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Abstract: The conventional Euclidean time Monte Carlo approach to Lattice Field Theories faces a magjor obstacle in the sign problem in certain
parameter regimes, such as the presence of a nonzero chemical potentia or atopological theta-term. Tensor Network States, afamily of ansatzes for
the efficient description of quantum many-body states, offer a promising alternative for addressing Lattice Field Theories in the Hamiltonian
formulation. In particular, numerical methods based on Tensor Network states do not suffer from the sign problem which makes it possible to study
scenarios which are not accessible with standard Monte Carlo methods. In this talk | will present some recent work demonstrating this capability
using two (1+1)-dimensional models as atest bed. Studying the O(3) nonlinear sigma model at nonzero chemical potential and the Schwinger model
with topological theta-term, | will show how Tensor Networks States accurately describe the low-energy spectrum and that numerical errors can be
controlled well enough to make contact with continuum predictions.
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Motivation

Theory

» (Gauge) field theories

* Non-perturbative regime:
Analytical access hard
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Motivation

Theory

» (Gauge) field theories

» Non-perturbative regime:
Analytical access hard

Quantum computing Classical simulation

* Many promising * Monte Carlo methods in
experimental platforms euclidean space-time
» No real-time dynamics

» Free from purely g G
ign problem

numerical limitations
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Qutline

& Motivation

# Tensor Network States and application to Lattice Field Theory

® Phase structure of the O(3) nonlinear sigma model

® Schwinger model in the presence of a topological #-term

® Summary & Outlook
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Introduction to Tensor Network States (TNS)

What are Tensor Network States?

» Wave function for an interacting N-body system

d
W)= D Chpinl) ®|2) ® - ®in)
I V|
iteniv | 1) @ |2) @ -+ @ |in)

= Tensor [Gi] with d"V entries, exponential number of
parameters
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Introduction to Tensor Network States (TNS)

What are Tensor Network States?

» Wave function for an interacting N-body system

d

Ciy g i) @ |2) @ -+ - ® |in)

e I I

) TR I

1) ® ) ® - ® |in)

= Tensor with dV entries, exponential number of

parameters

« Tensor Network State: ansatz for |1/) built from smaller pieces

= Only a polynomial number poly(/N) of parameters
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Introduction to Tensor Network States (TNS)

Matrix Product State (MPS) ansatz

» MPS ansatz with open boundary conditions (OBC) for system
with N sites

Z ALAZ AN i) ® |b) @ -+ ® |in)

f1 !2....,!'
» Tensor A} € C1xD

: //physmal mcdee b

B\

virtual index: 1,...,D
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Introduction to Tensor Network States (TNS)

Matrix Product State (MPS) ansatz

» MPS ansatz with open boundary conditions (OBC) for system
with N sites

d
Py= > AAZ... AN 1) ®|R) ®- - ®|in)
N

B

« Tensor A;{}’ c ¢bx1

. hysical index: 1,...,d
fN"/p ysical index

virtual.index: 1...... D

« D: Bond dimension of the MPS
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Introduction to Tensor Network States (TNS)

Matrix Product State (MPS) ansatz
» Number of parameters in the MPS with OBC

T T el TR T T TR

(N —2)D?d + 2Dd = O(ND?d)

M. B. Hastings, J. Stat. Mech. 2007 (2007)
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Introduction to Tensor Network States (TNS)

Matrix Product State (MPS) ansatz
» Number of parameters in the MPS with OBC

| TP T TR ! TR D) SR

(N — 2)D?d + 2Dd = O(ND?d)

N
» Quantum information: Physically relevant states D < d e

« Entanglement entropy: S < log(D)

H

MPS with D > 1

Q product states
(=1

= MPS efficiently parametrize the physically relevant subspace of
slightly entangled states M. B. Hastings, J. Stat. Mech. 2007 (2007)
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Introduction to Tensor Network States (TNS)

Why Tensor Network States?

Monte Carlo
o ActiomS— [ d"x L
v Expectation values

Access to the ground state
wave function

Sign problem free
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Introduction to Tensor Network States (TNS)

Why Tensor Network States?

Monte Carlo Matrix Product States
o Action'S— [ d'x L « Hamiltonian
v Expectation values v Ground states / Low-lying

Access to the ground state excitations
wave function O Time evolution

Sign problem free v/ Sign problem free

d
)

LT
i Pl s

A'h 1 302 ¥
A L]
" ey g
A i g

‘ N

LIS
=tse

G. Vidal Phys. Rev. Lett. 93, 040502 (2004)
. Verstraete, D. Porras, J.I. Cirac Phys. Rev. Lett. 93, 227205 (2004)
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® Phase structure of the O(3) nonlinear sigma model
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The O(3) rotor model

Continuum formulation

» Euclidean time Lagrangian of the model

1

£0(3) = (i’),,n)z, nc ]R,?’_,

- 2g02

= Nonlinearity because of the constraint
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The O(3) rotor model

Continuum formulation

» Euclidean time Lagrangian of the model

1
Lo) -

= (8o} neR,
2g02

= Nonlinearity because of the constraint

« O(3) is at the same time the simplest nontrivial CPN~! model

1
Lepn-1 = ? (D,,z)Jr (D2}, = Bk 2h o x—
0

D, = 0, + iA,: covariant derivative with gauge field A,
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The O(3) rotor model

Continuum formulation

» Euclidean time Lagrangian of the model

1

—— _(Sn). =
2g02

Lo(3)

= Nonlinearity because of the constraint

PN—l

» O(3) is at the same time the simplest nontrivial C model

1
Lepn-1 = 72 (DL,Z)Jr (2% =T Dk zl.z=1
0

D, = 0, + iA,: covariant derivative with gauge field A,
* Gauge field is not dynamical, “no F,, F/*"-term”
« Can be eliminated at the expense of a nonlinearity
« Relation between CP! and O(3): n, = zc‘;agBZg
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The O(3) rotor model

Relation between rotor and CPV~1 models
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The O(3) rotor model

Relation between rotor and CPV~1 models

» Focus on two (1+1) dimension: v = 0,1
» Asymptotic freedom
» Dynamically generated mass gap
» Nontrivial topology and instantons

“The CPN=! system does its best to imitate QCD.”

— A. Actor, Fortschr. Phys., 33: 333-374 (1985)

Pirsa: 19040109 Page 21/63




The O(3) rotor model

Lattice discretization

» Dimensionless Hamiltonian on a lattice with spacing a

1 N N-1
QH = 2—[5; L:‘Z{ — }sz_l nknk+1

[L”, Lﬁ] : "Euﬁ'}f LF}’, [L(]’.’ n[ﬂ] = I'Ecz/ﬂ"yn’y’ [nu:’ n[ﬁ'] —

« Hamiltonian describes chain of coupled quantum rotors

« Continuum limit: 3 — oo (thanks to asymptotic freedom)
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Spectral properties

F. Bruckmann, K. Jansen, SK, Phys. Rev. D 99, 074501 (2019)
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Spectral properties

Numerical approach
» Suitable basis: angular momentum eigenstates ®|/xmy)i_,

» Angular momentum of each rotor is unbounded

= Local Hilbert spaces are infinite dimensional
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Spectral properties

Numerical approach
» Suitable basis: angular momentum eigenstates ®|/xmy)i_,
» Angular momentum of each rotor is unbounded

= Local Hilbert spaces are infinite dimensional

» Truncate maximum angular momentum at each site

Ak Vk

i1l

-
T

L]

L]

L]
]
—
—

= Local Hilbert spaces of dimension d = (/max + 1)2
« Use MPS with open boundary conditions to solve the
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Spectral properties

Ground-state energy density

» For each combination of (3, Inax, V) bond dimensions
D € [80, 180]

» Linear extrapolation in 1/D

Imax = 3 !“: lmax = 4

L " ) | " L " " oy | A | Y I | i y | A

] Jo, A | SRR (v SO [ 0 [ [P 17 R [ 0 (0 R 7 L
g &

= Hardly any finite-size effects and almost no dependence on /max
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Spectral properties

Mass gap
» Asymptotic scaling

8 ; ,
A= al\y;e = 64al\| = 12873 exp(—27[)

Hasenfratz, Maggiore, Niedermayer, Phys. Lett. B, 245 522 (1990)
Shigemitsu, Kogut, Nucl. Phys. B, 190, 365 (1981)
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Spectral properties

Mass gap
» Asymptotic scaling

8 . :
am = — al\;e = 64al\| = 12873 exp(—27[3)

» Numerical data

T T T T T T

1.5849 bnax. =1 4
' N = 40

>

L 0.6310
] & N 1
: & | 0,1 "Ca %] '{‘:“o%
0.3981 RS0

-

02512 F

l.l-l.l.l-l]“z ad o & o 1 o 1 . . TR VRRTILY N TR

(W5 R o PO T 0 (4B P T o T e T [0 A8 (WA e B [0 T . PR VI i i 0 1
i i a i

= Good agreement with the continuum prediction

Hasenfratz, Maggiore, Niedermayer, Phys. Lett. B, 245 522 (1990)
Shigemitsu, Kogut, Nucl. Phys. B, 190, 365 (1981)
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Numerical results

Entanglement entropy in the ground state
» As we approach 3 — oo the mass gap closes
» The correlation length in lattice units £/a = 1/am diverges

5—§|og§+z2—%(zwﬁ—|og5)+k

Calabrese, Cardy, J. Stat. Mech., 2004, P06002 (2004)
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Numerical results

Entanglement entropy in the ground state
» As we approach 3 — oo the mass gap closes
» The correlation length in lattice units £/a = 1/am diverges

=

S =
6

|og§+12—%(2m3—|og5)+k
p=]

Imax C

|

1

1

i

l

| ’p_._"

| o | 2 1.66 +0.19
b

|

o
ks

» " " 302084022
A . 4 208+014
&
5 :
Pl e e e e it R s Sy

0.8 | i |2 1.6 1.8

Calabrese, Cardy, J. Stat. Mech., 2004, P06002 (2004)
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Phase structure at nonvanishing chemical potential

F. Bruckmann, K. Jansen, SK, Phys. Rev. D 99, 074501 (2019)
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Phase structure at nonvanishing chemical potential

Adding a chemical potential
» Conventional Monte Carlo approach: sign problem

» Lattice Hamiltonian with chemical potential

;N N—1
ak — 2? Z pe g Z NNy — apQ
k=1 k=1

N
N b [Huak=0
k=1

Bruckmann, Gattringer, Kloiber, Sulejmanpasic, Phys. Rev. D, 94, 114503 (2016)
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Phase structure at nonvanishing chemical potential

Adding a chemical potential
» Conventional Monte Carlo approach: sign problem
» Lattice Hamiltonian with chemical potential

- N—1
aH = ’2_13 Z '—i = Z NNy — apQ
k=1 k=1

N
Q=N bt [HiQl=—8
k=1

» Hamiltonian is block diagonal, inside a block with charge
eigenvalue q

aqu — —Q;LQ]I + aWauxlq.

» Ground-state energy inside a block with charge q

aEO,Q(“) = —aug:k 3E0[3Waux|q]

Bruckmann, Gattringer, Kloiber, Sulejmanpasic, Phys. Rev. D, 94, 114503 (2016)
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Phase structure at nonvanishing chemical potential

Phase structure at nonvanishing chemical potential
» Ground-state energy inside a block with charge g

aEO‘q(l—’“) = —auq + aEO[‘;‘VVaux’q]

q

A

oo dflc,1 Altc,2 _——

o. For =0
» Ground state is in sector g = 0
» First excited states: massive particles form a triplet with
g +1
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Phase structure at nonvanishing chemical potential

Phase structure at nonvanishing chemical potential
e Numerical data for |hax =4, 3 =1.2, N =80 and D = 200

GFTT T L e reee
o0 0
X N

90
-21.4

sy 284tk
> 2142 f o

TN WA ——
02 02 022 RS L
I ' I ' ' 2 l 2
Q23 04 s 025 026 0007
afi

= Excellent agreement with the analytical prediction

« Intersection of the energy levels allows for determining the
transition points precisely with small resolution in au
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Phase structure at nonvanishing chemical potential

Phase structure at nonvanishing chemical potential

» Numerical data for = 1.2 and various N, Inax

P —
\
|
i | N = 40
1’ , ey =1,

0.44 0.46
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Phase structure at nonvanishing chemical potential

Phase structure at nonvanishing chemical potential

» Numerical data for 8 = 1.2 and various N, Imax

L) a4 9k

A i

|

' || N=4a0 11}, +—
I , Jmaxy =1 i

042 0.44 046 0.22 0.24 0.26 0.28

S

"'m.qx — 3 | . imqu — 4

0.24 0.26 0.28 0.22 0.24 0.26 0.28
[t ape

» Noticeable truncation effects only for fnax = 1

* apc at first transition is in excellent agreement with the gap
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Phase structure at nonvanishing chemical potential

Phase structure at nonvanishing chemical potential
o Numerical datafor koo — 4. =12, N = 80 and £ = 200

(58 il [, Y [, e [, Y [ S (PRI TN [N L A A
00
X N

o000
-21.4

=~ -21.41 f

2142 F e

-21.43

025 OO0 028

PR S P | 1 plnic i)
OR22 S IR o (A s (N2 5E S (260 8 (1D
af

= Excellent agreement with the analytical prediction

« Intersection of the energy levels allows for determining the
transition points precisely with small resolution in au
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Phase structure at nonvanishing chemical potential

Phase structure at nonvanishing chemical potential

» Numerical data for 3 = 1.2 and various N, Inax

I
N-=ao '} A

A !'““}:1, al

0.44 046 0.22 0.24 0.26 0.28

fm.qx — 3 "mqu — 4

0.24 0.26 0.28 2 0.24 0.26
fl"”

0.28
afe

« Noticeable truncation effects only for fnax = 1

* ajc at first transition is in excellent agreement with the gap
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Phase structure at nonvanishing chemical potential

Phase structure at nonvanishing chemical potential

» Numerical data for 8 = 1.2 and various N, Imax

ape

« Noticeable truncation effects only for /nax = 1
* apc at first transition is in excellent agreement with the gap
= Example of overcoming the sign problem
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® Schwinger model in the presence of a topological f-term
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The Schwinger model/QED in 1+1 dimensions

Continuum formulation

» Eucledian time Lagrangian of the model

L = B + meh + 3 Fpu F*
i t S5

kinetic energy + coupling to the gauge field mass term dynamics of gauge field

= (T/}l> , Dy =0y + igAu, Fuv = 0uA, — 0,A,

V2

J. Schwinger, Phys. Rev. 128 2425 (1962)
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The Schwinger model/QED in 1+1 dimensions

Continuum formulation

» Eucledian time Lagrangian of the model

L = B + mfeh + 5 Fpu F*
R ' 5

kinetic energy + coupling to the gauge field mass term dynamics of gauge field

= (wl> , Dy =0, + igAu, Fw = 0uA, — 0,A,

()

» Simplest nontrivial gauge theory with matter
* Many similarities with QCD

» Confinement
» Chiral symmetry breaking

J. Schwinger, Phys. Rev. 128 2425 (1962)
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The Schwinger model/QED in 141 dimensions

Continuum formulation

» Eucledian time Lagrangian of the model

= E’Y[_LDH?Z) + m@q[) -+ 111[—_““[-'!!-!/ + ’%% W,_—“U

St \ b B

kinetic energy + coupling to the gauge field mass term dynamics of gauge field topological O-term

(2

Wb = (.1111) , Dy =0, + igAu, Fuw =0,A —3A,, 6 €[0,27)

» Simplest nontrivial gauge theory with matter
* Many similarities with QCD
» Confinement

» Chiral symmetry breaking
» Theta vacuua, strong CP problem

= Action is no longer real if § # 0, sign problem
J. Schwinger, Phys. Rev. 128 2425 (1962)
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The Schwinger model

Continuum predictions for the behavior
» For small masses m/g the f-dependence can be computed
with mass perturbation theory
» Energy density in units of the coupling

e(m,0) m mci (m

_)2 (c2 cos(20) + c3)

Sl e e i
c1 — cos(6) + rem, o

2 g

g

C. Adam, Ann. Phys. 259, 1 (1997)
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The Schwinger model

Continuum predictions for the behavior
» For small masses m/g the 6-dependence can be computed
with mass perturbation theory
» Energy density in units of the coupling
g(m,6) m i el (m

2
s ¢y = cos(f) + T E) (c2 cos(20) + 3)

» Electric field in units of the coupling
F(m,0) — d (6, m)

B e L A0
» Topological susceptibility
Xtop(m’()) 02 5(9, m) i 1 0 F((),m)

g 2 g2 2nd g
» Chiral condensate

Y (m,0) i (1;()()1/)()()) 9 g(m,0)

g g fom ¢
» For m/g = 0 physics is independent of f . Adam, Ann. Phys. 259, 1 (1997)
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The Schwinger model

Lattice Hamiltonian formulation
» Kogut-Susskind staggered fermions in temporal gauge A° = 0
S

/ —
e - = L (le-r efn:,, d)n-l-l h.C.)

N 2 N-1

+Z (—1)"m (f)L(fanL%Z (Ln | 2(,;)2

n=1 =1
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The Schwinger model

Lattice Hamiltonian formulation
» Kogut-Susskind staggered fermions in temporal gauge A° = 0

. N-1
/

53 Z ( Qb}:) e"“fn ¢n+1 — hC)

=1l

2 N—-1

N
+3° (<1)m g+ 2= 3 (L, + £)’
n=1

T_ & T_
kinetic part 4+ coupling to gauge field staggered mass term electric energy

®n: single-component fermionic field [Lasam] = idnm
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The Schwinger model

Lattice Hamiltonian formulation
» Kogut-Susskind staggered fermions in temporal gauge A° = 0

. N-1
/

o Z E qu e':('tn q5n+1 — hC)

=

2 N—-1

N
+3° (<1)m g+ 2= 3 (L, + £)’

=1} I n=1 I
kinetic part 4+ coupling to gauge field staggered mass term electric energy

®n: single-component fermionic field [Las am] = idnm
» Gauss Law

Ly~ Ly 1= Q= phon— (1~ (-1)")
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The Schwinger model

Lattice Hamiltonian formulation
» Kogut-Susskind staggered fermions in temporal gauge A° = 0

. N-1
/

53 Z E qb;t! ef.(tn d)n_l_l — hC)

m—1
N 2 N-1

+3° (<1)m g+ 2= 3 (L, + £)’
n=1

L = T_
kinetic part + coupling to gauge field staggered mass term electric energy

®n: single-component fermionic field [Ln; am] = idnm
» Gauss Law

Ly~ Lp1.= Qn=ldn= (1~ (-1)")

» Use OBC and Gauss Law to integrate out the gauge field

@@ D@D - - @)
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The Schwinger model

Numerical simulation with Matrix Product States

» Map fermions to spins with a Jordan-Wigner transformation

RARARAR

» Use MPS with open boundary conditions to solve the model

M. C. Baiuls, K. Cichy, J. |. Cirac, K. Jansen, JHEP 2013, 158 (2013)
M. C. Baiuls, K. Cichy, K. Jansen, J. |. Cirac, SK, Phy. Rev. Lett. 118, 071601 (2017)
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The Schwinger model

Numerical simulation with Matrix Product States
» Map fermions to spins with a Jordan-Wigner transformation

Pyttt

» Use MPS with open boundary conditions to solve the model

| MPS |

0.56414(26)
0.53946(20)
0.51915(14)

0.48748(6)

| m/g | DMRG

0 0.5641859
0.125 | 0.53950(7)
0.25 | 0.51918(5)
0.5 0.48747(2)

Scalar mass

[ m/g | SCE |
0 1.128379
oS 120

0.25 1.24(3)
0.5 1.20(3)

MPS

1.1283(10)
1.221(2)
1.239(6)
1.231(5)

Scalar state

M. C. Baiuls, K. Cichy, J. |. Cirac, K. Jansen, JHEP 2013, 158 (2013)
M. C. Baiuls, K. Cichy, K. Jansen, J. |. Cirac, SK, Phy. Rev. Lett. 118, 071601 (2017)
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The Schwinger model

Numerical simulation with Matrix Product States

» Measure the lattice equivalents of /g2, F/g and ¥ /g
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The Schwinger model

Numerical simulation with Matrix Product States
» Measure the lattice equivalents of /g2, F/g and ¥ /g

» Extrapolate to the continuum similar to lattice calculations
Bond dimension: D € [20, 140]

~ Finite size: N € [40,570]

L— Continuum: -é)q € [80, 160]

(
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Preliminary Results

L. Funcke, K. Jansen, SK, in preparation
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The Schwinger model

Results for finite lattice spacing m/g = 0.07

Ground state energy density Electric field

® ®

| |
0.1 (0.2 ] B

g2

Chiral condensate

Perturbation "I 'heory
] s

' 161).0)
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The Schwinger model

Results for finite lattice spacing m/g = 0.07

Ground state energy density Electric field

(.11 (.
/27 &/ 2n
Chiral condensate Topological susceptibility

s

Perturbation ['heory
] i N0

' 16).0)
(.0

Perturbation Theor
) S0

o= 1600
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The Schwinger model

Results for finite lattice spacing x = 1/(ag)? = 160

Ground state energy density Electric field

(.04 y :
(.00 e (.05

0.03 : 71 . i =0.]
' (.2

0.02 y ? — (1.35

(.01

s (R o ' o | e

-~

(.01

n/q

= For m/g = 0 physics is independent of 6
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The Schwinger model

Results for finite lattice spacing x = 1/(ag)? = 160

Ground state energy density Electric field

()04 y ;
—— = (.0 ) 0.05
.03 . N __ (]

0.02
.01

0.01

0.1

m/q

= For m/g = 0 physics is independent of 6
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Summary

Phase structure of the O(3) nonlinear sigma model

» Good numerical precision

» We are able to enter the asymptotic
scaling regime

» Reliable calculations for the phase
structure
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Summary

Phase structure of the O(3) nonlinear sigma model

» Good numerical precision

» We are able to enter the asymptotic
scaling regime

» Reliable calculations for the phase
structure

Schwinger model in the presence of a topological f-term

i
[

» Calculations in the presence of a #-term

» Good precision for finite lattice data |
|

« Still have to take the continuum limit

= Numerical methods based on TNS are promising candidates
for exploring Lattice Field Theories
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Outlook

Future perspectives

» Many interesting questions in (14+1) dimensions
» Study models with topological O-terms
» Finite temperature

» Real-time dynamics
>

» Numerical simulations with TNS in (24+1) dimensions
* Quantum Computing
E. A. Martinez et al., Nature 534, 516 (2016)

N. Klco et al., Phys. Rev. A 98, 032331 (2018)
T. Hartung, K. Jansen, arXiv:1808.06784
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Outlook

Future perspectives

» Many interesting questions in (14+1) dimensions

» Study models with topological 0-terms
» Finite temperature

» Real-time dynamics

>

» Numerical simulations with TNS in (2+1) dimensions

* Quantum Computing

E. A. Martinez et al., Nature 534, 516 (2016)
N. Klco et al., Phys. Rev. A 98, 032331 (2018)
T. Hartung, K. Jansen, arXiv:1808.06784

Thank you for your attention!
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