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Chaos

» Chaos in quantum many-body system: local information

encoded in the whole system. (Entanglement.)
St o

» Play with toy model Hovk = 3 Jikim\j\k\I\m [Sachdev-Ye.

Kitaev].

» Check how operator grows.

Rule of QM : \J,""?’\J'—i“l. [H.oxj] At+ -
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Operator growth and OTOC

» Pictorially, \;(t): sum over trees

(t) grows exponentially: check {x(t)- x«(0)
2018)

» “Size" of \;
(Roberts—Star‘nford—Strcicher. Qi-Streicher
» Key ingredient: out-of-time-order correlator. (Larkin-Ovchinnicoy

1969) \
OTOC(t) : (O k(0 ()1 x(0))
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SYK

What happens in SYK:
» In SYK (Maldacena-Stanford. 2016...)

5]
OTOC(t) ~ Wjef\ﬂf

> OTOC is enhenced by 3J due to soft mode,

1
(i

Bed e
B

1: near maximal chaos, small corrections due to the

L /\L ~
conformal matters,

— —— N —

27 B4

Ay

» The following ratio has a finite Tl a2 = 3¢

AL
cos =4

r = C
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What we \:viH do in this talk:

: . cos l{di et :
> Derive an expression for —z— which involves a new time

scale: branching time tg.

(1) computational shortcut;

» Show two types of applications:
D SYK-like model.

(2) show exact maximal chaos in a 1
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OlOC

> Generally, for systems with all-to-all interactions and large N
(degrees of freedom), we expect:

in early time (before saturation /scrambling time).

.0TOC

Locr

Goal today: understand the relation between C and A

RIS
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SYK

What happens in SYK:
» In SYK (Maldacena-Stanford, 2016...)

)

3J
OTOC(t) ~ -’ﬁef\tf

» OTOC is enhenced by 3J due to soft mode,
1

(S —-)—' .
54)

G

2% near maximal chaos, small corrections due to the

> ./\L -~
conformal matters,

» The following ratio has a finite limit at 8 = ec

VR
cos —f;—
—
C
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What we will do in this talk:

D

; : cos —&— S :
» Derive an expression for —=— which involves a new time

scale: branching time tz.

(1) computational shortcut;

> Show two types of applications:
D SYK-like model.

(2) show exact maximal chaos in a 1
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Conventions

» B3=2x thus 0 < A\ £ 1.
» We consider averaged (over j. k), connected OTOC
| (\j(tl)\k(fs)\j(tz)\A—(&)) . hxbh>B=hL

» Symmetric configuration s.t. OTOC is real

Denoted as OTOC(t1. t2. t3. ts)
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Kinetic equation

Lyapunov exponent A, can be determined by an integral equation.

» General four point function: ladder diagrams (Kitaev.

Polchinski-Rosenhaus, Maldacena-Stanford ...):

PS5 A s P = TR0

» For OTOC: deform the contour to double Keldysh.

fe—
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Retarded kernel

» OTOC ladder diagrams

F=F+K~-F
)5

» Kinetic equation (Kitaev 2015, Murugan-Stanford-Witten 2017

] — 3
R : w
F~KR.F. KF(ti.t2.t3.ta) \\‘..4

Retarded kernel
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Single-mode ansatz

» Single-mode ansatz for early time regime (Kitaev-Suh. 2017)

1| e,\L(t1+t;--t3—z4).-“2

OTOC(tr. t2. 13.ta) = z TR(t12) T4(t34)

1 /3
Qqu‘:

“scramblon”

» Plug into the equation F~KR.F

3

R
1 / 3 1l f /
Yo = w{) e
Va .
/ 4 2 R - 4

2
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A variant of kernel

» KR only acts on left half (retarded vertex):
1 e
\O«\/\N\m ~ wi . \C}W\mv\,
B e

TR(gyp)ettlatR)2 = [KR(fl-fz-fs-fs)e/\‘“("r"] 2R (ts6)dtsdts

» Further simplification:

= 5\ Bl Gl ts + ls
TR(t12) = /[/KR(fl-fE-tfv ts)e e o 2 }TR(fsc,)dfso

» In practice, solve by shooting: Define a variant of kernel for

parameter a < 0:
A

t t, t’ s as ‘I IE:
(e (1) = /KR(5+§. G 75 df) e ds = fdse \ )

R e\
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Eigenvalue kg(a)

> A continuous family of operators K.

" P R
» For general a < 0, find largest eigenvalue of K, denoted as

kR(a--)‘
KR

> Find solution of equation kg(a) =1

Lyapunov exponent A : kr(=AL) =1
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Ladder identity

Kinetic equation is useful: (1) find chaos exponent: kr(—X) = 1; (2)
find vertex functions: TR(A) = Tﬁ()ﬁ)'
1 f\L(f1+fg—t3*f4)/2
OTOC(tr. t2. t3, ) = = —— TR(t12) TA(t30)

But prefactor C can not be determined by solving linear equation.

» Ladder identity:

AT
2COZ Ui k:.?(""\l_) i (TA.TR) Sl

> (i TR): inner product of vertex functions:

@ CQDD — (- D [ TAO(E O TI.

» Branching time
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Branching time

» Average distance between rungs = t/(n);

» Count number of rungs:

F,
Fo =S A0, (=2

» Introduce an auxiliary (generating) function:

F@eo =Y Ele, (= — iy log F(6.1)]o=0
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Branching time

F(f.t) =

» Idea: around # = 0, find F(0.t) using kinetic equation;

> F(0.t) ~ et the Lyapunov exponent A() satisfies.
e’ ke(=AL(F)) =1

» Thus,

(n) = —idylog F(O.t)|p-0 = —i\;(0)t + (non-growing)
L

e

AL(0) = ikgp(=Ad) = l'f_;;l = (n)=

» tg: order 1 in the unit of Lyapunov time ,\;l.

[Open question: does fz show up in thermodynamics, transport ... ¢
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Derivation of the identity

Next, we sketch the derivation of

2cos #T
N - -—-6—2— e @) =1

Idea: cut ajlong ladder into pieces and find a consistency condition.

» Cut. Fix to, find adjacent 535 < to < %52

to

t ity
tl 2 I t-"
t t
2 fg. itiite

» Consistency condition

P G L CHD ¢
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Derivation: cos%’i factor

» Naively, we would have a formula:

OTOC ~ OTOC, -BOX-0OTOCg
> Subtléty: multiple choices on the double Keldysh contour
t7
tg ‘
tts

» Sum of two choices:

OTOC ~ (ef%i - e-fﬁ%i) OTOC-BOX-0TOC

Pirsa: 19040097 Page 20/35



Pirsa: 19040097

Derivation: box

» Next, integrate over ts, tg, t7, tg

& (o fomrea([ ]n

= J—"—f—tﬁ. size of the box; t.: center of mass time | dt, = s

» How does this term related to kp(—A[)

Jora((] {0 &O/«m' (|
()=

tg (T4, TF) = va(O_O))Nw

» Take A\, derivative:
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Derivation: box

» Next, integrate over s, tg, t7, tg

P

t Hu t; —tg .

‘.

. size of the box; t,: center of mass time

» How does this term related to k ,\

Jaeree((] (o %/m (e
iy &

tg (T ATk /\/v\/\<< O O >\/\/\/\;

» Take )\, derivative:
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Derivation: summary

» We start with consistency condition

Soa e () o

» Compare two sides, we find

1 2<:0551'2ir A R
Low 2y (rae)
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Applications

The ladder identity:

2 cos AT
.TQ_tB.(TA.TR):L

Next:
» Computational shortcuts: C < Af;

» In a 1D model, prove exact maximal chaos using the identity.

Pirsa: 19040097 Page 24/35



Pirsa: 19040097

Computational shortcuts |: near maximal chaos

SYK at strong coupling J > 1, near maximal chaos A\; = 1 — 0.

» Schwarzian action:

N -2n )
Isch[] (J‘S / Sch (e"‘*“r). r) dr
JO

» Use Schwarzian action:

Je("”-' ty—1t4)/2 2AbAJ 240 2AbAJ 240

OTOC = 2
2Nav (2 cosh ’{;’)‘a‘+1 (2 cosh

. . . o) .
» Find correction 0\, =~ 2 cos { 7\;)ﬁ/?T (Maldacena-Stanford, 2016)

o\, A~ ¢ Sas

24+1
)

ntg(TATRY  Jkp(—=1)A(1 - A)(1 - 2A)tan(7A)
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Computational shortcuts |l: prefactor

» Large g SYK, fix J = /2179 J (Maldacena-Stanford, 2016):

Vw =J, 0<v<l.
2 cos

2

» Exact correlation function at all coupling v;

V2

R _ _
K — 9(t13)9( t24)2COSh2%A N /\L = V
» Use the identity to find the prefactor (Qi-Streicher, 2018):

1 ev(t1+t2—t3—t4)/2

N cos 5 (2 cosh “42) (2cosh )

OTOC(ty, tr; t3, tg) =~
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Maximal chaos in a 1D model

» Regard A\; and C as analytic functions of some parameter, then the
analytical properties of \; and C are locked by the ladder identity.

» A concrete example: SYK chain (YG-Qi-Stanford, 2016)

'
ijfrn.x—l ijl‘m,x

A LAk
e PR

_,f-"i / \
.

(also see [Guo-YG-Sachdev, 2019] )

Pirsa: 19040097 Page 27/35



Computational shortcuts |: near maximal chaos

SYK at strong coupling J >> 1, near maximal chaos Ay =1 — OAL-
» Schwarzian action:

Nec = o
bsen[] = *—.';—5 Sch (e"( )‘7) dr

J0
» Use Schwarzian action:
Je(n*l,-f:rm]'l 2Ab3J—ZA :Ab.ljfla

OTOC = oy AL —
2Nay (2cosh '?‘)‘A : (2 cosh r—sl]‘a

1

~ - c =i\ ) ~ - .
» Find correction d\; = 2 cos L=RH= /7 (Maldacena-Stanford, 2016)

£\ = C - 5('15
O e (TA, TR) — Jkg(=1)A(1 - A)(1 —24)tan(7A)

— :]
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Computational shortcuts |I: prefactor

> Lill'gf.‘ q SYK, fix J = V El dqj (Maldacena-Stanford, 2016):

» Exact correlation function at all coupling v;

-

K” ”(f”)”{fJJ) —

gy L]
2 cosh® ¥

» Use the identity to find the prefactor (Qi-Streicher, 2018):

1 L,u[.r. by —Py—0q)/2

OTOC(ty, ta: ty, ta) = - =

N cos ”_.;-- i’}a‘h"-""}-‘r)r[lcosh ”Tl)
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Operators at two different locations

Operators at two different locations:

1
OTOC, o(t1, t2, t3, ta) = N2 Z<,\j.x(tl),\k.O(tB)\j.x(tQ)\k,O(r4)>Conn.
I

jk

» Fourier transform:

do
OTOC,o(ty, t2, t3,ts) = / zpe”"“ OTOC,(t1, ta, t3, ta)

m

» Each OTOC,: ladder diagrams dominate. Retarded kernel
factorizes:

s(p) =1—2a(1 —cosp) ~1—ap”.

s(p): “band structure” of the bilocal fields a = gj- € (0,1/3).
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Fourier Transform

» The ladder identity holds for each OTOC,;:

I
C(p) = 2cos A—L(;j tg - (TA.TF).

» The dependence of tg and (T4, TR) on p is not important (analytic
and do not vanish in the domain of interest).

1
OTOCX'()(tl; tQ‘ t3i t4) R N /

00 g MR TR(£VTA (1)
27 2 cos %ﬂ tg(TA, TF)

L. >

— OC

u(x,t)

t = bFestizt ) (p) = AL (0) — tg'ap® when |p| < 1.
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Butterfly wavefront

=400 d AL(p)t+ipx
_ ape - 12
u(x. 1) / 2 ree i’ PV ¥ MO~ 5

o0
I

» Butterfly wavefront: u(x,t) ~ 1.

» For large x > 0 and t, we can estimate by saddle point of the
exponent:

Ai(p)t+ix=0, p=ilp|

» Find a butterfly velocity
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Graphic solutions: two scenarios

» The relevant saddle point ps = i|ps| is purely imaginary. Deform the
integral contour to pass, might cross the pole:

Adp) =1, pr=ipl.

- -~ | p|
P |psl
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Pole contribution: maximal chaos

» In the second scenario, the pole dominates:

et—Ipllx| 1

i (p1)

Ul(X-. t) ~ |p1|

» |In SYK at J > 1, (S)\L =1- /\L(O) < 1, |p1| ~ \/tB(S/\,‘_/a <K |ps ,
pole dominates. vg = v;.

/t:X/VB+tscr

I’:X/VB
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Summary and discussion

» Ladder identity relates C and A;

2 cos ALT
T2 4. (TA.TR) =1, tg=kk(-)\)

C

[Is tg “useful”? (Related to thermodynamics or transport?)]

» Applications:

» computational shortcuts, d\; tgl
» maximal chaos [Why? Can we design 0 + 1-d example?]
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