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Abstract: | shall&nbsp;&nbsp;analyze three specific general-relativistic&nbsp;&nbsp;problems in which gravitomagnetism plays&nbsp;impo
role: the dragging of&nbsp;&nbsp;magnetic fields&nbsp;&nbsp;around&nbsp;&nbsp;rotating black holes, dragging inside a collapsing sl
rotating spherical shell of dust, compared with the dragging by rotating gravitational waves (CQG 34, 205006 (2017), Phys. Rev. D 85 1.
(2012) etc). | shall also briefly show how "instantaneous Machian gaugesa€ce can be useful in the cosmological perturbation theory (Phys.
76, 063501 (2007)).
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Gibt es elne Gravilationswirkung, die der elektro-
dynamischen Induktionswirkung analog ist?

Bazmchr

von

- m

toms fUr

“'Is There a Gravitational |
Whi

h Is Analogous to

Electrodynamic Induction?”’
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on-axisymmetric fields — asymptotically uniform non-aligned fields

1és of the magnetic field which is asymptotically uniform and perpendicular to the rotation axis. The equatorial plane is shown as

wed from top, I.e. along the rotation axis, (a) In the frame of zero angular momentum observers orbiting at constant radius; (b) In
» frame of freely falling observers. In the panel (b), two regions of ingoing/outgaing lines are distinguished by different levels of
ading of the horizon. The hole rotates counter-clockwise (@ = M)
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ROTATING SCALAR WAVES

Snapshots of impact (left. r = —6. —4. —2.0) and departure (right, r = 0. 2. 4, 6) of scalar
spherical version of Weber-Wheeler-Bonnor pulse with / = 27, m = 5.
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ROTATING SCALAR WAVES

In linear analysis one can use simple prescribtion

Ui (1, 7.0, ) ~ Re — e Yiu(0,p)e™"™

Ui (1.1, 0, ) ~ ~ P} (cos @) cos(md — A(1.r))

) 2at
At.r) = (I+ 1) arctan— ~ ~
a* 4 re —

Pirsa: 19060002 Page 32/57



ROTATING LINEARIZED GRAVITATIONAL WAVES

Expansion of (odd parity) ‘\_\'Il]lllC‘II‘iC second-rank covariant tensor mto tensor harmonics

(i) 211 + 1) (i) ; iv (= D+ 2). (i
/1;:;. = Z b : /?”_f-m!f. F)Colmpr If.’i..]”i [, J"\(‘-..”J,”. } ) 5 h:.'m”' J'Nf',,””‘
0 0 : d, )v“w - \j]‘l “(}“ )7'41
smé 7
0 0 0 0
y
Colm — AT
V2l +1) L 8,Ym O 0 0
smé 7
sinfdg Yy, O 0 0
0 0 0 0
ir 0 0 ,.I. =0,Ym —sin08y Yy,
Clm = 7 i3 ; i
JAT+D | 0 Z50,.Yn 0 0
0 —smfdg Yy, 0 0
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SECOND-ORDER ODD PARITY DIPOLE PERTURBATIONS

Now we have solved the first order Einstein equations
A1) g 1)1
G [h"’] =0
In general the second-order metric perturbations /4'=’ can be obtained by solving
G D@ G2 mM M
LY 1 = — Wy ! N/ |

right-hand side 1s the source term 1n the form of an effective energy-momentum tensor

A1) ¢ 231 l; (2):c (2): (2):x 2)a 2 Fade) 2)8:a
G || = — - Nuvia +Mpaiw +Mvaiy — R a g - hs., - g ..
Rotation ¢’ = ¢ — wol — ds- + 1= sm” 0(do — wodr)= 1s most easily identified in

_‘cf;- = —(Jg I SIN"~ f)

since r¢-component is associated only with the following tensor harmonic component

' 4 : 2 )
COlmry = (— s 6¢ )H ) Im )
' V2[(1+ 1)
the dragging of inertial frames near the origin 1s given by / = |, m = 0 perturbation
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ROTATING SCALAR WAVES

In linear analysis one can use simple prescribtion

()
Yt r, 8, @) ~ Re ' ’ ——71] Y6, p)e iwr
(a<-it)=<+r=
In nonlinear terms, we may need an explicit form
( a } W
Wit r, 0, @) ~ — P (cos @) cos(mp — A(1,r))
[ (2412 —12)2 4422 b
) Zat
A(t,r) = (I + 1) arctan— -~ -~
at+r:—1r
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ROTATING LINEARIZED GRAVITATIONAL WAVES

Expansion of (odd parity) ~._\'1111nctric second-rank covariant tensor into tensor harmonics

0/m - 2 npey

( 2I(1 + 1) iv/(I— 1D+ 2)
i) V= () B i \ <), (i) \
hyy = E » hopn (8 P)C0mpuy + ihyp, (8,7)Cimuy 4 ’ h,,,, (t.r)d),

0 0 \_8,Y;,, —sin68yY,
s ¢ !
0 0 0 0
3
Colm — \7
V21 +1) L 8,Y O 0 0
smée 7
sinfdg Y, O 0 0
0 0 0 0
ir 0 0 “'l =0, Yy  —sin6dg Y,
Clm = y t 1 . . ?
V200 +1) 0 —5Y5¥im 0 0
0 —smbdgly, 0 0
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SECOND-ORDER ODD PARITY DIPOLE PERTURBATIONS

Now we have solved the first order Einstein equations
A1) rg 1)1
G [h'’] =0
In general the second-order metric perturbations /#'=’ can be obtained by solving
(.11'-.{.:_ ("‘:‘f‘l‘/ 1)
LY 1 = — Wy ! 1 |

right-hand side 1s the source term n the form of an effective energy-momentum tensor

(1) (2)7 I (2):cx (2):x (2):ex 2 = (2) :ax3 2)3:q
("rrﬁ'.h | == ~ h,ur-' oY h;r-‘: v hr'n [/ h (1Y 7 ,5!;”-(}; 3 — h q O ) }
Rotation ¢’ & — wol — ds* oo + 1= sm” O(d — wodr)< 1s most easily identified in
g, = —wpr sm

since f¢-component is associated only with the following tensor harmonic component
3

COlmrp = (—smbdyYy,)

\2!(/' l}

the dragging of ertial frames near the origin 1s given by / = 1, m = 0 perturbation
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SECOND-ORDER ODD PARITY DIPOLE PERTURBATIONS

@ Projection of the second-order perturbation equation

-

R.o[h?) = =R O[AY, h V]

into tensor harmonics ¢, and dp, with / = 1. m = 0 which are gauge-only perturbations

| w2 3 3 )
=) (=) o s (2)r12.(1 (1)1
2—{/;“ — ’.:'h“ —\ = ./:__r[\""- Lo A [ 19

m Chosen gauge corresponds to rigidly rotating central mnertial frame

m Vanation of constants then provides solution, namely near » = 0 the dragging angular
velocity of the central inertial frame

| Nl 1) (1) dr
&0 / / R.7|h Jh _{/ff i
vVi2nJo Jo 7 r
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SECOND ORDER RICCI

# Rcal-valued metnic perturbations written as follows

| X r')\ | JY (@)Y
hgr = — hoy = —smé Jhe, = — hor = —sm b 1
sin ¢ r'f;'c')_rj ’ ardt sin ¢ UHJ_; d Ao
o1l Yl \ Fe
x = BNy k(t,r)P; (cos@)cos(mp — A(t,r)), K= - - — — -
[(1 472 = 12)2 4 47U+ 1)/2

m Computer algebra & pencil and paper

.
=) ) 9 )
R, - <X, 0mO X, 9ot — X,rpr X, 000 T =X rp8 X 08 — X, rrp8 X 180 — X,0mr0 X 1

¥ )

X .0r8 X, ot
T -

™ X8 X108 T X.0r8X . rer — X0 X128 — X8 X .18 — X.porX .8010 .
-

(\ r8 X . ror X .tré X .ot X.rorX 10 1 \_*.'ff\.,_-’)“-'l‘“ﬁ X r8 X, por COS
2r2 sinf 73 sin

X,rewtX ,or T X,perX,rpt — X, totX et X, !

_ d 2 + ——— (2X.por + 2rX . pon — rX.porr)

2r? sin- 0

212 sin- 6
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CENTRAL INERTIAL FRAME DRAGGING

l() T T T T T T T

8 F .

6 r 1
3

-1 '_ —

Y = _.

(] = 1 | 1 L I e ——

-4 -3 -2 -1 0 | 2 3 4
I’a

Angular velocity of the central mertial frame wo(/.m:r) for/ = 10and m = 1,2, ...10. The

vertical axas 1s scaled m units of wo(10. 1:0).
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STAR’S TRAJECTORIES

» L
' | P -
- - L] !.
: P e
+ y b ! = .
’ L]
=13 =23 =33
When appropriately scaled and rotated, the trajectories of all stars are the same. 1.¢. the curve 1s
an 1mage of a straight line in the complex plane z = 1 + is, 5 € (—00, o0) mapped by the
function f(z) = z7'7 = (positions at ume 7/a = 0, £0.05, £0.1. ... are shown as circles).
d o6 i &M

- mP" (cos ) il
AO = BIN"2(1 —1)! - ‘ A —BiIN7'2(1 — 1)P7 (cos 8),
' sin f/ '
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Cosmological perturbation theory, instantaneous gauges, and local inertial frames

Jiri Bicak
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Linear perturbations of Friedmann-Robertson-Walker universes with any curvature and cosmological
constant are studied in a general gauge without decomposition into harmonics. Desirable gauges are
selected as those which embody best Mach’s principle: in these gauges local inertial frames can be
determined instantancously via the perturbed Einstein field equations from the distributions of energy and
momentum in the universe. The inertial frames are identified by their “accelerations and rotations™ with
respect to the cosmological frames associated with the “Machian gauges.” In closed spherical universes,
integral gauge conditions are imposed to eliminate motions generated by the conformal Killing vectors.
The meaning of Traschen's integral-constraint vectors is thus elucidated. For all three types of Friedmann-
Robertson-Walker universes the Machian gauges admit much less residual freedom than the synchronous
or generalized harmonic gauge. Mach’s principle is best exhibited in the Machian gauges in closed
spherical universes. Independent of any Machian motivation, the general perturbation equations and
discussion of gauges are uselul for cosmological perturbation theory.
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