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Abstract: In 2012, Maulik proved a conjecture of Oblomkov-Shende relating: (1) the Hilbert schemes of a plane curve (aternatively, its
compactified Jacobian), (2) the HOMFLY polynomials of the links of its singularities. We recast his theorem from the viewpoint of representation
theory. For a split semisimple group G with Weyl group W, we state a stronger conjecture relating two virtual modules over Lusztig's graded affine
Hecke algebra,& nbsp; constructed from: (1) fibers of a parabolic Hitchin map, (2) generalized Bott-Samelson spaces attached to conjugacy classes
in the braid group of W. In arbitrary type, we can establish an infinite family of cases where it holds. Time permitting, we'll indicate how the new
conjecture relatesto P = W phenomenain nonabelian Hodge theory.
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X smooth projective curve / C, L line bundle / X.
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RN Stop Sharing

X smooth projective curve / C, L line bundle / X.

M %(\/, 9) V' rank-n vector bundle / X

6:V>VQRL
hl
B = HX @ L®%)

j=]

Explicitly, h(V,0) = (tr A'(0))_,, wheretr A'(6) € H'(X,L®").

Q Given b € B, what does M, look like?
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Stop Sharing

What is C,? Writebe Bas (by,.... b,), where b; € H"(L®").

[f x € X, and y 1s a local vertical coordinate on L, then
Co=0"+b1(x)y""' +:--+ b,(x) =0}

cuts out an n-fold cover of X, embedded in L.

-
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= Stop Sharing
What is C,? Write b € Bas (by,....b,), where b, € H’(L®").
[f x € X, and y 1s a local vertical coordinate on L, then
Cp =" + biy(x)Hy" Lt cvs + bo(x) = 0)

cuts out an n-fold cover of X, embedded in L.

What is Pic(C,)? For Cp, integral,
Pic(Cp,) = {torsion-free coherent sheaves / C;, of generic rank 1}.

A bunch of copies of the compactified Jacobian Jac(Cp).

-

Pirsa: 19050034 Page 7/38



Pirsa: 19050034

= Stop Sharing
What is C,? Write b € Bas (by,....b,), where b, € H’(L®").
[f x € X, and y 1s a local vertical coordinate on L, then
Cp =" + biy(x)Hy" Lt cvs + bo(x) = 0)

cuts out an n-fold cover of X, embedded in L.

What is Pic(C,)? For Cp, integral,
Pic(Cp,) = {torsion-free coherent sheaves / C;, of generic rank 1}.

A bunch of copies of the compactified Jacobian Jac(Cp).

Pic(Cy) — My, induced by pushforward of sheaves along C, — X.

7
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e Stop Sharing

Have perverse filtration P on H* (Jac(C,)), defined via the geometry of the

Hitchin sheaf Rh« Q. Gives g-deformed Euler characteristic

1(Tac(Cy)) = )~ (=1)'q dim grf H'(Jac(Cy)).

1]

Thm (Maulik et al., conj. Oblomkov-Shende) We have

Xa(ac(Cy)) = (1 — ¢)* ) [T HoMFLYI(L.).

c€Cy

where £, 1s the algebraic link of C;, at ¢ and ll();\lk‘LY::(.‘._,‘( ) € 1 4+ gZ[qg] 1s a

certain piece of its HOMFLY invariant, equal to 1 for smooth c.

LFS]
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Stop Sharing

Recall: HOMFLY,, : {links in 5%} /isotopy — Z[(¢'/* — ¢

The series ll().\-ll-‘l.\'f}(iﬁ) € 1 + gZ|q] is defined by

HOMFLY (L) = u"q‘ H().\-u-‘l.\'i;(.\:) + terms with higher powers of a.
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e Stop Sharing

Recall: HOMFLY,, : {links in §’}/isotopy — Zl(g'? — g~ V2)*!, o™l

The series ll().\-ll-‘l.\"i}(iﬁ) € 1 + gZ[q] is defined by

HOMFLY (L) = u"cﬁ H().\-n-‘l.\-’f;(.\:) + terms with higher powers of a.

ixample The link of the plane curve singularity y* = x* is the (4, 3) torus
knot, for which HOMFLY , 18

|

G +qg '+ 1+qg+¢)+ad* (@G +q ' +1+qg+q¢°) +a".

Thus, ll()MIfL.Yf; =1 4 q2 g 4 ¢* + ¢°. This turns out to be xq(Jac(Cp))

for a certain C,,.
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8 Stop Sharing

Conj (Oblomkov-Rasmussen-Shende) Refine g-series ~ (q. 1)-series.

Xa ~  g-deformed weight polynomial y

(j.i
HOMFLY" ~
q

lowest a-power in (a, g, 1)-HOMFLY homology

In a 2013 NSF proposal, Shende speculated that it would follow from a wild
P = W identity in nonabelian Hodge theory for G = GL,,.

- i > = W? ' 4
Gry H* (MEM(C/ X)) ' : GrpH*(MEH(C/X))

Gri H* (M, (5")) GrpH* (Mpau(X, UI"“J )
[85, 83] |67, 65]

o G2 : _
H™(K) (63] 3T g t* dim H* (€ global springer theory [97]
' 63] — :

Gruw ((Waaz)1) «(Ger)
" ol i Q. Ham. reduction?? 5

Wy
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G reductive group/ C, t C g Cartan algebra, W Weyl group.

¢ =t/ W, aweighted vector space.

E principal G-bundle / X l
6 € H(gr ® L) {

M (E, U

hl
B = HY®X,c)
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G reductive group / C, t C g Cartan algebra, W Weyl group.

¢ =t/ W, aweighted vector space.

E principal G-bundle / X l
8 € H(gr ® L) {

M (E, ¢

hl
B = HY(X,c)

h is induced by the map g/G — g / G ~ «.
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] Stop Sharing

G reductive group / C, t C g Cartan algebra, W Weyl group.

¢ =t/ W, aweighted vector space.

E principal G-bundle / X l
8 € H(gr ® L) {

M (E, ¢

hl
B = HY(X,c)

h is induced by the map g/G — g / G ~ «.

No family of curves C — no “Picard description” of fibers.

Rem Have “Prym description” for SL,,, Sp,,,.
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] Stop Sharing

G reductive group / C, t C g Cartan algebra, W Weyl group.

¢ =t/ W, aweighted vector space.

E principal G-bundle / X l
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M (E, ¢

hl
B = HY(X,c)

h is induced by the map g/G — g / G ~ «.

No family of curves C — no “Picard description” of fibers.
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= Stop Sharing

Instead of algebraic links, use algebraic braids.

Recallc =t / W. Let A be the branch locus of t — ¢, and let ¢® = ¢\ A.
Bl’n' = T (CO)

is called the Artin braid group of W.

Local Consider a map Spec C[t] — c¢ that sends Spec C((r)) — ¢°.

Defines an unbased loop in ¢°, hence a conjugacy class [B] € Bry.

point of B generic point of X

— e —.

Global Consider a section X — ¢; that sends Spec C(X) — .

Defines a collection {[B,]}.ex of conjugacy classes in Bry.
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Stop Sharing

Altogether, b € B gives rise to {[B,]}ex.

Q How to use the [f,] to describe yx,(M,)?

A Let H = Sym™*(t) x Qu[W], the graded affine Hecke algebra.
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e Stop Sharing

Altogether, b € B gives rise to {[B,]}ex-
Q How to use the [B,] to describe y,(M,,)?

A Let H = Sym™*(t) x Qu[W], the graded affine Hecke algebra.

Two bigraded virtual H-modules:

1. Replace yx,(Mp) with 3, (—1)' grf erl¥ H (M, ,), where M isa

parabolic analogue of M.

o

Replace HOM l"'l-"':,'(i‘:t ) with H, (Vg ), where Vg_is a complex of
graded H-modules built from I)i:f((;/ Gad)-
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- | Stop Sharing

Fix a Borel B € G.

i E.0,x) € MxX
g = {EbxER): TP -

E®  O-stable B-structure on E,
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[B] € Brw conjugacy class, f € Bry representative.

Write p = p;, pi, -~ Pi, where p, p, are the standard generators,

say, fB; +> s; under Bry — W.

Open, cylindrical Bott—-Samelson stack:

Sp (Bs;,B x® Bs;,B x® --- x® Bs;,B)/B.q

|
G/Gu

depends only on [B], not B. S| — G/G,q is the Springer morphism.
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8 Stop Sharing

Let Eg = Rg 1Qq, where 715 : Sg g/ S1 = G/Ga.

H

—— N

Ex H*(G/Gu.E;) >~ Sym*(t) x (_); (W] x A*(t). Pure part is H itself.
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o Stop Sharing

Let Eg = Rg 1Qq, where 715 : Sg g/, S1 = G/Ga.

H

o

Ex H*(G/Gu.E;) ~ Sym™*(t) x (_); (W] x A*(t). Pure part is H itself.

Want to set Vg = H} .(G/G.q, Eg), but in general, g isn’t proper. Need the

pure

Webster—Williamson chromatographic complex:
Vﬁ - ( s Vﬂ.| — V‘.,.(, — Vﬁ, = e )

where Vg , = HJ ((:‘/(};,d.gr;\y Eg[—k]).

pure

Thus, H«(Vg) has both external and internal gradings.

Page 27/38



- ‘ Stop Sharing

The Conjecture

Write H = B, ¢ Sym/(t) ® Q¢[W], and

V..(B) = EBq”/J(—!) I‘H;\(V}}).

n,k

a (g, r)-graded virtual H-module.
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Stop Sharing

The Conjecture

Write H = B, ¢ Sym/(t) ® Q¢[W], and

V,..(B) = EBq”/:(—!) "H;\(V}}).

n,k

a (g, 1)-graded virtual H-module.

Conj (T) For X of genus zero, G almost simple, (b,xy) € B° x X:

Z (_I)I+A(’,.’A gr:) g]‘PJ lli('.'\;[,l'i‘ \.“) (0 ¢ qu(ﬂ\_H)‘

i1k

where the o< depends on (1,V,,(B:)) for all x # x.
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e Stop Sharing

Thm #1 (T) For any G, can find orbifold P' and infinitely many b € B°

such that the + — 1 limit of the conjecture holds for (b, 0).

Thm #2 (T) For G = SL,,, where Bry = Br,,
(N (), V,,(B)w o (—a’Y-term of (a, g, 1)-HOMFLY homology of 8.

~  Can recover the ORS conjecture.

) . G—SL., . . =1 e
“H conjecture ———>  ORS conjecture —>  Maulik’s theorem
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Pf sketch of Thm #1

. Oblomkov—Yun study X and b/ such that

e X is an orbifold P'.
e [, is trivial for x # 0.

e [y i1s an m/nth power of the full twist, a central element of Bry.
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e Stop Sharing

Pf sketch of Thm #1

. Oblomkov—Yun study X and & such that

e X is an orbifold P'.
e [, is trivial for x # 0.

e [y i1s an m/nth power of the full twist, a central element of Bry.

They show that the rational DAHA of W acts on gr’ H* (My0).

2. Ginzburg—Guay-Opdam—Rouquier: KZ functor

Mod(rational DAHA) — Mod(H

25tim/
{! ,‘.,,!.u!. N).

q

where H,, is the finite Hecke algebra of W.
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e Stop Sharing

Pf sketch of Thm #1

. Oblomkov—Yun study X and & such that
e X is an orbifold P'.
e [, is trivial for x # 0.
e [y i1s an m/nth power of the full twist, a central element of Bry.

They show that the rational DAHA of W acts on gr’ H* (My0).

(g

Ginzburg—Guay-Opdam-Rouquier: KZ functor

Mod(rational DAHA) — Mod(H

25tim/
{! ,‘.,,!.u!. N).

q

where H,, is the finite Hecke algebra of W.

3. Use Lusztig’s exotic Fourier transform on W to relate V, () with

H 27tim/
'ﬂf'rf"’(“j”‘”' e
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8 Stop Sharing

Pf sketch of Thm #1

(g

Oblomkov-Yun study X and b such that
e X is an orbifold P'.
e f.is trivial for x # 0.
e [y i1s an m/nth power of the full twist, a central element of Bry.

They show that the rational DAHA of W acts on gr’ H* (Mp.0).

. Ginzburg-Guay-Opdam-Rouquier: KZ functor

Mod(rational DAHA) — Mod(H

D ¥ /
{! ,'.,,ri‘u!. n ).

q

where H,, is the finite Hecke algebra of W.

. Use Lusztig’s exotic Fourier transform on W to relate V,, ;(f) with

Hyl s erming
'ﬂf'rf"-‘(“ Tmgn «

M = rational DAHA = H,: Dolbeault = de Rham = Betti!?
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- ‘ Stop Sharing

An Elementary Question

Recall: A map Spec C[[1] — t / W that sends Spec C(1)) — (t / W)\ A

defines a conjugacy class [B] € Bry.

Call such conjugacy classes algebraic.
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] Stop Sharing

An Elementary Question

Recall: A map Spec C[[1] — t / W that sends Spec C(1)) — (t / W)\ A

defines a conjugacy class [B] € Bry.

Call such conjugacy classes algebraic.

Q What are the algebraic conjugacy classes in Bry,?
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An Elementary Question

Recall: A map Spec C[[1] — t / W that sends Spec C(1)) — (t / W)\ A

defines a conjugacy class [B] € Bry.

Call such conjugacy classes algebraic.

Q What are the algebraic conjugacy classes in Bry,?

Currently studying this with collaborators.
Rem ForW = §, and t = C”, the theory of Puiseux series implies: Their
link closures are iterated torus links. Indeed, a map Spec C[[x] — Sym"(C) is

equivalent to a curve germ V" + a; (_\').\‘”*' + -+ 4+ a,(x) € C[x][y].
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8 Stop Sharing

Conj (Oblomkov-Rasmussen-Shende) Refine g-series ~ (q. 1)-series.

Xa ~  g-deformed weight polynomial y

q,t
HOMFLY" o
q

lowest a-power in (a, g, 1)-HOMFLY homology

In a 2013 NSF proposal, Shende speculated that it would follow from a wild
P = W identity in nonabelian Hodge theory for G = GL,,.

d , > = W? i
Gri H"(ME(C/X)) I : GrpH" (M7 (C/X))

Gry H* (M, (58)) GrpH* (Mpa(X, HI',‘J )
[K'; H‘] [(}?_hil

-~ G2 . _
H™(K) (63] S ¢ t* dim H*(C" global springer theory [97]
).

Gruw ((Waaz)1) «(Ger)
" ol i Q. Ham. reduction?? 5

Wy
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