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Abstract: Motivated by recent interesting holographic results, several attempts have been made to study complexity ( rather " Circuit Complexity")
for quantum field theories using Nielsen's geometric method. But most of the studies so far have been limited to free quantum field theory. In this
talk we will take a baby step towards understanding the circuit& nbsp;& nbsp;complexity for interacting quantum field theories. We will consider
\lambda \phi~4 theory and discuss in detail how to set up the computation perturbatively in coupling. Our method enables us to study circuit
complexity in the epsilon expansion for the Wilson-Fisher fixed point. We find that with increasing dimensionality the circuit depth increases in the
presence of the \phi”*4 interaction eventually causing the perturbative calculation to breakdown. We discuss how circuit complexity relates with the
renormalization group. Finally we discuss several possible generalization and compare our results with other approaches.
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Circuit Complexity for interacting QFT
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Assumptions

Results (Relation with RG flows)

- Conclusions
An interetsing generalization
Other approach ?

Future directions
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[ntroduction

Holography: Provided us useful objects which connect various
various aspects of geometry with field theory

Ryu-Takayanagi Surface for EE ‘—’ Emergence of spacetime
from microscopic degrees of

: : . ; S freedom
Two interesting objects probing the interior of black hole
Complexity = Volume Complexity = Action

\_———/ {Brown, Roberts, Swingle, Susskind & Zhao)

t~ — _—— «tR tr— «ip
(Detail calculations done by,
Carmi, Chapman, Lehner,Myers,
Marrochio, Poisson, Sorkin,Sugishita)
L V(B)] | [ —
Cy(¥) = max .\r( ) Call]= sl
Gl h

(picture courtesy Jefferson-Myers, 1707.08570 [hep-th])

Grows with time and keep growing even after the thermalization time

“Complexity” is dual to these two objects ?
Can we compuite it field theory ?
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Computational complexity : How difficult is to implement a task ?
Important applications in Ql:
Provides a meaningful comparison between classical and quantum algorithm

Various applications in Quantum Many body phySiCS '\ tenuen 1 cirac. and - Vertraets o8

N. Schuch, | Cirac, and I'. Veratraste ‘0N
D. Aharonov, |, Arad, Z, Landau, and U
Variranl "11)

Here we will use the notion of “Circuit complexity”
how difficult 1s to prepare a particular state ?
. \p A State
1Y >= Ulpy > ‘ )
N

Simple
Operations

[0)]0}|0)--- A Ref State

(_)u;ullulll circuit model: “mimimize the number of lill!‘l‘;l'illll\“:

Depend on choice of reference state
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Free QFT computation: Jefferson Myers ‘17 using Nilesen approach

(for other approaches refer to Chapman, Heller, Marrochio, Pastawski (arXiv:1707,08582)
Caputa, Kundu, Miyajl, Takyanagl,Watanabe arXiv: 1706.07056)

But to make contact with holography we need to understand
this interacting QFT.

Jordan-Lee-Preskill (2012): Non-perturbative computation of n-particle
scattering for o theory by a quantum computer provides an exponential
advantage over perturbative method which uses Feynman Diagrams.

Then question naturally arises how a quantum computer would compute
other interesting quantities that are calculated by conventional means

Motivated by all these we ask what other important aspects of QFTs
can be capture of "Complexity”

RG flow is one important aspects: what we can we say about it
In terms complexity ?
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Circuit complexity for Interacting QT

AB, A Shekar, A. Sinha,
JHEP 1810 (2018) 140,
arXiv: 1808.03105[{hep-th]

Ah I theory:

" _ " - & A 4
Nm(e) 4+ (Volx)) +meo(x) 4 Q) ’

12

Discretize:

f"’ |

| a(i)? | , ‘ . ' . A i)
H ’T{ b o1 lw\,,v(f'{ul INT o)) mean)” .’!riii“]}

Use the following redefinition:

i ) h : & R l | A
X (i7) = 8% (1), P(it) = n(71) /8% M . W = m, § CA 54
‘ 0 A 24
(5 w12 (?'
« >
’ 51 = Es >
Y .
- f — —--.q_\
0 - ~
® P o -y a each point llllL?lL? IS
£ 3 Iy anharmonic X oscillator
B e - “n F
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Eigenstates for Hamiltonian for: A\ = ()

f i)y \
(P, eyt (g, na)) y, ALy, L)

. 1/4
l l\.\‘n.LI } L waod) I--'I‘ g

!’”‘{\‘ u.“.i”!!!“ ‘\‘ u.[.i]l.

Given this, the ground state for full Hamiltonian perturbatively in )\

0 I
0.0(To, 1) L ‘m,(-"n- Ty) + Ay ‘“_“(--"n- ry)

> i N1 /4 Y .
N - CJ) WA PR S P
P00\ 0 — ‘ (
\. i
It involves terms like
_ ) :’1[\4.' | _L'|] g ) :{(\L.I - Wi ) ) ~ | | )
{ ']}“{.l|;..!|} ——'“_7‘f‘t:“'_.l”,.l|_} m—— —'“7!(":: ..[J“..Il] .f‘||..('.'|..('.“"'|
]\‘ l) l"lll.ll I\ l,‘\-.tjllll
3 v 3 V3
T - . "F_: y (g, ) ""l]}l.("u ) ,"::|("l| ry)
lwopw) (wo + w)) 8V 2wy Sv2wy

Still the expression is little bit involved.
From here we will now progress step by step
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Eigenstates for Hamiltonian for: A\ = ()

f i)y \
(P, eyt (g, na)) y, ALy, L)

. 1/4
l l\.\‘n.LI } L waod) I--'I‘ g

!’”‘{\‘ u.“.i”!!!“ ‘\‘ u.[.i]l.

Given this, the ground state for full Hamiltonian perturbatively in )\

0 I
0.0(To, 1) L ‘m,(-"n- Ty) + Ay ‘“_“(--"n- ry)

> i N1 /4 Y .
N - CJ) WA PR S P
P00\ 0 — ‘ (
\. i
It involves terms like
_ ) :’1[\4.' | _L'|] g ) :{(\L.I - Wi ) ) ~ | | )
{ ']}“{.l|;..!|} ——'“_7‘f‘t:“'_.l”,.l|_} m—— —'“7!(":: ..[J“..Il] .f‘||..('.'|..('.“"'|
]\‘ l) l"lll.ll I\ l,‘\-.tjllll
3 v 3 V3
T - . "F_: y (g, ) ""l]}l.("u ) ,"::|("l| ry)
lwopw) (wo + w)) 8V 2wy Sv2wy

Still the expression is little bit involved.
From here we will now progress step by step
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T e e l - All, A, Shekar, A, Sinha,
\ crsion 1. JHEP 1010 (2018) 140,
arXiv: 1808.03105[hep-th]

As we are working perturbatively lets make the following approximation

1

- [u,'“u,'| }I' | / 9 5
-'J'““(.!'“.,.’}) P~ %l'\']}(ﬁ.“)(‘\'li | - ;(l.’] ,l[“,—+—u) JI)’
vl AR
(112)|*

' idelity : /o O I A A ¢ 3 8 ondy + of +@f

Define the Fidelity : (1,2) 011)(202) we Bl o Ly ¢ BELL ALY
N R I T R TR
L ( - 1 | ) B S S
i iy Y Y S \ ¥ 8 bt < | 08 { ] i)
92 .Ul': wWow (W + wh ) ..'[;

In term of original coordinates:

( 1/4
(LL"ILL'I]
PYoolr),ry) = ~ explag) exp

\‘-' i
T This is a Gaussian State |!!! , -
We will refer to (we can borrow the techniques

as "T‘il'g(‘f Slate” o L) of Jelferson-Myars, 1707.08670 [hep-th))
LR 2y ‘ - - L 84 -

l fa) + ay y ; \
: (\r} '{-_;‘l | f-—.} | (”I (y) 1y f"-’)‘

‘)

Lets compute the circuit complexity (“Circuit Depth”) for the state
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The reference state:

No entanglement in the original basis i1.e in the position space

I ” w f ‘ a3 y |
14 a(.ri‘.r-‘.) = N exp ") (x7 + x3)

Now lets build the circuit:

We choose the following natural set of gates:

scaling scaling entangling entangling

1 exp f‘:“”'l i 't'. (a3 = oxp ’,:f':i': | l':'::“ (Qia = oxp |1 ‘II‘J‘ (21 OXp ey
e » — « >
()[1 ()an (-)|-_J. ()-)'

Note that the operators O's form a closed algebra.
We will utilize this underline group structure later

Then we construct the circuit U with these gates

2

|l,""“(’.l'] o) — Upf(a, Xo)|* < e

We can tune ¢ — ) to get a very precise match
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Now one possible circuit :

o7 (y,02) = Q3 Q52 Q% "™ (1, x3)

Now the circuit depth (total number of gates) :

D(U) =|ay| + |evg| + |es],

f ‘
Hl”:‘ (a, — ay| | 2Wref
'

|

log ’

/
¢ \f (ay + ay)ayay

o

")
- Jl’

Note that these operators do not commute each other

his is just one possible circuit. What is the optimal one 7

lo find a possible optimal circuit we use the Nielsen approach

(Nlelsen quant-ph/0502070, Nielsen, Dowling, Gu, and Doherty,quant-ph/0603161
M. ~A, Nislaen and M. ~R. Dawling, quant-ph/0701004)

Question is given a set of operators (gates) satisfying
a closed algebra how to find the optimal circuit ?
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(Nielsen quant-ph/0502070,

Nlelsen approa(:h,' Nielsen, Dowling, Gu, Doherty,quant-ph/0603161
M.~A. Nielsen and M.~R. Dowling,quant-ph/0701004)

To achieve the optimal circuit instead of working in discrete picture
we work in continuous picture, the circuit is parametrized
by continuous parameter “s” and consists of continuous functions

(/(5) ‘Pl'_'\lﬂl/ rfs}"rl"\}().plxi!_
(0

T T !"i {()1‘ (JJI_II(JE-I ()II}
Path ordering In the discrete
picture

As {
Y'(s) control functions (note.
. ) there is a freedom
R . ta! e l‘[‘:,!|..l ) /(s I);"r'{';l,_,;,]_ in chooaing and polnt
oundary conditions: 2 S | -
Uls 0) ] for "s", we |:|llu e al
5u1)

Optimal Circuit: We need to find optimal )"'('s)

This can be typically achieved by minimizing some kind of action
“Cost function” F(U.U) forthese Y'(s)

vl
Complexity: D) = / F(U,U)ds
J )
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Some desirable properties of cost functions:

i Al (Nielsen quant-ph/0502070,

1 ’ CU”‘”]UUb Nielsen, Dowling, Gu, Doherty,quant-ph/0603161

M.~A. Nielsen and M.~R. Dowling,quant-ph/0701004,
Jefterson-Myers, 1707.08570 [hep-th])

2. Positivity
3. Homogeneity
4. Satisty triangle inequality

These help us to identify these functions as distance function
between two point on a given manifold

Jotterson-Myera, 170708570 [hep-th),

..C;(?V( ra | C h()l(:(} x Macki-Myers, 100310620 [hep-th),
Guo-Mernander-Myers-Huan, 108070767 7{hep-th]

Fa(ll,Y) ‘."\‘MH e F. (1Y) \‘/:;H 'r\". woisoan integerand x>0,

! I

_k,,[(' Y) (Tr(vivyr/ipnti» yl ) ’L:L}U, P oan integen

(for us case we will prefer this

F, ' 5 5 ‘
Swallorpr=1,VI) counts number of gates the others, reason we will explain later)

Fo Is the distance on Riemannian manifold
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Now the strategy is to minimize these cost functions.
For this we first solve for the geodesics

Remember : Y!(s)O; = d,U(s).U(s)""

Next we define a metric (nght invariant !)

ds* (rf,l ) I(f}' ‘

Find the Geodesic and evaluate the the action on it

.1 (
D7) / ds ST ¢,y (here we have used the F2 )
# 1) \' .

| |

(-1, Penalty factor

To practically compute this metric we first note: S

Our wavefunction can be written in the following way:
: | ,
(g, wg) = N"exp _)f" 'I!f“~|f"‘ (Y] {.l'|..1°”}

Al () ( B v
s = 0, Relerence State 0 @
And: - . For our case:
5 I, Target State ooty (e L
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Line element:

ds? = 6, Tr(dU.U~  MIYTr(dUU~ . MY),

'.’,rf_f;‘j RS i?tf,u"“, -+ '.?i'nr.h('.'!p] ('nr‘ll{/:]ith ¢+ '.Et‘nr.lll'.’.p) hillll[f})"t/ﬁ" -2 .'~‘_|1|||["..'?p]‘J
We now solve for the geodesic on this background

Boundary conditions:
We observe that the unitary operator acts  A(s) = U(s). A(s = 0).U(s)"

on the wavefunction in the following way
arbitrary, either ) or T can be
f uniquely determined

$:=0,{y(0) =0,p(0) =0,000)+ 7(0) = ¢y}

fr”I”.' (] (2 Y,
L, exp(2y(1)) [, cosh(2p(1)) , tan(O(L) 4 7(1)) =0
\;1 \\-';_“’ .,)\H' 1 (L2
Choosing: ¢g = () Geodesic became straight line

y(s) = y(l)s,pls) = p(l)s
r(s) = 0,0(s) = 6
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We can show P / s \I;\;r.'_r;\'“l" gets minimized on this geodesic

In fact one can check that it is the global minimum

Complexity: D) = V/y(1)? + p(1)?

In fact one can check F,-1()_IV')) and the associated complexity

I

+l
Cr=1 / dsFy=1
JA)

also gets minimized when evaluated on this geodesic

In terms of normal mode frequency:

Wi log

lop

=t ’ .t 1\1 : ( L l{)} + O(N?
o))

|+

Wy [ Wy f
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Some useful points:

. {1 i\ midl) (My)
Optimal Circuit: """ x| (g g )nat( oty wiulen) )™

\UTEETT () ) s+ Myaly SIMUNINE (A y Ay ) e

Normal mode basis: —(iry + &3), &) = (i£) — &3)

l '-J;‘|1‘ “ . { ”
= {irg,ry}, A(s = 0) ( “E o ) i(s ) ( :]! ‘ )

w( b )

and not hard to show that o, oxp {-Un{m p) s + Maa(y ”""J

optimal circuit is consist of only scaling operator and
the geodesic is always a straight line

: | Ai(s = 1)) ; ‘
Complexity: ¢..,~ .5 |l T H D) / dsF,

o -

(o}

0) \
|‘ ot A« l)

L
'_" et 1|_~1 ()

A lesson:
Whenever, we can simultaneously diagonalize the reference and the target
state, the complexity will be given by (appropriate function)
the ratio of the eigenvalues of A(s — ()and A(s — 1)

\,(»
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Some useful points:

p ” f 1] w‘ . i) GEILLTY R "
Optimal Circuit: """ [0 1 )+ wltn) sinie) )’
.~.,.‘.u..:u. n(Bu)pe) s + Maa(yy + sin(Ba)m ) s + (Myg + Myy) con(Bo)p,
_ 1 o | _
Normal mode basis: i = (&1 + &3), & (1 — 3)
V2 V2

‘. I ~‘;‘l"l () ' (1 ()

and not hard to show that ot oxp p,«”:_,“ o) s + Mag(y A """'J

optimal circuit is consist of only scaling operator and
the geodesic is always a straight line

Complexity: ¢... - 'S [ : “H D(U) = [ de. \.'I.\_j('“r'lt" 2

< () I\

| ; ot A« |)
(ion
2 ltl'l ‘l“ ())

A lesson:
Whenever, we can simultaneously diagonalize the reference and the target
state, the complexity will be given by (appropriate function)
the ratio of the eigenvalues of A(s  ()and A(s 1)
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[, : AB, A Shekar, A, Sinha,
\' Crsion l l " JHEP 1810 (2018) 140,

arXiv: 1808.03108[hep-th)

Lets us now consider the full wavefunction, we work in normal model coordinates

For convenience we write in the following form:

1/4
oy gy ) l 2 «9 | | 23
Voolita,ry) = explon) exp = | @y + aqey + agey + aq.6y 4 r.rqa'“rl)
v T ! 2
JA7 3
{ |
. = llI.\ I | )
I | '
i (43 ) | - i'll " s

Now to set up our calculation as before we write the
wavefunction in the following form

] 1
‘-..l("'-ll-'rl ) -\ ! I'XI) I’(_’.H"l[,"‘_luh-"'h) .
Now we need to extend the basis: © = {&g, &} > {&o, 2,77, 77}

Many possibilities and also many ways to write A(s)
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ay, 0 0 0
9 .9 0 ay, 0 0
() 0 ag “P
0 0 % a

[y () () () ()

0 a, D 0 0

i {J'H Iy, Py 1‘: il‘} y Alx 1) () () lriny, () ()
0 0 0 iy L(1 — b)as

0o 0 0 L(1 = bay, (.,

[, arbitrary.
which one to choose ?

Also what is the reference state?

In this basis Gaussian reference state will look like for eq:

Syt () (0

' () W | 0

l} LT TRUE R rW:I 1 0 () () ) 1
() () (0

Determinant is zero. This will be create problem
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Remember our previous calculations. We will restrict ourselves to GL(R) unitaries.

[hese are matrices with non-zero determinant

We also have: A(s=1)=U(s = 1).A(s =0).U(s = 1)’

It preserves the sign of determinant of A's and they have to non zero

We can have the following guiding principles :

1. det(A(s = 0)) #0 butstill [v") is unentangled in the original position basis

2. Given a basis ¥ both det(A(s = 0))and det(A(s = 1)) > 0(or < 0)

3. Also remember that the value of the complexity depend
on of number of eigenvalues of A,
hence on the dimensions of 3/
So a minimum possible extension is desirable

These guiding principles will help us to choose the minimal
and partially fix the form of A
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Given these guidelines for this two oscillator case we have following :

1. Reference state (normal mode basis):

- i i Wref [ .19 ) \iy il a
U8 "-'Il ) \V ““\l’( ,,r ry £ T = :"I1I| "II f "'n’.‘-}‘)

(IH thO DOSItIOﬂ DGSIS 't ey, ) NVF T oxp I‘I' L ‘r,l s \n‘i‘l |- g ))
no entanglement ) -4
- arbitrary
n — - - - = -2 =~2
2. v = {ZTo,ZT1,ToT1,%H,T]}
et 0 0 0 1] a0 0 0" 1]
0 - 0 0 0 0 g 0 0 0
1 0 () () 17, VYN Iy () () A { 1) i} i ba () 0
0 0 1] d LB - DNDyes 0 10 0 iy L1~ Wy
0 0 0 (B~ DYNGErat < 0 0 0 (1 D a,

assuming det(A(s = 0)) > 0, det(A(s = 1)) =0

f

- I If’LL'u 1 ~L‘u)l

2aehacd, 0<chal | - (W), > w
G \.’ Wow | n)

For simplicity we choose: b = 3 to kill the off-diagonal terms

Now what about the computation of complexity ?
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lo expedite the computation we make some useful observations
First notice the structure of A:

Gaussian

Non-Gaussian
) A' 0 0 / 0

0 azi 00/ 0.
00 bag ) ()
0O 0 0 1y L(1 = b)as
O 0 0 L(1 = b)ay, (14
Gaussian: A" () = A"+ XA () Non-Gaussian: A®? (s) = A A (4)

Given these block structure it is convenient to parametrize
the unitary as R° x GL(2, R)

We will always look for these kind of pattern and it will be useful when
we generalize for arbitrary number of oscillator

Secondly, both A(s =0)and A(s = 1) can be simultaneously

A (8 = 1)742
\(u m,)

loy

\i (s 1) D) / iduFy -'\—(I“lw

0) ) T e

so again, we can simply have ¢, 'Y

Geodesics are |‘1 Lot A = 1))
2|™a det A(s ‘
again straight line !!! ' kai= @)
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Now lets take closer look at the expression: eqg:

A\ (s )N
O

\(# ()) 1)

| -
(.‘, | \

')

| dat A(s 1)
log,
dot Als = ()

We expand this expressionin A keep only linear order terms

(' 2 I L.’\ 1 j (- I 1
(1) I Wi ‘ Wi A0 | ' .
C.—q= ’){ log . “!"_"_. , I (u_ LI‘)I b O>AN)
= ' T 1l |

(Gaussian part

(2 \ [7 1 36(h - 1)2 -
C, oy = log ’ I/ o )‘
2 Wi Ap \“ Wi wh (Wo +wq )/

l a0 0 1 ]

Non- Gaussian part 4.

T 0 Uy L(l = D)ax

Perturbation breaks down, can we fix it ?
We will see the this will help us
to further constrain the undetermined parameters
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Now lets take closer look at the expression: eg:

ANi(s = 1)1
lH:

\ (s ()) 1)

| -
(.‘, | \

A

| det Al s l)
log
dot Als = ()

We expand this expressionin A keep only linear order terms

9 (1) ~(2)
('f» I L.’\ 1 j (_f\ 1
A1) | u;.‘“ ‘ W ‘\ I} | l . y
g = Jlnp- — | +|log - 1 ( _I‘)lu’(.\l
& Wy w Wy J

Gaussian part

(2) VN [y ] 36(h - 1)2 "
Cp=y = log ’ / 2 ) ‘ '
= .., Wi ,\n \w Wi W L + W 14 J

l a0 0 0 0

Non- Gaussian part .

0l () ] iy L~ Bas

Perturbation breaks down, can we fix it ?
We will see the this will help us
to further constrain the undetermined parameters
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A 46(h |,\‘)

'
¢ =log || (- - ey
& W) \u | N W) L) W)

We fix it in two steps:

Step I Ao X A
Step Il :  After Step |, ¢'*) ~willbecome O(1)

So this will be of the same order as that of free theory part.
But we are only solving the wavefunction perturbatively,

A2 . g
C\”), comes fromthe ()()) part of the wavefunction

So it will be natural if we can make this
complexity expression perturbative

Now the penalty factor comes o rescue:

Remember: C..i =Y p;
e
I

s"‘

' , | det(AV (s = 1))y det(A¥ (s = 1))\
We do the following ¢ = ;(lox .,:1) +,11(,L.,((|(‘:( 1: i)

dot (AN (g

At least have to O(\)
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Optimal Circuit: U(s) = exp {{.-\'/ ,,]

,‘l —fl."\l|| ' ..fjl_b) | ﬁl;.“'l['gl, 1 !‘;'\_/_I_l { L‘\l,, 1 ff\lhh { l‘l.a.\lf“' | f"n'\IH.‘i

Exact values of these coefficient are not important

| 13 |
Vi diag( 1,0, 1,2,0), Mgy = diag(O, 1, 1,0,2), My = diag(— 1 | ! =)
|
| 14 | [ 14 44 14 14 b
Mgy = diagl I 1), My — ding i 0y, M ding(() 0
| | ) | | ) | | )
T 0 N () 0 00 n 0
i) ] 1) () i () 1} () 1]
M 0n 0 G 0 () \1 0o 0 0 0
0 0 0o N | 0 o 1] I )
0o 0 n h | \ 0 1] i | i
. a . ; . 'Y D)
Given this: {E0y Ty o L1585 &1 ¢
t{argpg 4 ) ' . t{rgpy 4 pyay) U &
- (Fof = i M = (2] . i \/
i ] ol 4 Pocfa ) (o Padn )
y . composile
< (B e ) Srayprgpy = Loy = A (o) begm + 1) operator
! ! ‘ . "' made up of
.‘I-._| Pilropa)* M Py o ! § i bi (] i )® I"'.""j v 1.!"“' et “:‘“l”:.[..”“w
, perators
(Brapu(r m) Rurapoty) e e \'|J\‘."'[||Il'|‘ M e
- LT Pird'y CATY LI I AW L TR ATY LI 'y o) \l ,_I L b pady gy dya ol LT Moo,
".\.w\m.i,,,;' R i Eopndopa = 2apa = 4 (Fapa Linpn) = Msy
S (M (g ) = B gagn ~ 28y - A (g )? - dayp) o M
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(Generalization for N oscillator 1n

arbitrary dimensions AB, A, Shokar; A Sinha

JHEP 1810 (2018) 140,
arXiv: 1808.031056[hep-th]

We are now in a position to generalize our previous results

N -1
I I ] 3 ) i ] ]
For N- oscillator : #H = Y~ = [p? + w?a? + 0% (x0 — 20 1) + 2021
FARSTIN) |
ne=() '
1 o= 2 ik
, Jn .\' f‘\'!l( \ IF}I‘J_
Normal mode basis: VNS
| N ‘l Yow 2.k
! \ oxXn o]
Pa= /N , p L
| A I | \ N -1
H J\ m’iu'ﬂl:‘J \ \ Loyill ! & ey O ke,
T k=0 a=N-=k'—ky—kgmml Nk’ ky kg=0

with: & = (w? + 40 -“i"”(il\]ll))

This can be straightforwardly generalized for higher dimensions (d):

d-1 | d—1 gl

] 9 ) i f{
; Wy M° == == ; s’ ( , )
A h f‘ P ‘\
k=1 k=1

We again solve for the ground state wave functional and
that will be our target state
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|
! (To,  TN-1) = exp ( - Vo Al -“)f;f.-f'f,)

Minimal choice for the basis:

s - ~2 9 ~9 - =
U = Ny B  avang TN = Blyd s wons B N 5 BT § w51 Ps

- 2

N N N(N - 1)
N -, jtgrowsas [N 2

. AWM (s) 0 \
Also, As) = ( () Al%)(s) ) with,

AN (s =0) = @repInxn, A¥ (3 = 0) = Gresro Tex.

k is of dimension N(N 1)
9
An important observations:
For the “ambiguous” block we can only make sure that the ratio

det( A=) (s 1))

——— — > () (but Individually they can be negative as well !!)
det(AR) (s = 0))
R ! det(AM (5 = 1)) det(A™ (s = 1)) ia is alwavs |
Hence: C..i = (lo ] 'JI""‘(\.I«H @ “;‘,.]) this is always well defined

H”‘ [Ur ”XH”][)I[}: D) / "f"'}: II'IIT ( log ":-[” |T‘ ): diloi ( det(A(s |)) ):
( ' LAG\N = /

et (A s ()))
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In fact:

Fa(l/. Y) I.'II\ ‘/!H‘ Iy F (U Y) \ ‘,rr; y /| Aoad an integer and w
[ !
Fo(U,Y) = (Tr() tyylizytie yl Y (s)M; poois an intoegol

Among these only : .7‘—,,_ | and ./‘-,,-f_.g are being preferred

Armed with this we can now compute the complexity for
arbitrary number of oscillator and for arbitrary dimensions

Continous Limit: N — oc.d — 0, N o — linite

(1) y(2)

x=1 (*p.fl

, l rdet(AM (8 = 1)) det(A9) (s = 1))
] "(-lw‘(llrlLl'*u lm) "“”H(.Ivli.\‘-"w u:-:))

' '
Fairly universal A bit ambiguous.
We will constrain
it as much as
possible
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I{C S Lll l S AB, A. Shekar, A. Sinha,

JHEP 1810 (2018) 140,
arXiv: 1808.03105[hep-th]

a—=1 V-1 s I
\ | - - Wi, |” JAnwo ¥ w=1 _ _
l':_“ e \ \ log r 2N \ - | log( —— i’ ‘ -+ {"[_.\'IJ
4 i | ( 0 Lk,‘! - . T 0 L\;. ! Wy

After taking continuous limit:

Vo om Vo f ] [ 4 " B )
:2 ¢ l 248 '“'( % r) 1 25 i "P\.‘IU,,,\'}’ l ? )] 1 R 4 \

ms /(m N4 44
[ \ ‘ . \ "
23 log ( .‘,,M) t 3 (..n ey (mad) 4 eqylma) C{(md) ;) S
'\,\l ,f| I v
T\ g t ey log(md) + fot o) we have expanded
) aor )= -
in 0
1 | ! .
a; = 0, ¢ 1/4, ¢y su‘.‘,' :ﬁ’”“" Mkf.. 0.02

o=y \ |
v, | 0 Ad [<|"“ ( ™

! \ ) . ALV
) } _[.:__. b by (m &) Clog(md) ) co(md)® 4 L’-lm.n'w] b f
N 0=

I a f
l 16 (md)

New logarithmic divergence Fractional/volume scaling

/i _ [1.400 fi) (.02

lhere is an extra factor of ¢
in denominator compared to d=2
so for fixed A complexity increases

24 6% )\
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General d:

. ! 1 “ V . +
e I log ( ) | ("..‘ | log(ma) "\ ”p‘[”“‘.‘F} | \ ‘-'U“‘"-‘J )
’ 2501 @y f A Ai=1 P P

k=3 k|

\ 0 2dyr9 d A .
) VA fi{(md) liaa + log(md)|yoat + fo A )
1O
0<ay-y < l,ey=0ford >3
I(E)[, d=3 d=3.99 | d=4 d=0
() fo | -0.001 | -4.75 | 0.07 | 0.07
(Yl 014 1.83 | -0.05 | -0.03

I's flip sign for d< 4 as opposed to d>4.
Will be important when we make contact with RG flow

We plot the interaction part:

Divergent for small mass for d<4 while approaches to a constant value for d > 4.
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Now lets rewrite everything in terms of Renormalized quantities

At 1-loop Renormalization order:

=2:
i ) \pd ) A | y , i
(1110 (trip ) (o 2C" log(mpd) Calmp ) | 4 (mp &) log(lmggd)) 1 Ollimg 8)*)
= 0.28.C = 0.08, C» = 0.02.
- s : \ | : | . i
(/ > .; { o i) (g dd) > Cn Coalmpd) + II‘TIIJH,_--\l Lwll_“‘,‘I 1)" M=y 4 CHmge ) I‘
C, T d=3T1d=399 [ d=4 | d=hH l
Co | 0.2] 0,10 0,15 0,11 extra |0g term
f’_a (.00 (.04 0.03 0015 fU[ d__4

also: A= \p

Using these we write our complexity expressions
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o] .l I }(I“ ',3( '1 ]“l'li‘”h‘f\-!
=2: C..= log, b2, ~ Apd el A
- . b 1 " ) - | " |
0 ‘l‘n.f"

2mpo

o sl 1 \ ‘ ' l ‘ : ol by )
(1 - 'i L‘ | B log + 20,01 ,\},w‘i r( wles + by log(m pd )y )
o 24 1 I Wy fl‘ 2

AR W .
v J‘ a=1 :'h:IHJ“i)]'! ilj,i | I”.".““il"”rf ‘} | _fu)

vanishes for o = 4

L 4
For large V
this is the leading
contribution at linear of order of Ay
Perturbation theory
breaks down for > 4

fractiohal
volume
dependence

We can understand this break down of perturbation theory intitutively
iInvoking RG picture, as for > 4 Gaussian fixed points are stable
compared to the Wilson-Fisher fixed point.

sign will be
> -
important

Lets define:  ACL), =C') =€ |x a0 R

Y e
I | o= | \H" oo )

!JJ |

Change in complexity from free to interacting theory
with same mass parameter M| (for fixed points " = 1)
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Structure of the “Ambiguous Block™
2)
=1
There are ambiguities in it and we can only constrain the overall form

To compute (.”(‘ we need to compute eigenvalues of ‘,.1(3-’)

Also we need to take care of the penalty factors

(2)

0 - b edd o
c\ l\ log 4 ‘
=AY lon (Z—5-)
(2) : j
/ £ 3 3 B 3 £ 15 (2) .
A" are the eigenvalues /) and there are N2 of them
- (2) 'r',l \l-"\ e
Leading order: A : . j € 40,1, .., (Dim Ay) - 1}

f | )
()
we can choose

(on dimensional

-3 _ d—3
.‘\” - H;\H .A.'“, ) 01 r'\[l = u ‘\II' ‘r”f.‘

qround)
As explained before, we demand that, for perturbation theory to be valid

A x Ap

Also we demand the leading divergence that will come out

' (1)
will be at most same same as that of being generated from the (

K

This gives: A= (Apdt-Hsdy = |
j fractional
. (2) G—2df, 1=3\ = volume
But then: Coly & A V d i depantiancs
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A 'low cqu:ltinn for (fnmp]cxity

Now armed with all these we derive a flow equation for complexity:

d-1 Mat- -Wa
Define: AC = (Cot ~ Coi|ap—0) " (‘hd.n'q(‘ of :
! | complexity per unit
degree of freedom
, d A ‘
Scale Transformations:  An 0" "A, 0 > b4,

h | 4 b, -\H ,\j,* + d\ I8

Now in large volume “V" keeping only leading order term in small 9

ffh&(' 2 . )
o 2(4 = d)AC + O(Ay)
Similar to the flow equation for coupling: dAr (4 = d)Ap + O(A%)
o

For d << 4. Wilson Fisher fixed point is favored in term of complexity
d>4 Gaussian fixed point is favored in term of complexity

This matches nicely with the intuitive idea of RG flow!!!
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Brict Comparison with Holography

For Free Theory: (,’“_1 x V

Provides a quantitative matching with the Holographic result

But note that: O(Ar) has a fractional volume dependence

Ap oS-y it (except for d=2)

i

Complexity= Volume cannot produce such volume dependence

gives a logarithmic enhancement but still

Complexity= Action _ i
do not give fractional volume dependence
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Many issues:
locality conditions ?

Different set of gates: They have recently appeared in some version
(Cotler-Myers) of interacting cMERA  (Cotler, MR Mohammadi Mozaffar, A

Mollabasghi and A. Naseh '00)

_ o o o !
oF Lo-Po > (), L
. o 3iTé 8 izt
— i ~3 - v b , 7 «3 - a
():z' ,\ (.IUIJH p ) ()] ,\ (..’ | 1 5 ),
’ N =~ " - " - \ ~ " i f.
Os = AT (.r{,p“ =] g = Al p :
()]()J| U()g();| “|()|(); l’f‘);‘()]()l “
)y, O4] 0, 0Oy, Q4] 2:00)4,10,,04 (0, [0y, O] 210y,
O4,05] = O(A*). |04, 05] = O(A?).
| | wn W \ | | 2 2
"{ IJ"I + op + +
(L) 9, log ; J‘ I "% ) ‘E".\." ‘.r;- ‘L t ‘:‘ | ) [ } I|)
ro ¢ (wf +wi) ‘ | Awi + w)) \ \
‘ P ('u.a'.'.." PR (W) 4 -m-m) ( G4 8w @y 164 V) Jwow) ”

Can we give it a geometric interpretation ?
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