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Toy MCMC example. Consider a 2-d Gaussian random variable
with covariance matrix.

a [
8 «

Here are 10 random samples, generated with (c,B) = (10,5).

—
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Toy MCMC example. Consider a 2-d Gaussian random variable
with covariance matrix.

a f
B (@
Here are 10 random samples, generated with (o) = (10.,5).
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Now suppose you were given these 10 Gaussian samples as “data”,
and wanted to know which covariance matrix produced them.

(@ /3
B «

10.0 4

0.0 4 Y

10 .0 (0 i 110}

Pirsa: 19050006 Page 13/34



Model parameters Data di= (Xi,Yi)
0 = (o,B) = T li0
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Model parameters Data di= (Xi,yi)
0% = (o) 1= 1,510

Assume uniform prior p(c, f) = const.

Conditional likelihood p(d|0)
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Model parameters | Datadi= (Xi,Yi)
02 = (o,B) 1=1,...,10

- Assume uniform prior p(c, 5) = const.

- Conditional likelihood p(d|€)
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- Posterior likelthood p(0|d) o p(d|0)p(60)
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In this toy example, it is not really necessary to use an MCMC.

The posterior p(c,B|d) is fast to compute (10 terms) and there are

only two model parameters (o).

Can just compute p(o,B|d) on a grid of () values and plot it!
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As an aside, let’s compare the Bayesian posterior to the Fisher
approximation, in this toy problem.

First we need to calculate the Fisher matrix, starting from the
conditional likelthood p(d|6?):

Tl

1l Py G
1)((%'(1{1 B) = H Det({)ﬂ- = ):1/2 ('—)}(I)(—(/,{ C»(r-::_;([];/_).)

Ty v, 3
= o/

This calculation gives (details omitted):

P 0 log(d|0)
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In this toy example, it is not really necessary to use an MCMC.

The posterior p(c,B|d) is fast to compute (10 terms) and there are
only two model parameters (o).

Can just compute p(o,B|d) on a grid of (c,B) values and plot it!
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As an aside, let’s compare the Bayesian posterior to the Fisher

approximation, in this toy problem.

First we need to calculate the Fisher matrix, starting from the
conditional likelihood p(d|9?):

TL

1 ,
p(d|a, B) = l I Dot(2nCo )12 \p(—dp(n J;(/ )
_ : <o B
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This calculation gives (details omitted):

A 0 log(d|0)
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With N=10 points in the original dataset, the Fisher approximation
1S pretty rough.

The Bayesian central limit theorem implies that it should become
more accurate if N 1s increased.
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For N=100, the Fisher approximation is pretty good.
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Going back to the N=10 case, let’s try to reproduce the likelihood
with an MCMC.

I chose (0w,B0)=(30,-20) for the starting location.

MmN — —
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(0. Bo)=(30.-20)

Pirsa: 19050006 Page 23/34



Step 1: likelihood ratio ,' (% = (.047, reject
Chain so far: (0w,Bo), (0,Bo)

10 —_— —
B 007 e

a( N 067

30

| e 68%

X [iducial model
20 4
10 4
L
) 4
-m-_.,‘__ foes -
L 4‘//
10 4
(ftu.ﬁn) {_"-ﬂ,*:ﬂ}
20 g Y
o', BH=(26.7.-20.6)

40 A

10 - - . - 2

il f 10 15 20 an a0 k1 10

Pirsa: 19050006 Page 24/34



After 20 steps (55% acceptance fraction)
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After 50 steps
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After 1000 steps (color-coding includes multiplicities)

Detail: the cluster of points on the lower right is an artifact of the
initial location (oto,Bo)=(30,-20). It would be better to discard (say)
the first 200 samples (the “burn-in™ period).

A common rule of thumb: discard the first 10% of the chain.
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After 1000 steps, burn-in discarded.
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> steps. burn-in discarded.
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After 107 steps, burn-in discarded.
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Comparing 1-d marginalized likelihoods.

@) = /rﬂﬁ L(e, )

() = / do L(av, )
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Reminder: must count MCMC samples with “multiplicity”,
which arises from rejection.
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Correlation coefficients versus “lag” |
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Cosmological parameters

. _ —— | CMB multipoles aim
+ nuisance parameters

Morally similar, but likelihood function P(aim | 6) 1s much
more complicated (e.g. involves running CAMB to compute Cj)

i e ] I :
B 1 |
A AN P~ o~

] 7  \ %9 @ 7 @
o | | | - o \ ~
U \ 4 4

ol \A\ | / ‘!.) \., Q,h g_.,,
w / ) { l -
4 | ¢ & T Y|

Planck 2018

Pirsa: 19050006 Page 34/34



