D toric code e’ e’ ©

can locally create

pairs of e’ particles can locally
create flux loops

2D toric code

e-€ mn-m-—

can locally create pairs
of e or m particles

18
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2D “defect” in 3D toric code
e’e’ 3D toric code O
(3+1D BF theory)

]
2D “defect” layer € q
e’ 2D m bound to
3D flux string

—M

local excitations:

3D toric code
(3+1D BF theory)
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grid of defect layers

Lo
e P € reference:
_ , — ! > local
lets try moving an e M~ # excitations
from here to here |
Sl m
|

e!
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e’ = fracton

!
e’'e e reference:
1 > local

lets try moving an e M= # excitations
from here to here |
1 | |

L | | I

- A string of e particles are left behind
e’ particles are immobile fractons!
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Questions?

e’ e e reference:

e
. , go veal
lets try moving an e M= # excitations
from here to here |

_ |

—_—k

| | I

- 1 /S

* A string of e peffticles are left behind
e’ particles are immobile fractons!
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e’ pair mobility?

!I ]
e € € reference:
| —d —"" |ocal
lets move a pair of e M~ # excitations
from here to here |
: - m
/] | I
T -
e e’
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e’ pair mobility?

] I 7
e € € reference:
| —_— —"" |ocal
lets move a pair of e M~ # excitations
from here to here |
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Pirsa: 19060003 Page 24/51



e’ pair = planon

* A pair of e’ can move,
just like pairs of X-cube fractons

e!
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m mobility?

e’'e e reference:

> local

) # excitations

m particles are confined by
high-energy flux strings

3—31-o-
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e’ pair = planon

* A pair of e’ can move,
just like pairs of X-cube fractons

e!
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m pair = lineon

) I |
» Pairs of m particles can & el € . reference:
move along 1D lines. M » '.?Ct‘?" )
* These pairs are lineons! | ) CALIALIONS
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~ defect picture of fractons

previous/forthcoming
work with

N

Dave Aasen 3D toric code with

- 3 stacks of defect layers

(T - B ,
X-cube fracton model | >‘< i

is l")

ada 4wy e’t!: e’ local
Dominic Williamson : =. PR [

. excitations
M~ 4 along defect
) layers

Daniel Bulmash

Q “defect layers

Abhinav Prem 37
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Lattice Model

2D toric code coupled to
defect layer 3D toric code

Y F I XXXX X ZZZL I Z XXXXXX
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part 2
Foliated Field Theory

KS, Aasen, Williamson 2019

Dave Aasen

40
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review: BF field theory of Z,, toric code

Chern-Simons with K = (U N)

N 0
/ t l

FB Vi

14 [ 1 X

Lap — ﬂgvﬁvg 9. A H=-7 z-—dx—+ne
N N N

Lpp = —([336)[};41 — [}1('.)(),-43) + B{)—((')lAg — uAy) + A(]—((')l By — ('.)g[fl)
21 _ B E’JT P 2T

conjugate fields ,
like in N, xt
2 2T

. D)
}.f — P — p“ — X~
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review:. BF field theory of 3D toric code

two indices
+ 0
Z
. N .1 v 1 X xo
[3EID — BB 6. Ag H=- Z' Z = mxi X= + h.C.
|;}" t)ﬂ_ n) # 7 T
“ “ l_z_l X Xt
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Route to Foliated Field Theory

* step 1: P
- describe foliation structure 7

. step 2: R
- write down a Lagrangian
using the lattice model —

43
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step 1: Foliation Field

* Each (continuum) stack of layers
Is specified using a 1-form e,

.@ — [ e.dyt —  Signed # of
L), A layers penetrated

\ - no dislocations or torsion:

de = ()

le.

8}1}(2?11/ - (9,_,6N — 0

44
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step 1: Foliation Field

* Foliation fields ef where k = 1,2,. n/\/

Indexes different stacks of Iayers

e.g. ek = st for i \
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step 2: Foliated Field Theory

* Foliation fields ef wherek = 1,2,.
Indexes different stacks of Iayers

» Lagrangian (e.g. e* = % for

”j

p— 2 Z ABA() Ak +b,u/()p”0” Z
/A8
» H»l[) L

toric code

k w o
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~

coupling
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H] from Lattice
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Review: Conserved Charge

« Z, BF theory (Z, toric code)

N .. ‘ ,
‘[1131*1 — ‘2_({1}[-3'7 B(ta/j;qw — 4"4(1(]() - B(l'](}
[
* gauge invariance:

A, — Ay + 0,C
BG’_ — Bug + ach

« conservation of charge and flux:

Y X
8(’}{9_ ‘ = a(_l{lc — O

48
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