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Abstract: 3d quantum gravity is a beautiful toy-model for 4d quantum gravity: it is much simpler, it does not have local degrees of freedom, yet
retains enough complexity and subtlety to provide a non-trivial example of dynamical quantum geometry and open new directions of research in
physics and mathematics. | will present the Ponzano-Regge model, introduced in 1968, built from tetrahedra &€osguantized” as 6j-symbols from the
theory of recoupling of spins. I will show how it provides a discrete path integral for 3d quantum gravity, related to topological invariants and loop
guantum gravity and other approaches to quantum gravity. It is also a perfect arenato investigate boundary theories and holographic dualities, with a
beautiful duality with the 2d Ising model realized through a supersymmetry, and more.
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Why 3d Quantum Gravity ?

The main reason :

L Quantum Gravity ]

An excellent toy model for quantum gravity :

o wost of the conceptual issues but a much simpler problew
e no gravitational wave, no graviton, no local degree of freedom
e atopological field theory of the BF type

& solvable theory, equivalent to Chern-Simons theory  Witten 89
(& amplitudes depend entirely on topology & boundary state
o admits exact discretization at classical & quantum levels

The Ponzano-Regge model for 3d Quantum Gravity - Livine - P1°19
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Why 3d Quantum Gravity ?

The main reason :

L Quantum Gravity J

An excellent toy model for quantum gravity :

o wost of the conceptual issues but a much simpler problewm
e no gravitational wave, no graviton, no local degree of freedom
e atopological field theory of the BF type

Not only a foy wmodel... with applications in :

e in symwmetry-reduced sitvation (BHs, ...
& in condensed matter (topological phases, topological defects)

The Ponzano-Regge model for 3d Quantum Gravity - Livine - P119
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Why 3d Quantum Gravity ?

And on fop of working in 2 dimensions,

further eonsider Euclidean signature (+++)

But still a quantum theory!

We study the path infegral : / [dg®9)] ¢ Ssravld]

Not « Euclidean gravity »

The Ponzano-Regge model for 3d Quantum Gravity - Livine - P1°19
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The Ponzano-Regge model for 3d Quantum Gravity

Pescribe a « quantized 3d metric »
Pefine the Ponzano-Regge model for 3d triangulation
Discrete path integral for 3d gravity ?

Topological Invariance

What does the PR amplitude look like?

& e.g. with fopological defects defining particles

The Ponzano-Regge model for 3d Quantum Gravity - Livine - P1°19
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The Ponzano-Regge model for 3d Quantum Gravity

Peseribe a « quantized 3d metric »
Pefine the Ponzano-Regge model for 3d triangulation
Discrete path integral for 3d gravity ?

Topological Invariance

What does the PR amplitude look like?

Boundary theories & (quasi-local) Holography
(& a duality with the 2d Ising model on a 2-sphere boundary

G towards AdS/CFT results on the 2-torus boundary

The Ponzano-Regge model for 3d Quantum Cravity - Livine - P1°19
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Building blocks of 2d quantized geometry

Ingredients for the Ponzano-Regge model :

Consider a 2d 'rrriangulafion, with edges, triangles and tetrahedra

Press them with data on their quantized geometry
Build an amplifude from fhis data

Pefine the Ponzano-Reage path integral for a 3d triangulation by
sumwing over all possible data

The Ponzano-Regge model for 3d Quantum Gravity - Livine - P1°19
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Building blocks of 2d quantized geometry

Ingredients for the Ponzano-Regge model :

o (Considera 2d ’rIrianguIafion, with edges, triangles and tetrahedra

edge = classically a vector X, € R® transform under the group of 3d rotations

The Ponzano-Regge model for 3d Quantum Gravity - Livine - P119
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Building blocks of 2d quantized geometry

Ingredients for the Ponzano-Regge model :
e (Considera 2d 'rlriangulafion, with edges, triangles and tetrahedra

edge = classically a vector X, € R® transform under the group of 3d rotations

edge = quantized as state in an irreducible representation of SU(2)

—j<m<+j dimV =25+1

lj,m) € V! spin j € N/2 _‘
C=J—GES)

. © aquantized vector with length L. = WY = g

and uncerfainty 6 = \/(fi’) — ()2 =[5

» can define coherent statesas g¢|j,j) with g € SU(2)

The Ponzano-Regge model for 3d Quantum Gravity - Livine - P119
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Building blocks of 2d quantized geometry

Ingredients for the Ponzano-Regge model :

o Considera 2d f{riangulafion, with edges, triangles and tetrahedra

triangle = three vectors summing to 0

oo L T 4t by A JE =
XG A XA oG =0 ——= s, : : )
/ w.?:»n.:)s = InVSU(z) [vj'l RV2 ® VJa]

quantized triangle

triangle = singlet in the tensor product of three spins up-to 3d rotations

unique state ¥’ 72 if spins satisfy triangular inequalities |51 — j2| < js < j1 + jo
coefficients given by 3j-symbols  ({ji,m.}icy 2 [1p7192:92) = ( Jii o )

(Clebsh-Gordan coefficients) m; my Mg
my +mo +mg =10

The Ponzano-Regge wmodel for 3d Quantum Gravity - Livine - P1°19
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Building blocks of 2d quantized geometry

Ingredients for the Ponzano-Regge model :

e (onsidera 3d Tlriangulaﬁon, with edges, triangles and tetrahedra

tetrahedron = 6 edaes, 4 triangles

L fully determined up o 3d rotations by the 6 edge lenaths

L11L2s LS: L4a L51 L6

quantum tetrahedron = 6 spins, 4 singlet states (3j-symbols)
X 4 triangles:  (j1,J2,J3)
(71,75, J6)
(Ja, J2, J6)
(74, 35, J3)

The Ponzano-Regge model for 3d Quantum Gravity - Livine - P119
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Building blocks of 2d quantized geometry

Ingredients for the Ponzano-Regge model :

e (onsidera 3d T{iangulaﬁon, with edges, triangles and tetrahedra

tetrahedron = 6 edges, 4 triangles

L fully determined up to 3d rofations by the 6 edge lengths

Li,L;,L3,L4,Ls, Lg
quantum tetrahedron = 6 spins, 4 singlet states (3j-symbols)
J1 J20 J3 i RN i =mall (A1 ol ] J J
Ja Js JG} {;}( s (m1 ma ma)(“fin 1:5 —T?'lﬁ)

i SR R
6j-symbol (-,;‘H = 2 ) ( = —J:;a)

The Ponzano-Regge wmodel for 3d Quantum Gravity - Livine - P1°19 @ PI
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Building the Ponzano-Regge amplitudes

Ingredients for the Ponzano-Regge model

e (onsidera 3d Tiriangulafion, with edges, triangles and tetrahedra

o [Press them with data on their quantized geometry

edge —— spin j. € N/2

triangle —— singlet state given by 3j-symbol ( Jey Jewy  Jewa )

Me, ) Me, (2 mea(:n

fetrahedron —— trace over tensor of 4 singlet states

given by 6j-symbol

The Ponzano-Regge model for 3d Quantum Gravity - Livine - P119
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Building the Ponzano-Regge amplitudes

Ingredients for the Ponzano-Regge model

Consider a 2d TIrianguIaﬁon, with edges, triangles and fefrahedra
Press them with data on their quantized geometry

Build an amplitude from this data

Pefine the Ponzano-Regge path integral for a 3d triangulation by
summwing over all possible data

N E H (_l)j';“+j§"+j§'+j3"+j§+j§'{Sj}T Ponzano & Regge ‘68
TeA

Za = Z H(—l)zjc (2je +1) Aa[{je}] —— Za[joa] for fixed spins on
{je} € the boundary

The Ponzano-Regge wmodel for 3d Quantum Gravity - Livine - 119 @ P[
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Pressing geometry with algebra

Standard method in mathematical physics
to 1probta geometry of (discrete) manifolds
by dressing geometrical elements with algebraic data

L-» knot invariants, (topological) invariants, ...

The Ponzano-Regge wodel for 3d Quantum Gravity - Livine - 119
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Ponzano-Regge as quantum Regge calculus

And is it related at all with quantuwm gravity ?

The Ponzano-Regge model for 3d Quantum Gravity - Livine - P1 19
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Piscretizing 3d Gravity : Regge caleulus

Regae calculus = discretization of gravity in terws of edge lengths

Shegge[{1}] = Y lege[{1}]

ecA

¢e =Y 0. deficit angle around edge

toe

eqn of motion {***®¥ =0 s discrete equivalent of Ricci-flat

in arbitrary dim, deficit anale around cells of co-dim 2

The Ponzano-Regge wmodel for 3d Quantum Gravity - Livine - 119
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Ponzano-Regge as quantum Regae caleulus

And is it related at all with quanfuwm gravity ?

Asywptotics of 6j-symbols for large spins i.e. in semi-classical limif :

; 1 : r
{6.7} j;;;l \/m COS (SRegge []e] + Z)

in ferms of Reage action for the tetrahedron :

Sheggalje] = zijjeee )] A}i}

with 0.[{7}] (external) dihedral angles

The Ponzano-Regge wodel for 3d Quantum Gravity - Livine - 119
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Piseretizing 3d Gravity : Reage caleulus

Regge calculus = discretization of gravity in terms of edge lengths

Aal{ze}] ~ Z e €T X Jebe[{5}]

>1
J ETz;h

Lv Ponzano-Regae model = path integral for quantized Reage calculus

lllustrates general feature of quantum aravity :

quantized geometry
Two layers of quantization: S

+
\-. path integral

implies two types of quantum corrections fo classical theory

The Ponzano-Regge wmodel for 3d Quantum Gravity - Livine - P1 19
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Ponzano-Regge: Tunelling through signature change

A very interesting subtlety ...

6 lengths satisfying the correct friangular inequalities do not ensure

the existence of a classical tetrahedron T
: R < 5
Cayley-Menger determinant 288V = ja 0 j3 J3

) 2 0 21|
L U
I P .7% 0

g If V2 > 0 thenusval oscillating asymptoticsin eSresselil

> [fV2<0 thennew evanescent asymptoticsin e Stese U]

Lv Ponzano-Regge contains exp-suppressed Lorenztian configurations

The Ponzano-Regge wmodel for 3d Quantum Gravity - Livine - P1'19
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Topological Invariance of Ponzano-Regge

But is there more quantum aravity in Ponzano-Regge
than a semi-classical limit 7

1

|

 Topological invariant

o Realizes the exact quantization of 3d gravity as a BF theory

The Ponzano-Regge wmodel for 3d Quantum Gravity - Livine - 119
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Topological Invariance of Ponzano-Regge

Topological invariance as invariance under Pachner moves :

e 2-3 Pachner move

add or remove
an edge

e 1-4 Pachner move

add or remove
avertex

The Ponzano-Regge wmodel for 3d Quantum Gravity - Livine - 119
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Topological Invariance of Ponzano-Reage

e 2-3 Pachner move

8 . A or pentagonal identity
This is the Biedenharn-Elliot identity for the associator of
a monoidal category

i J2 s Ji d2 Js = — 1Y X ditkitl ks Iy U5
{ka ks kﬂ}{l4 ls lg} ;( 1) {15 ks J X

& leads to Znd order recursion relation for 6j-symbol
(useful for numerics & asymptotics)

The Ponzano-Regge wmodel for 3d Quantum Gravity - Livine - 119
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Topological Invariance of Ponzano-Regae

e 1-4 Pachner move

: « Tent move »
Perived by action of holonomy

operator (Wilson loop) on'6j-symbol
or by using orthogonality of 6j-symbol
on Biedenharn-Elliot

JIoR ¢ leq ken lea

{kr, js.?}{kﬁ it 3 ks jJa 7 Ju gz id
74 kq I3 i LD an Jjo ke J2 ka ks ke

& new point refining tetrahedra is inside or « outside »

L. Here, one of the new spins is fixed ...

The Ponzano-Regge model for 3d Quantum Gravity - Livine - P1 ‘19
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Topological Invariance of Ponzano-Regae

e 1-4 Pachner move

(2j+1){ noJzon }: Y (~1PER ok 4 1)(2ks + 1) (2ke + 1)
Ja Js J6 TR

U & 23 & 405 2 AA 2 2)
G, Here, one of the new spins is fixed ... Leads fo divergences !!

If we compute PR partition function for triangulation with a vertex inside :

Jikq kg Jeg

e e sl L ey Ju Js Je
{kz. s J }{ ko Jo J } kW } Ji Ja Js
Jja ks Ja Js ks 4 Jo ke Ja ky kg kg

Y (F1) TR (25 4 1) (2K + 1) (2ks + 1)(2kg +1) E (Z(2j+1)2) { o i }

Infinite factor

The Ponzano-Regge wmodel for 3d Quantum Gravity - Livine - 119 @ PI
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Topological Invariance of Ponzano-Regae

The PR amplitude diverges as soon as there is a vertfex in the bulk !

but we can « gauge-fix » by collapsing triangulation (or fixing spins)
along maximal tree .7

So: o What symwetry are we gavge-fixing ?
e How to get a well-defined model ?
o What fopological invariant does it define ?

Lv Ponzano-Regge as discretization of topological BF theory

The Ponzano-Regge wmodel for 3d Quantum Gravity - Livine - P119
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3d quantum gravity as a theory of flat connections

Let’s take a step back ...

3d gravity as a topological BF theory:

S[4,¢] = / Tre A FJA] = / 5;;¢%b ¢t B [A]
M M

o Triad e 1-formwithvaluein su(2) Liealgebra gab = €46}
o SU(2) Connection A with curvature F[A]=dA+ AN A

(& TQFT with no local degree of freedom

(& Path integral over flat connections :

ZBF =fdedA6iS[A’e] = fdA(S(F[A])

The Ponzano-Regge wmodel for 3d Quantum Gravity - Livine - 119
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Ponzano-Regae as discretized BF theory

Topological field theory ==P> Can be discretized exactly

Choose a 2d friangulation or 2d cellular decomposition
. Diseretize friad along edges  X. € su(2) ~ R®
Look at dual 2-complex, the « spinfoam »
Piscretize connection along dual edges g.- € SU(2)
Consider curvature as holonowies around dval faces G. = G-

The Ponzano-Regge wmodel for 3d Quantum Gravity - Livine - P1'19
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Ponzano-Regge as discretized BF theory

We discretize the BF path integral :
Zpp = / dedA 'S4l — / dA §(F[A])

\

T Zea= [dXedg e = [dg.- T]5(Gs)
f‘-

e Pecompose SU(2)-distributions as sum over spins Plancherel formula

5(6) =860 = Y @ic+ (G = 3 (ie-+ )| [] D ()]

JeEN/2 Je€EN/2 foe

» Integrate over group elements to get 3nj-symbols of spin recoupling

each triangle / dgs D?1(gf) D72 (gg) D5 (gs) = [thlerdeades ) (yderdeades|
has 2 edges

b

group averaging = projector over singlet states ;' :

The Ponzano-Regge wmodel for 3d Quantum Gravity - Livine - 119
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the 2d version of the Ponzano-Reage model

To see things clearer... let’s go down fo 2d!

 group elements between triangles
e holonomies around vertices

Zoa = /dge [15G)

verfex —— spin 7, € N/2
. o
,k — J.k . -
edge —— singlef state between 2 spins = V27 4—1213’”"}0’1%I
t(1)Je(2)1Je(a) m3

Overall, all the spins are equal : topological invariant = Euler characteristic

Zog = 2(2] + 1)V+F-E XEuer =V -—E+F=2— 29
j
The Ponzano-Regge model for 3d Quantum ravity - Livine - P1°19

friangle —— frace over tensor of 3 singlet states o,
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Ponzano-Regge as a topological invariant

Let'scomebackfo3d! Zpr= fdgf [Ts(Ge)

We have bubbles around each vertex
with flatness around every (dual) face on the bubbles

0(G.) distributions responsible for both :

o topological invariance
« divergences due fo redundancies (Bianchi identity)

Possible fo gauge-fix... Freidel, Lovapre 04
integrate over face variables edge-weights with gauge-fixing at vertices

(5 Ponzano-Regge amplitude = Reidemeister torsion for twisted cohowology

Zpr|A] =/dAA. 7[AA-] over moduli of flat

. Barrett, Gu !
discrete connections . tuzman 09

The Ponzano-Regge wmodel for 3d Quantum Gravity - Livine - P119

Page 32/55



Pirsa: 19030113

Ponzano-Reqgge as a topological invariant

Let'scomebackto3d! Zpr= f dgs [T8(Ge)

(& Ponzano-Regge gmplitude = Reidemeister forsion for twisted cohomology

Zpr[A] = / dAa- 7[Aa-| ol LG, ﬂa\.f Barrett, Guzman 09
: discrete connections

(& Fits with Ray-Singer analyftic torsion for BF theory in the continvum

L / dEdA ¢t J EAF(A] Action invariant under shift symmetry:

From BRST symwetry for gauge-fixed BF theory :

flat connections

T / AT moduli of Tor[A] = \/det((df’a)fdo 4) det((d%)td2 4)

det((d})td! 4)

The Ponzano-Regge wmodel for 3d Quantum Gravity - Livine - 119
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Ponzano-Regge as a topological invariant

Ray-Singer

analytic torsion Wz Miiller ‘78

1

Reidemeister torsion

/Barreft Guzman 09

Ponzano-Regae amplitude

Turaey, Pelcamp, Freidel,
Viur?%vZ/ I wni, 18
Freidel,

Turaev-Yiro Lovapre ‘05 _ :
invariants Pijkgraat-Witten
invariants

\ Reishetikhin-Turaev
invariants

The Ponzano-Regge wmodel for 3d Quantum Gravity - Livine - 119
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Quantum Gravity from BF theory

Generalization to gravity in higher dimension

outlines quantization program from BF theory

1

8ol Al = / e AS)AFIA

\_\\

\

SBF[Ba A, (f’] — /B A F[A] r ¢Csimplicity[B]

(. « spinfoam » framework

quantize BF theory as a topological state-sum,
then impose simplicity constraints on algebraic data at quantum level

The Ponzano-Regge wmodel for 3d Quantum Gravity - Livine - P119
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The Ponzano-Regge model for 3d Quantum Gravity

Part ll

So... in practice 7

The Ponzano-Regge model for 3d Quantum Gravity - Livine - P119
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Evaluation of observables on the 3-sphere

Start with trivial fopology but add curvature defects :

« triangulation of 3-sphere
Zpr[A,T, {0c}eer] = / dgy J[ %.(Ge) [ ] o(G o defects around chosen edges

eel el
1) 2 H{G ]‘T
2

e Z ].—_[(2:}‘3 o) H sin(2j. +

O
{Jc e¢l H]n

_— twoperspectives

&+

Knot invariants
Put curvature defect 6. = 6 along
sequence of edges, or tube, or knot
4sin” g

ZpR|[S2 fl = ———=—
erion K = e

Barrett Guzman ‘09

The Ponzano-Regge model for 3d Quantum Gravity - Livine - P1 19
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Evalvuation of observables on the 3-sphere

Start with trivial topology but add curvature defects :

» triangulation of 3-sphere

Zpr[A, T, {0c}eer] = / dgs [[00.(Ge) [] 6(Ge) o defects around chosen edges
eel e¢1"

=3 [+l Sl It

(e} egT sin

ﬂ = 8(g19200) ‘rWO perspec‘”ves \
. 0.

UF] R

g Feynman diagrawms of a
N st s s braided NCQFT

(] ’
§'7 ] in

« Effective QFT for matter after Curvature defectsare  ,, _ 9 =
integrating out QG effects massive particles 2m

« Particl ta live in SU(2)
article momenta livein Zpr[S® T, {6.}] = Ir[{6}]

5 QG Phenomenology, PSR, relative locality Freidel, L 05

The Ponzano-Regge model for 3d Quantum Gravity - Livine - P119
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Evalvuation of observables on the 3-sphere

Start with trivial fopology but add curvature defects :

» triangulation of 3-sphere

Zpr[A,T, {0c}eer] = / dgy [ %6.(Ge) [ 6(Ge) o defects around chosen edges
ecl’ el

=> [I@i+1) H @ 1) H{G b

(e} gl sin

.—  twoperspectivess  ——_

Knot invariants < > Feynman diagrawms of a

Put curvature defect 6. = 6 along braided NCQFT
sequence of edges, or tube, or knot

Curvature defects are o Oe

= =~ MPlanck
massive particles 2
ZpR[cSa,K:,ﬂ] = P

ZPR[SSs IE; {96}] = IP[{ee}]
Barrett Guzman ‘09 Freidel. L 05

The Ponzano-Regge wmodel for 3d Quantum Gravity - Livine - P1'19
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The Ponzano-Regge model for 3d Quantum Gravity

Part lI

and with boundaries ... 7

The Ponzano-Regge wmodel for 3d Quantum Gravity - Livine - P1 19
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Holographic theory

Theory is topological, with no local degree of freedom, so
everything gets projected onto the boundary

L invariant under coarse-graining and refinement of bulk triangulation,
but behavior under change of boundary triangulation ?

(& dynawics of the theory encoded in boundary theory

So let’s look at 2d manifolds with boundary !

The Ponzano-Regge model for 3d Quantum Gravity - Livine - 119
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Spin network evaluation for planar graphs

Let’s start with the trivial topology of a 3-ball
o Boundary = 2-sphere

. * Consider 3-valent planar connected

oriented boundary araph =ea

o PR awmplitude becomes projector on flat connection
ZpgIL. {je}eer] = AP

This defines the evalvation of a spin network
obtained by simple glving of 3j-symbols :

LG =v5,@ = 3 [I1T]

{m.} e v

The Ponzano-Regge wmodel for 3d Quantum Gravity - Livine - 119
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Coherent boundary states & Generating functions

Two equivalent ways to repackage the boundary amplitude

e S ‘"""'\_‘___‘“
‘/" —— ~

Generating function Coherent boundary state
with superpositions of spins

We introduce a variable for each edge and define:

a0)) = 3 IO s o T

(o)
We use the generating function for 3j-symbols to write it as a Gaussian integral ;

_ 2
zray = IS =i

L e e (Fa(e) De(e) = Wa(e) Zt(e) )+ L a X (Za(c) We (o) —Wa(a) Ze ()

The Ponzano-Regge model for 3d Quantum Gravity - Livine - P119
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Coherent boundary states & Generating functions

Two equivalent ways fo repackage the boundary amplitude
,,———-""/ \.

o

Generating function Coherent boundary state
with superpositions of spins

We infroduce a variable for each edge and define:

S'pm J ar 1)' - 2je
Z {Y }) B {%ﬂ: \/H 2.7:::)' ({]C}) I;IYE

We use the generating function for 3j-symbols ...

J J2 Ygr zgc+me wgg-nlc
> (o )V e (e

jarTa 2je)!(Je — me)!(Je + me)!

= €xp Z Xa(zs(a)wt(a) i wa(a)zt(cr))
2 Xa = /Y@ Ye(a)

The Ponzano-Regge model for 3d Quantum Gravity - Livine - P1‘19
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Coherent boundary states & Generating functions

Two equivalent ways to repackage the boundary amplitude

—

4——*"’/ \

~———

——

‘e

Generating function Coherent boundary state
with superpositions of spins

We infroduce a variable for each edge and define:

S’;nn v + 1)! 1" 2]e
Z {Y }) {?c \/H J jia 2]5 C})HY J

We use the generating function for 3j-symbols to write it as a Gaussian integral :

ZrP ({Ye)) / Hd 4“’(1 Sevl e = e (el D)

e zc("s(e)wt(c)_"'l'-U_g(c)'"l(c))"I'Zﬂ Xa (Zs(a) We(a) —Ws(a) Zt(a))

The Ponzano-Reqge model for 3d Quantum Gravity - Livine - P119
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Duality with 2d Ising

The Gaussian integral can be computed explicitly :

(&) B =41 Zr=y J[Xa=)"]]Y

YEG aEy YEG €€

YoE—stanih/s

(ZIsin.g)Z Z.S'pin = 22V HCOSh(ye)Z J

lL Westbury ‘98

= Puality between Ising model & PR amplitudes

G canbe realized by a supersymwmetry!

The Ponzano-Regge model for 3d Quantum Gravity - Livine - P1‘19
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Back to the Ising Model

On same araph, put « spins » on verfices: o, = 1 € Z>

Z{:Sing({'yc}) = Z exp (Z ycas(r)gt(c))
o I

(-

Can define high femperature expansion...

Zl{'smg({yc}) o (H COSh(yc:)) Z H(l r ta‘nh(ye)as(e)at(e))
.. a8 sum over loops:

Ze™ ({ye}) = 2V (] [ cosh(we)) D[] Yo with Y. = tanhy,

YEG eEy

(&= can be written as a fermionic integral
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The Ising Model as a Fermion Path Integral

Hereexplicitly:  Zr ({ve}) = 2% I cosh(ve) Zs({Xa})

Zf({Xn}) = /H dwsv exXp (Z ws(e)wt(e) ar Z ch ws(a)wt(a))

&

h angl | @L
with angle couplings: Xo = /Y Ye(a) Q. )
X

G owe glue angles along edges to form loops : s(a)

X
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The Ising Model as a Fermion Path Integral

Hereexplicitly: 20 “({ve}) = 2" [ ] cosh(ve) Zs({Xa})

Zf({Xc!}) o= [Hd'¢c17 exp (z 'd)s(c)wt(e) ar ZXG: ws(a)wt(a))

)

— / t(a
with angle couplings: Xa = \[Ys(@Yi(a) M
(0

(& We glue angles along edges to form loops s(a)

G we compute the square of the Ising partition function :

(Zf)2 - /H[d¢dndz3dﬁ]2 D CEE AR

e EC 1‘[,3(3)1’5‘-(‘:) +ﬁ3(c)ﬁt(6) eza Xa (1ps(a)1pt(a)+n5(a)7)t(a))
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Supersymwmetry on the boundary

We can infroduce a meta-theory combining

e lIsing model <«—»> Fermions Zr = (Zf)zzsriﬂ

o Spinnetworks +—»> Bosons = / dz dw i dny €Sz @ ¥me.]

B = Z/\c.tpKe,p S Z#eSe = ZXCRSQ
e e o

Kew = |22+ [wel® —yeme — dent _
Se Za(e)Wt(e) — ws(e)zt(e) ar ws(c)wt(c) ar ﬁs(e)ﬁt(c)
Sa Zs(a)Wi(a) — Ws(a)?t(a) T ws(a)wt(a:) + TNs(a) Mt (a)

We define a supersymwmetry generator; Action Sis both Q-closed and Q-exact,
acting on each half-edge i=(ev) : so supersymmetry localizes the integral:

in 1|bi 0Zr e 0Zr = 331-
Qwi Th af\c,v = aﬁg

QY w;
Qni
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Duality with 2d lsing

The Gaussian integral can be computed explicitly :

ByP 22 =1l Zp=> ) Za= Y )] V2

YEG aEy vyEG eEYy

l

N

(Zfsing)Z ZSp?',n e 22V HCOSh(Zje)2 }

(& Duality between Ising model & PR amplitudes

Stat Phys \ o Ising -> Phase transitions for 3d QG ?

\ Q6rav L QG-> Ising : Geometric formula of Ising’s zeroes
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Critical Ising from Ponzano-Regge

( Zfsing)"z _ 7Spin _ Z R Can study large spin asymptotics of series
{7} o Poles of PR amplitude give Zeroes of Ising

25 (Y H=3 e AN

Bonzowm, Costantino, L

Stationary point in spins j's when : e
“(e ~ |y ¢:( )(/
couplings Y's are given by the <54 \/m g 4t@

angles of a dval friangulation

G A Adwissible eomefrw :
fOl’MUIa fOI’ cOUplmgs }ggcom b scz;? lhvtar‘:.ali'lf :
Fisher zeroes Sadenaivisitne
Zero of Ising - Pole in the generating
i.e. critical couplin @
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Critical lsing from Ponzano-Regge

Nuwerical applications:

o Regular honeycomb network oo
I \".\MT’.\’
Aty

A AR AT
What’s new here :

e beyond isoradial
 planar but not flat
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Exploring the next fopology

"__"___,__.-—-———‘\\

Ponzano-Reqgge on twisted cylinder | >
i )
I ;} i

with 2-torus boundary
Two types of boundary states on square lattice on toric boundary :

—> towards AdSs/CFT2

o Fixed spin state o Coherent state with spin superposition

map fo 6-vertex model allows exact resummation !
& Heisenberg XXX spin chain i

ZPR A 1
in’regrtbilifv of iy pl;Il cosh N — cos(py + iNX)

PR boundary theory ? regularized version of BMS character;
related to Pedekind eta function

Dittrich, Goeller L, Riello ‘18

The Ponzano-Regge model for 3d Quantum Gravity - Livine - P1‘19

Pirsa: 19030113 Page 54/55



Ef voila; what's next for Ponzano-Regge ?

Effective NCQFT for matter coupled fo 3d QG: renormalisation, ...

Puality with lsinlg : coupled supersymwmetric theories, continuum limit
for critical and non-critical in terms of WZW theories, ...

Boundary theories on the torus : integrability, boundary symmetries
(discrete current algebra and Virasoro ?)

Holography: CFT and non-critical QFT on quasi-local boundary ?
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