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Abstract: Optimally encoding classical information in a quantum system is one of the oldest and most fundamental challenges of quantum
information theory. Holevo&€™'s bound places a hard upper limit on such encodings, while the Holevo-Schumacher-Westmoreland (HSW) theorem
addresses the question of how many classical messages can be &ogackedé&€s into a given quantum system. In this article, we use Sen&€™s recent
guantum joint typicality resultsto prove a one-shot multiparty quantum packing lemma generalizing the HSW theorem. The lemmais designed to be
easily applicable in many network communication scenarios. As an illustration, we use it to straightforwardly obtain quantum generalizations of
well-known classical coding schemes for the relay channel: multihop, coherent multihop, decode-forward, and partial decode-forward. We provide
both finite blocklength and asymptotic results, the latter matching existing formulas. Given the key role of the classical packing lemma in network
information theory, our packing lemma should help open the field to direct quantum generalization.
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1. Introduction: point-to-point channel coding
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Classical messages (M) are encoded, sent through a quantum channel
and decoded using measurements on a quantum state.
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1. Introduction: point-to-point channel coding

Classical to quantum communication

* one-shot when single instant of channel 1s used (R= log (M

r

* 1.1.d when many (n) instances of channel uses
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[figure from Wilde’s book ]
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1. Introduction: HSW theorem

» C(Classical capacity of quantum channel

Theorem: Holevo-Schumacher-Westmoreland (HSW) theorem

The classical capacity of quantum channel N4, with separable encoding.

CiN)= max I(X B),..
{px Py’

where px5 = Y px(@)la)(z| ® Naosn ("),
i
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1. Introduction: quantum packing lemma

» Key ingredient in achieving this capacity rate is quantum packing
lemma

* Black box packing such that message can be decoded (inspired by
analogous classical packing lemma)
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1. Introduction: quantum packing lemma

Lemma: quantum packing lemma for a single classical variable

Let M be message set, C random codebook and {px, r)E«}") 1.
There exists a POVM {An }menm that distinguishes
the states with diminishing error.

1 aTLrn ~
[ IEC[M > Tr(Amp™)| 2 1-& R<I(X;B), ]

L

where R = log M| and pxB = Z px(x)|z)(z| ® [)EJ:.)

TEX

[Wilde’s book|
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1. Introduction; guantum network information

* Network information theory

Multiple sender and /or receivers involved in communication
Specific case: multiple classical messages are packed into a single quantum
system

* Quantum multiple access channel, relay channel, broadcast channel

(x1,22)

QMAC: {pfé" 1""""’} § QRC: { 7B,y

b
bl
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1. Introduction; guantum network information

* Multiparty packing: goal is to pack classical messages M, in
quantum system B via multiple classical systems X, with a joint
probability distribution p(X,, X, ,***, X,)

* Such packing lemma will give us a black box tool for a large subset
of problems in quantum network information theory.
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2. QM Packing Lemma: codebook

* Random codebook for network communication
— Has a structure that depends on network setting and protocol
— What is an accurate mathematical representation?

* Multiplex Bayesian network
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2. QM Packing Lemma: multiplex Bayesian network

Definition of multiplex Bayesian network

— Bayesian network 1s a statistical model that represents a set of random variables

and their conditional dependencies via a DAG G= (V, E)

X 1s composed of X, forve V
Forve V, let pa(v) ={v'e V|(V,v)e I}
Messages: letJ be an index set labeling the multiple message sets
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2. QM Packing Lemma: multiplex Bayesian network

y N

Definition: multiplex Bayesian network

We call the tuple B = (G, X, M, ind), where M = x ¢, M;,
a multiplex Bayesian network.

\ : 4

Example:
- Add to G additional vertices M

- Connect with edge X, to all M; where j € ind(v)

(Xo)1— (X)) (-_\'3)3 » (X1 )o (‘\_'2):: »(X1)3

f'\](, A"/| Mo AI/:;
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2. QM Packing Lemma:. codebook generation

*  We fix a multiplex Bayesian network (G, X, M, ind) and use it to
generate a random codebook {z,(m)}vev,mem
— Where X, label the vertices of G
— M is the message set

— X,(m) only depends on M, where j€ ind(v)
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2. QM Packing Lemma: algorithm

Algorithm for codebook generation from multiplex Bayesian network

for v € V do
for m, € M;,q(,) do
generate @y (my) according to px,x, .., (12 page) (Mpa(v)))
for my € M— do
ind(v)
Ly (Mg, M) ry(my)
end for
end for

end for
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2. QM Packing Lemma: decoding

* How do we decode the messages?
— First strategy: sequential decoding
 Errors due to consecutive measurements
* Time sharing is required
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2. QM Packing Lemma: quantum joint typicality

Quantum joint typicality
* There are several conjectures for the statement

The main point can be summarized:--

i.1.d case

| an
PABC
‘ ._ } pasc
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2. QM Packing Lemma: quantum joint typicality

Quantum joint typicality

1 . 4
* There are several conjectures for the statement

* The main point can be summarized:*- -
i.i.d case

| an
PABC
‘ ._ | } paBc

11 4B, I1 g are the typical projectors diagonal basis PAB, PBC
— If we project into one of them, we destroy projection into the other
unless the pAB, PBC commute.
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2. QM Packing Lemma: quantum joint typicality

* Quantum joint typicality

— Long open question

» Significant progress has been made by Pranab Sen, arXiv 1806.0727

“A one-shot quantum joint typicality lemma”

Quantum ' Quantum Mu_]ﬂpa}_r_ty\] Quantum Network
Joint Typicality Packing Lemma | | Capacity Theorems

4
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2. QM Packing Lemma: lemma definitions

Let C be the codebook generated by multiplex Bayesian network
Denote by {p};’ }zcx a family of quantum states

Let D C J be subset of messages we want to decode and, D be
guess for other messages
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2. QM Packing Lemma: lemma statement

.
Lemma: Quantum multiparty packing (simplified version)

Let'5 =G, X, Milnd) O =iz (o) ymeid, {0 }aex, D C J , and

€ (0,1).

Then there exists a POVM {Q@ 2 }mpeMp for each mp € M that,
assuming the guess was right, can decode (mp, my) € M encoded

into gn_ ,\7i(mo.mp)) with vanishing probability of errors as n — oo

(mp,m

tel

[vm ATCD, Y R <I(Xsr; BIXST%}

where R, = log | M|, St ={v € V|ind(v)NT #0} CV,

[Pxn— ZPX(I (x| ® pis )}

zeX
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3, Relay channel: multihop protocol

Multihop protocol

— Sender transmits message to relay, relay transmits decoded message to receiver

(two channels are concatenated.)

Code (multiplex Bayesian network)

(X2)1 (X)) (-‘_\'_-_J)-_J (X )o ('_\"_’):% (X1)3

AI/“ Al| A IJ A /.'i
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3. Relay channel: set up

QRC: {P5.5,}

o A
f:T l \y
N (z1a2) 13,
Sender P 130 R
- @)

: s Xy,xo
Nx,xyB,By : X1 X Xo = Hp, @ Hp,, (T1,22) = /)(;;2;;;‘ )

Receiver

Relay receives quantum system B, , and send classical message x, to
receiver. Receiver receives quantum system B, and decodes the
message sent.
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3. Relay channel: decode forward
N

* Multiplex Bayesian network 1s

* And generates a codebook

b

U {("L‘l)J (mj—lﬂmj)’ (‘7’.2).7' (mj—]-)}'rn,‘,-EMJ,m_,-... LEM; 4
j=1
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3. Relay channel: decode forward

'* O

Proposition: relay channel with decode forward

Given R € R>g, € € (0,1), b € N, the triple (-b—;—lR, b,d) is achievable
= )

for the classical-quantum relay channel where

({X1Xg,83})

P v ({Xy,82})
S=b lzjz(() + 4 x (2”’”H(‘”-\'I"f2’*:5|").\']“\'2!1‘3 ) o e 2""*”H(ﬂ<\'|-\".z“z‘f"\'].\!-‘,ni )):| .

A 4
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3. Relay channel: partial decode forward

Q) Qs ()

[‘\_gl| > ff.ll > | \u'|,.\| ( .\ !|‘.{ > \(‘-» ":_,\‘1]-.- ( ‘\-_.l_,; > lf"; "l‘,.\l;];
PP P, P,

The partial decode-forward lower bound on capacity (asymptotic)

C > max min{I(X,;B3|UX3), + I(U; Ba|X2),,I(X1X2;B3),}

PUX,_XQ
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4. Discussion: summary

» Established and proved a one-shot quantum multiparty packing
lemma
— Using multiplex Bayesian network codebook
— Analogous to classical network information theory, packing lemma will
serve as a black box for direct quantum generalization of network
information theory protocols
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4. Discussion: summary

Established and proved a one-shot quantum multiparty packing
lemma
— Using multiplex Bayesian network codebook
— Analogous to classical network information theory, packing lemma will
serve as a black box for direct quantum generalization of network
information theory protocols
[llustrated the power of the lemma by direct quantum generalization
of classical-quantum relay channel
— We derived capacity lower bounds for one-shot as well as i.1.d
scenarios

— For multihop, coherent multihop, (partial) decode forward protocols
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4. Discussion: final remarks

1.

Apply packing lemma to other network communication
channels, such as broadcast channel, interference channel, etc.

, Quantum

Network

' Network
! Information %! Information
Theory Quaptum v, Theory
Multiparty
Young Han Kin Packing oS 299999
Lemma
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4. Discussion: final remarks

Apply packing lemma to other network communication

channels, such as broadcast channel, interference channel, etc.

Relate Pranab’s theorem to other notions of quantum joint
typicality conjectured by Hayden, Dutil, Fawzi, etc. (in progress)
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Additional Slides: quantum joint typicality theorem
L ——

Let By -+ By be a k-partite quantum system with each B; isomorphic
to a Hilbert space H. Let pg,.. p,be a quantum state in By -+ - By.

For a subset S C [k|, let Bg denote the systems {By : s € S}.

Let pp, denote the marginal state on obtained by tracing out the

Bg systems in S := [k] \ S frompp,..5,. Let 0 < e <1 and K be a
Hilbert space of dimension dx. There exist a state Tcen independent of

PBy & st.nt,c(p’),;lrk], and a POVM element H”fm on Bi -+ B, where

B) = B; ® K, with the following properties:

L. (") By, = Py @ Trcemll < f(k;€)

74 Tl"[ Il;;',\:](l)’)n'kl] > 1-g(k,e)

3 e [I.I!Hfa ((P’)HL ® (P’)H;)] < 9~ Pirlenyllens®rog) L bk dy dyc)

[Pranab Sen 1806.0727]
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Thank You
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