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Abstract: Tensor Models provide one of the calculationaly simplest approaches to defining a partition function for random
discrete& nbsp;geometries. The continuum limit of these discrete models then provides& nbsp;a background-independent construction of a partition
function of & nbsp;continuum geometry, which are candadates for quantum gravity. The& nbsp;blue-print for this approach is provided by the matrix
model approach& nbsp;to two-dimensional quantum gravity. The past ten years have seen alot& nbsp;of progress using (un)colored tensor models to
describe state sums if& nbsp;discrete geometries in more than two dimensions. However, so far one& nbsp;has not yet been able to find a continuum
limit of these models that& nbsp;corresponds geometries with more than two continuum dimensions. This&nbsp;problem can be studied
systematically using exact renormalization& nbsp;group techniques. In this talk | will report on joint work with Astrid& nbsp;Eichhorn, Antonio
Perreira, Joseph Ben Geloun, Daniele Oriti, Johannes Lumma, Alicia Castro and Victor Mu\~noz in this direction. In a& nbsp;separate part of the
talk | will explain that the renormalization& nbsp;group is not only a tool to help investigating the continuum limit,& nbsp;but that it in fact also
provides a stand-alone approach to quantumé& nbsp;gravity. In particular, 1 will show how scaling relations follow from& nbsp;cylidrical consistency
relations.
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ad to Quantum Gravity

—

Each approach has
built-in features and
inherent difficulties

=
Combine approaches
to use built-in feature
of one to solve
difficulty of another
approach
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1.  Matrix- and Colored Tensor Modcels (motivation from QG)

o

‘o

Functional Renormalization Group (genceral sctup and the role of symmetry)

Matrix Modecl (spccific sctup, results, numerical importance of Ward 1dentitics)

4. Colorced Tensor Models (foundations and results)

5. Summary

Pirsa: 19050011

hawed om work with A Fachhorme Phys Rev. DER (201 3) 684018
Phys Rev D90 12010 00610, 101035
A Tost 17 Poincare Comb Phiys Interact S(2018) po 2
Laiverse $ (2019002, 84 (with AL I'orcua. ) Lumaa) as well &5 aXav 1811 00811
AND Flivs Rev. D97 (2018) no. 12, 128018 (with J. Den Geloim, A\ Peveira, D Oriti)

As well as unpublished work with A Pereira, A. Eichhorn, J. Lumma, A. Castro and V. Mufioz.

173.210
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model action

S[M] = =Tr(A.AT) + (A.AT.A.AT)

for real matrices A4 to generate the partition function”

/[d!\!]z\a exp(—S[M]) Z A(v) = Z o (- In(A())

(+)
= can be interpreted as a partmon function for
random square-tesselations with weights — In(A(+(a)) ‘ ‘
expressible by the Regge action: - T

Snpggo(/—\) = kq Ng(A) — kg_2 Ny_2(A)

where k4o — ks x 1/G and kg x A/G

with £, , = In(N) and }, — Iti(g) — d(d—1)

In(N)
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n: (contd.)

we want to take the continuum limit ¢ — () of the tesselation by squares

at fixed volume (V) = a? (Ny)
o,

= take matrix size N to infinity = G vanishes!
= For finite &G we need a critical scaling of ¢(/NV) with matrix size NV in continuum limit.

= to investigate the continuum limit of gravity on a random lattice we need to investigate
the double scaling limit of the matrix model partition function

Z = /[di\[]f\, E'XI_)(—S[A[]) = Z A(f}) — Z e—{—lu(.ﬁi(*,)))

Aly)
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lodels as a blueprint

hte Euclidean lattice quantum gravity partition function

’ 1 ~r
Np N

L = \lim /[dg, w}_\(‘_“}.:('_“%r-_'\}\/” — lilllZ(' s H...)a?* No

a ()
A

by evaluating the Hermitian random matrix model partiion function with e.g.

- A . ] . ) B S'.’lllf!'l“:\!) -
Z o ‘\I‘“']:J\ / [([‘1 !U]:\ xN€ ;Snmh\j.p -

| —

Tr(M.M) + %'[‘r(.\]..\i.]\-l)

using the identification of the matrix model amphitude N¥©¢Y — ¢ with lattice Boltzmann factor

~

I

in the large N limit = investigate critical behavior NV — 20 (see e g Brezin Zun-Tusgyy: PLB 288 (1992) 54: C. Ayala: PLB 311 (1993) 55)

Analytic results (benchmarks for RG methods):

by [ Y=

. Existence of a critical QG theory double scaling limit (one critical exponent: 0 :— Ny 3(g)|,—,.

2. Existence of a tower of multicritical points (have interpretation of gravity coupled to matter,
¢.g. a hard dimer)

Perimeter Institute, Quantum Gravity Seminar May 2, 2019
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Definition of a Measure with symmetries

¢ want to find non-Gaussian measures for tensor models with a desired symmetry (e.g.
which exist in the large N lIimut

Basic tool: Cylindrical consistency. Le. an infinite-dimensional cylindrical measure induces a measure for all functions
on finite dimensional (cylindrical) subspaces. le

These induced measures are not independent, but satisty consistency relations:

[ dp(u, v) fuv(u) = / dp(w) fu(u) forall fiw) that just depend on U

JUN JA
Remarkably, one can define a cylindrical measure (e¢.2. LQG) through a set ol cylindrically consistent measures.
Logical program:

. Identify cylindrical consistency relations as integration over complementary subspaces

2. Turn the integration over complementary subspace into an interpolation by integrating over a Gaussian
suppression factor == Polchinski-type flow equation

3. Legendre transform of Polchinski-type equation gives a Wetterich-type equation (FRGE)

Perimeter Institute, Quantum Gravity Seminar May 2, 2019
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model action

| 1 ,. —0
S[M] = STr(A.AT) + 49,\,,,T1-(A.AI.A.AT) I .

: .. .
for real matrices A to generate the partition function”

4= [lf“‘ﬂw exp(—S[M]) =Y A(y) = Y e (A

: Y G i Aly) .
= can be interpreted as a partition function for

random square-tesselations with weights — In(A(;(A))) l ‘ Y I

expressible by the Regge action: | S
SRegge(A) = kg Ng(A) — kg_y Ny_a(A) ]

where ko —ak, x 1/G and kg o A/G

with k., = In(N) and kg = In(g) — —d(d at

In(V)
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Definition of a Measure with symmetries

®c¢ want to find non-Gaussian measures for tensor models with a desired symmetry (e.g.
which exist in the large N limit

Basic tool: Cylindrical consistency. l.e. an infinite-dimensional cylindrical measure induces a measure for all functions
on [inite dimensional (cylindrical) subspaces.

These induced measures are not independent, but satisty consistency relations:

/ dp(u,v) fuv(u) = / dy(w) [y (w)  Sorall ftw) that just depend on U
JUYV JU

Remarkably, one can deline a cylindrical measure (e¢.g. LQG) through a set of cylindrically consistent measures.
Logical program:

I.  Identify cylindrical consistency relations as integration over complementary subspaces

2. Turn the integration over complementary subspace into an interpolation by mtegrating over a Gaussian
suppression factor == Polchinski-type flow equation

3. Legendre transform of Polchinski-type equation gives a Wetterich-type equation (FRGE)
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| Renormalization Group Equation

(gll I -’.,

0.

‘e = / [do)ye el 20- Reotdo = field vacuum expectation value ¢ =
with an IR suppression term '} o.I.o (scale-dependent “mass” term of order £ for IR d.o.f.)

: ; . : | 1
effective average action T'i[0] = (¢.J[¢] — Wil Ji[¢]]) — 50.Ri.0

. . 1. (. 8T - e
obeys a flow equation oI’ = 3 I (.«),, R, ( M;EZ] + HL.) ) C2A Ck=a =S
(see e.g. Wetterich Phys. Lett. B, 301: 90)
Interpretation:
- . 1 i ; ; it I =T
. UV limit: saddle point around ¢. 1.0 gives D'ioax[0] = 5,[0] k=0 =
2. IR limit: suppression term drops out I';4[0] — I'[0] >
C1
. : . s ‘ Theory space
= Interpolation between bare action and quantum effective action ¥
(image from Wikipedia)
= tool for systematic investigation of bare actions (limitsk — A = ~) C3...Cn

Perimeter Institute, Quantum Gravity Seminar May 2, 2019
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ts: Regulator and Theory space

for the systematic investigation of:

L

2. gencric IR behaviour (universality)

possiblc UV actions (fundamental theorics)

It requires only:

notion of scalc scparation (cncoded in /R suppression term _I,O-H:..':»)
“theory space” of admissiblc action functionals (ficld content and symmetrics of barc action)
and in practical calculations a fruncation ansatz and projection onto truncation
(1.c. understanding which cffective operators arc most important
and a how to find these opcrators on RHS of FRGE)

LS B I

however: IR suppression term 1s often required to break symmetry of the bare action

» flowing Ward identities

Perimeter Institute, Quantum Graviry Seminar May 2. 2019
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ard Identities

ce of the bare action under a symmetry generated by G, S[o] — ¢ '—--_i 29

(for simplicity assume invariance of the measure [/o], under this symmetry)
: o
= Legendre transform yields Wi = 6.1y - 6. ((0.R.0) = 6. Ry.0)

Which ensures that the effective action satisfies the correct Ward identity [im Wil — WE =0

. . 1
Moreover: analogous to derivation of FRGE one finds

| i 3 . ,
HWiTy = —-Tr ( (TP 4 RV .0:Ry.(T? + Ry ).(w,‘.rk)“))

= if initial effective average action satisfies initial W then the
effective action satisfies the normal WTI

Wi T = 0

= symmetry improved flow by solving mWTT and using symmetric couplings as coordinates on Wi.T', = 0

Perimeter Institute, Quantum Gravity Seminar May 2, 2019
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' ! 1 q "
el action Swatriz = 5Tr(M.M) + ﬁTr(i\-l-M-I\-l) generates complicated odd theory spac@Eeren

. . . |- T G e - - .
= simpler to use even theory space with even action Siauric = 5 Tr(A.M )+ Tf fe(M.M".M.M") with real M

symmetry under bi-orthogonal transformations V/ — O, \7.0]
= generates even cffective operators (i.e. of form LTr(Az* ). /Tr(Ar*") )
= theory space Tw[M] = fi (Tr(M?), Tr(M*), Tr(M°), ...) has no occurrence of scale
= need to “invens a Laplacian™ that says which d.o.f. are IR, e.g. AM,, == (a +b) M,

A useful regulator is (analogous to Litim’s optimized profile):

. : 2N 2N
ANS[M] = My Ry(a.b)M,,  with Ry(a,b) = Z ( = 1) 0 (1 - )

a-+b a—+b

Perimeter Institute, Quantum Gravity Seminar May 2, 2019
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breaks U(N)
resp. O(N)’
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odel: Dimension from 1/N expandability

al dimension” of operators in this theory space, but since we are mnterested in the large |

we have to impose that the beta functions admit a /N expansion, i.e. 3, =b!(g1....) + /N b (g1, ...) + O(1/N?)
this fixes the scaling of the operators, by generating upper and lower bounds that admit only one solution at the end.
E.g. tadpole of one ¢, 7r(A/")? flows mto Z
and two-vertex diagram with two ¢, 7-(AM")? flows into g4

= dimension of 74 1s fixed; analogously all other operators.

= for couplings defined as ['y[M] = Z G, TE(MPM) L TY(M™)
one obtains the canonical dimension from //N expandability as

(ljlll{‘fl:,lm,,‘) = N' 143 ket P4

Perimeter Institute, Quantum Gravity Seminar May 2, 2019
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Evaluation of FRGE already orders terms by trace structure (single-, multitrace operators
— simplest case: insert “constant” matrix in each trace summand V., = ¢ 0., 0(N — a)
This rule distinguishes between all index-independent (1.e. UJ(N) symmetric) operators
(1t can be regarded as the first term for a projection rule with
index -dependent terms, e.g. by inserting orthogonal polynomials
My, = 55w (a, DYO(N — a)0(N —b)

however: spectral sums quickly become very complicated)

Perimeter Institute, Quantum Gravity Seminar May 2, 2019
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odel: FRGE results (w/o symmetry)

I-H
runcation: I'~n[M] =< " M) Z " “)with dimensionless couplingsg, = Z: N*

= beta functions: 7 = g4 [1? P?]

3(q = ( nin — o, =2 — 1\ fp plA i my | Zi i ¢ pL
Hg2n) = ((1 +n)n ])(]zn%uu.l ; (=1 [RP | ( MyMa... Hyz(wrl)
f:nff‘_dl'f}k:fi 1

Finding fixed points with one relevant direction, but ¢ = 1.0, .... 1.1 instead of analytic 0 — 0.8 ¢in all nuncations)
(and all other crit. exponents near negative integers and aligned with ¢, = 7 > 1)

Multitrace truncation: only Tr(A/%)Tr(A/%) flow into single-trace operators at large N

= include g, , and g, , in truncation, but critical exponents actually get worse:
6, =121, 0, =-069, 6; =-1.01, 8, = —1.88

(inclusion of further multitrace operators does not improve result)

Perimeter Institute, Quantum Gravity Seminar May 2, 2019
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odel: FRGE results (with symmetry)

3

enerated by A7 — 0T MO = ¢+ ¢ [M, A] + O(¢?)

O,
B . 1‘1. h)‘ '
and leads to Ward-identity  WxI'x[M] = G.I'v[M] — tr,, -['*l[ ] =)
'y [M] + Ry

Observation: Tadpole approximation of flowing WTT vanishes
(1.¢. no index dependence of tadpoles of ndex-independent operators!)

1. Tadpole approximation of single trace truncation

) =2g,x B(gan) = ((n = 1) + nn)gon — 212 ga(ny1)

= findo, = 1 (1s 20% off, but all further multicritical exponents with good accuracy )

2. Tadpole approximation with multirace operators

|

including multitrace operators g, , g,,, g, , ., £,,,, In truncation gives arbitrarily close values to#, = -

"-’

and multicritical exponents also m O¢7%) precision

Perimeter Institute, Quantum Gravity Seminar May 2, 2019
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Theory space: U(N)? symmetry = colored bipartite graphs Z O~ @

Invented Laplacian: A 7o

(@ +b+c) Tape

a4+ b+ a+b+ ¢

3N IN
Regulator: Ry(a,b,c) =2 (;j; - ]) f) (l - L)

Now: Spectral sums become significantly more complicated! O

Interactions: S
'@ s
(dual to gluing .
of triangulations)
P
= I
S P

Pirsa: 19050011

(counting of faces)
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odel: Dimension from 1/N expandability

¢ for tensor models requires an assignment of scaling dimension for all possible operators.
These are a prior1 arbitrary, but:
a. Almost all assignments do prevent a I/N expansion for all beta functions
b. Many of the remaining assignments collapse to Gaussian model n large N-limit
¢. One can always remove an overall scaling of the fields by a redefinition of the integration
variable =>  One can always choose a Gaussian term to be dimensionless
=>  Seed of the construction 1s the scaling of an interaction term

2. By plugging an ansatz into the vertex expansion of the FRGE, one can show directly whether 1t admits a
I/N expansion
- Q ® Q= L] o L]

3. Example: pure, complex rank 3 U(N)"3-symmetric model: N S .
Model 1s non-trivial for scaling s(4-melon)=2 f' " _ '

With this seen one finds for all melons that
I :
s(y) =3 - 5{.’%})(",) — F (%))
Where p=# of pairs of tensors and F=# of faces
AND: this choice can be shown to be consistent with the 1/N expandability of all beta functions
Perimeter Institute, Quantum Gravity Seminar May 2, 2019
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odel: FRGE results (w/o symmetry)

] r Zr ~ a2 .'72” IS B I . . . -
runcation: 1v[M] = S Tr(A7) + Z 5y, 1T ") with dimensionless couplingsg, = Z: N

H;E

= beta functions: 4 = g4 [1? P?]

3( A _ . I\ pli e, my - Zi m; my
Baw) = (1 4= Doaton 55 ()5 {RPIE (o ) TRt
B ) _ my=n ]

Finding fixed points with one relevant direction, but ¢ ~ 1.0, .... 1.1 instead of analytic ¢ — 0.8 (in all nuncarions)
(and all other crit. exponents near negative integers and aligned with g, = » > 1)

2. Multitrace truncation: only Tr(A72)Tr(A/%%) flow nto single-trace operators at large N

= include g, ,and g, , in truncation, but critical exp@hents actually get worse:
6, = 1.21, 6, = —0.69, 65 = —1.01, 6, = —1.88

(inclusion of further multitrace operators does not improve result)
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odel: FRGE results (w/o symmetry)

runcation: 1'vM| = b) Le(M7) + Z . Fr(V™")with dimensionless couplings, = 7> N':

= beta functions: i = g, [1? I’

Blgzn) = (1 +m)n = Dgaut2n 37 (-I)E:"‘-w‘w'*i-"‘f!( 2y )Hg;';;m

mymsy...
iy my=n e
Finding fixed points with one relevant direction, but # = 1.0, .... 1.1 instead of analytic ( — 0.8 ¢in all nuncations)
(and all other crit. exponents near negative mtegers and aligned with ¢, : »n > 1)

Multitrace truncation: only ‘[v(A7%)Tr(A72*) flow into single-trace operators at large N

= nclude g, , and g, | m truncation, but critical exponents actually get worse:

2,4
0, =121, 0, =-0.69, 63 =-1.01, 5 = —-1.88

(inclusion of further multitrace operators does not improve result)
9O,
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= very active research in past 9 years on colored tensor ensembles (pure models as well as tensor field theory)

Symmetric 7° truncation of rank 3 pure tensor model:

Q O=%—@ _
. el ! i ‘ (? | O—w—@
& O * Aokl *i ‘.‘ + At + Aca3 '\i T + Aga O —ts, __.
@ O ® . O [ O
O4® O« @ O @
w6 Dw® w6 Dm0 0L YT
- £ % ¥ "o 0.0 e 00 e O .e
O« @ O ® Do @
. - O—%—¢ ? '. Q”j . CR ?
+ Acs 2 ® 0O + 2w O= =9 + den V' [ + Aea2 + Age3 ) 1
o O==@ ED o) ® . O 3 CE
” O @ O @ O
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odel: Beta functions (for T"6-truncation)

| .f!-l-;:? : f;f ,) (5-1n)

2ive 13 419 — 1 310 — 1)
; (‘!F ) ()30(21 —4n) — ‘l'h 1_1—5 — Us,2 10
/ r’ 3 2 ¢ ¥
Bz, =B+ 20)g32 + —— T ((r}fg) + 243, (931 + 95 L+ 95 |) F

3,1 3,2 3.3
J62 T G2 + .(?h'.z)
5769 — 1049y

591 0% 521 .88 @ 5.92% 93 Q=1
203 937 + 294.1 937 +2 ‘741 9:1) - 50 (

m . » '5
Hj‘?n 1| — (—I -+ 3!}) ql:l -+ == 210 (2] o 4”)(]?{ "E:.: -8 (f,’;:) 60480
B = (5+0n) g1 —gil 22 23 163500 LT _ (20 (a3 [ 22y 16500 — 3867
= |JT< ¢ Q
+91) 91 .1110 191 362880 11 911 911 \911 151200
21 - .-1;; 21 —4n

((h]Qh +(11]‘I;.l1)13 (“Ill+(h!)(h.ll;

210 %
- i 3]()0 — 13889y N~ 2
Bo =(—=doe +3n)q! -t ?2 23 16
o | ( g8 I)Jn,l 94,10 94,1 94 604800 NG il i
. 3,1 22 23y 310—17 2,1\2 < — 4011
»'iq-'"; = (5+3"I)Qr2+(‘1n + 514.1).9’{5.1 T‘({Lu) (‘!41 + ¢ fl 1) S‘W
6—1n s 6—7 , 6—17 21399 — 73n '
3,1 2 3,1 2 3,1 2.1
(fhl - fln) Y T 15 + ‘Jh 942 T + 962942 15 +!?hzin_.ﬁ'5__
By, = (64 30) gos + (13‘7’ [962 + 953] + 921 [952 + 98]
2\6—1n,, . 22, 23y0=7 21 22 237=17_.
‘hl [‘hﬁ t 96! 1])Tj}2+."h":.: (‘3’“ g5 + .‘h,:) 5 _.(l'l.lt !If.fg;.: 84 ,1(”’

7T—1

g 6—1 g b= 2 \4 (.2 2,1 23y 9! =1 2, R 22 23\ 2 .
92298 5—— : 18 (a2.)" W}_(ﬂiz)z (931 + 957 + 937) 2 - L (g3 [922 + 022) + 623022) 92,2
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odel: Overview of fixed points

One finds a ton of fixed points in various models and truncations:

e

b.

e

1.

Types of models investigated:
1. pure tensor models (real O(N)*3, complex U(N)"3) up to T8 truncation
i.  Tensor ficld theory

ui.  1+1 foliation (Benedetti-Henson model)

Types of fixed points:
1. with enhanced symmetry (O(N)"3 becomes e.g. O(N"2)O(N))
1. truncation artifacts
111 candidates for QG (no enhanced symmetry, no indication for truncation artifacts)

To be done: investigation of tensor models which implement nontrivial propagator
(1.c. a modified Ward-Identity) to investigate dually weighted tensor models, as 1s necessary to explore
CDT and EDT theory spaces
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Starting point: desire to explore continuum limit in LQG related models
= use FRGE to explore tensor models for QG

2. Matrix model results:
a. FRGE is a tool to find asymptotic safety in GW model grevious work with A Sfondrini: VP A 26 (2011) 4009)
b. FRGE finds double scaling limit and multicritical points i pure matrix models
¢. FRGE achieves numerical accuracy

3. Importance of U(N) - Ward-identity for numerical accuracy of critical exponents

4. Tensor model results:

a.  Setup can be applied to tensor models

b. FRGE finds various symmetry enhanced continuum himits as well as candidates without symmetry
enhancement

Future work will probably need to implement U(N) - Ward-identity to obtain accurate critical exponents
and broken Ward-identities (e.g. CDT and EDT models)

(2]
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Thank you !

O,
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