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Wta enggharet . ieneral philosophy: we use fundamental principles in QFT & 1
to derive facts about QG with AdS boundary conditions FRSWS

hope that the boundary conditions don’t really matter...)
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to derive facts about QG with AdS boundary conditions

hope that the boundary conditions don’t really matter...)

Today's focus: boundary causality in the context of
subregion/subregion duality and its implications for the
dual bulk theory

Will invoke a different formalism — elliptic operator theory —
for getting maximum bulk mileage out of our understanding

on the CFT side.
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Motivation

2

- ieneral philosophy: we use fundamental principles in QFT & 1

to derive facts about QG with AdS boundary conditions (nd FIKSWS

hope that the boundary conditions don’t really matter...)

Today's focus: boundary causality in the context of
subregion/subregion duality and its implications for the
dual bulk theory

Will invoke a different formalism — elliptic operator theory —
for getting maximum bulk mileage out of our understanding

on the CFT side.

This formalism gives a powerful, tractable way of
translating statements about subregion/subregion dualiity
to the bulk; it also allows us to close some embarrassing
gaps in our knowledge about extremal surfaces (e.g.
whether they exist or not...)
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teminder: Subregion/Subregion Duality
- Area|Xg]

SVN[pR] = 4Gh b el Hubeny-Rangamani-Takayanagi, Ryu-Takayanagi|

2

“
Netta Engélhardt

The information in D[R] (pg and Ag) is dual to WE[R] poposed

by [Van Raamsdonk; Czech et al.; Wall; Hubeny et al....; proved by Dong, Harlow, Wall; explicit construction by

Faulkner, Lewkowycz| for quantum fields on a curved background
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|
ubregion/Subregion Duality & Causality
‘l- 2

Netta Engelhardt k!) 1

FREWS

1. Entanglement Wedge Nesting: if D[R] C D[R’], then
We[R] € We[R']

2. Causal wedge inclusion: W¢[R] C Wg|R]

The bulk implications of both will be presented in the
upcoming paper.
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Entanglement Wedge Nesting

. S T Causality Implies EWN

Netta Engeihardt _ N
Operators localized to D|A] commute with operators localized

to a subset of D[A®]. So if D[R] C D|A€], then (1) WEg[R] C
We[A€]. and (2) D[A] € D[R€]. Since Xr = Xge, this means
that Weg[A] € WE[R€]| whenever D[A] C D[R€].
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Entanglement Wedge Nesting
M T Causality Implies EWN i

Operators localized to D[A] commute with operators localized
to a subset of D[A®]. So if D[R] C D[A€], then (1) WE[R] C
WE[A€]. and (2) D[A] c D[R¢]. Since Xg = Xge, this means
that Wg[A] € WE[R€] whenever D[A] C D[R€].

Netta Engelhardt
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Netta Engelhardt

Proof for HRT surfaces wan 12 assuming the null energy condition
(NEC) and certain stability requirements. Later proved for
non-minimal extremal surfaces assuming NEC and continuity

conditions |NE, Wall 13).
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What does it imply?

. - learly, not all possible spacetimes will satisfy EWN: so
something valuable must be extractable from EWN.

Netta Engelhardt
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- learly, not all possible spacetimes will satisfy EWN: so
something valuable must be extractable from EWN.

e
Netta Engelhardt

e [o derive geometric implications of EWN, need to control
the way that extremal surfaces change under deformations
of the boundary conditions.
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What does it imply?

| ¥
oy - learly, not all possible spacetimes will satisfy EWN: so
something valuable must be extractable from EWN.

To derive geometric implications of EWN, need to control
the way that extremal surfaces change under deformations
of the boundary conditions.

This is hard: fairly straightforward (if tedious) to use
geometric arguments to constrain the behavior of extremal
surfaces under assumptions about the spacetime, but very,
very difficult to do the converse: use geometric arguments
to constrain the spacetime.
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ition from Geodesics: Geodesic Deviation

| 2
WEa o - c b ay_ _pa cTd,_b
Netta Engélhardt 18 VC(T VD’T )_ Rcde T n & 1
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|
iition from Geodesics: Geodesic Deviation

___' - m 2
Nnégeah dt TV (TbV ay_ _pa cTd. b
s ol c br] )'— R(‘de T 17 \)'_J 1

A nd+ R P =0
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Equation of Extremal Deviation

Netta Engglhardt xpectation:

Ax?’]a+ Ra

cbd
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Equation of Extremal Deviation

Netta Encglhardt xpectation:
a a ca.b _
Axn® + Rcbdh n- =0

Right idea, but because higher-dim extremal surfaces have
nonzero extrinsic curvature, you have to modify the equation
a bit:
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Equation of Extremal Deviation

xpectation:
Axn® +RZ,qh“In° =0

Right idea, but because higher-dim extremal surfaces have
nonzero extrinsic curvature, you have to modify the equation
a bit:

P2 (Axn® +2S521° + Repgeh®n®) =0

where P’ projects onto the directions normal to X (this is
trivial for a geodesic) and S; contains information about the
extrinsic curvature of X.
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Equation of Extremal Deviation

2

& 1
FIKSWS

- his can be rewritten as an operator equation:
Netta Engelhardt : y :
etta Engelhar: a
(L[#))*=0

e L is a vector operator, acting on vectors normal to X (unless
X is codim 1, in which case it's a scalar operator)

e L[] =0 is a vector equation for an extremal surface X’
where 79 is normal to X and yields the deformation that

gives X'

X
o

XF

|\
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Equation of Extremal Deviation

; T're, his can be rewritten as an operator equation:
Netta Engalhardt. 3
(L[7])" =0

e L is a vector operator, acting on vectors normal to X (unless
X is codim 1, in which case it's a scalar operator)

e L[] =0 is a vector equation for an extremal surface X’
where 79 is normal to X and yields the deformation that

gives X'.
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]

An elliptic operator problem

S and its components in any basis are elliptic second order
vperators (when the extremal surfaces are spacelike).

Netta Engelhardt
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S and its components in any basis are elliptic second order
vperators (when the extremal surfaces are spacelike).

i
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e A lot is known about elliptic operators and their various
properties in mathematics, and we can use all of those

results to study surfaces with vanishing mean curvature — of
any codimension.
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S and its components in any basis are elliptic second order
vperators (when the extremal surfaces are spacelike).

Netta Engelhardt

e A lot is known about elliptic operators and their various
properties in mathematics, and we can use all of those
results to study surfaces with vanishing mean curvature — of
any codimension.

Caveat that applies . extremal
deviation can’t describe global properties and changes in

extremal surfacs. Analysis here is for HRT surfaces that are
smoothly deformable from one another.
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An elliptic operator problem

. S and its components in any basis are elliptic second order
S SO uperators (when the extremal surfaces are spacelike).

e A lot is known about elliptic operators and their various
properties in mathematics, and we can use all of those
results to study surfaces with vanishing mean curvature — of
any codimension.

Caveat that applies . extremal
deviation can’t describe global properties and changes in
extremal surfacs. Analysis here is for HRT surfaces that are
smoothly deformable from one another.

An aside: extremal deviation actually independently
discovered in context of string worldsheets and branes,
which are described by hyperbolic operators. Results here
that are indep of elliptic operator theory are applicable to
those cases as well.

Pirsa: 19020083 Page 26/63




Vector Operator Statement of EWN

‘ -~
Netta Engelhardt L[ﬂ] == 0

is the statement that there exists an extremal surface near
X in the direction n9.

EWN & if n%, > 0 asymptotically, then %1, >0
everywhere.

Another way of saying this is that if we expand
n? = ak? + €2, where k@ is future-directed, €2 is
past-directed, then af > 0 everywhere if a >0 at dX,.
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Minimum Principles
' ~ i

Netta Engelhardt \!; i
FREWS

Recall: maximum principle from 1-variable calculus:

= = >0

u cannot attain a nonpositive local minimum. If u > O at the
boundary of the domain, then u > 0 everywhere.
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Minimum Principles

Netta Engalhardt

Recall: maximum principle from 1-variable calculus:
—u”"+u +5u>0

u cannot attain a nonpositive local minimum. If u > O at the
boundary of the domain, then u > 0 everywhere.

This carries over to scalar elliptic operators, and also to
certain types of vector elliptic operators (“cooperative”
elliptic operators).
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!/lax/Min Principle For Elliptic Systems

Netta Engelhardt or codim< 2, L[n] =0 is either a single (scalar) equation,
or when the NEC is satisfied, it is a “cooperative” elliptic
system.
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EAax/Min Principle For Elliptic Systems

or codim< 2, L[n] =0 is either a single (scalar) equation,
or when the NEC is satisfied, it is a “cooperative” elliptic
system.

Either case, Max/Min Principle applies.

NEC implies (continuous) EWN

max principle = if @ >0 and B> 0 at dX,, and the NEC is
satisfied, then a >0, B> 0 everywhere on X,. This is EWN.

We already knew EWN followed from NEC, but this
derivation takes exactly one line!

What about the other way? W/o NEC, system is not
cooperative for codim 2.
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Scalar Decomposition for EWN

Netta Engelhardt ’ )
e L has two components for the two normal directions to X.
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Scalar Decomposition for EWN

Netta Engalhardt . )
e L has two components for the two normal directions to X.

e We can expand L in a basis {k?, v@} where k?k_, =0 and v?
is any other (independent) vector normal to X.
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Scalar Decomposition for EWN

Netta Engelhardt . )
e L has two components for the two normal directions to X.

e We can expand L in a basis {k4, v@} where k?k, =0 and v?
is any other (independent) vector normal to X.

e After rearranging, we get two scalar equations for extremal
deviation, one of which is:

L[] = 0f + Rapk?k® (1)

where 1 is the component of #? in the v® direction.
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Scalar Decomposition for EWN

Netta Engelhardt _ .
e L has two components for the two normal directions to X.

We can expand L in a basis {k?, v@} where k?k, =0 and v®
is any other (independent) vector normal to X.

After rearranging, we get two scalar equations for extremal
deviation, one of which is:

Ly[§]= 0 + Rapk™k" (1)
where 1 is the component of #? in the v® direction.

EWN is the statement that for any solution to (1) with
p > 0 asymptotically, i > O everywhere.
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From EWN to NEC?
| —

Ly writing the two-dimensional eqn L[] =0 as two scalar
equations, we can make use of Max Principle even without
NEC. This allows us to derive a new result almost

immediately:

Netta Engelhardt

New Result: QEI?

EWN implies that ﬂ(kﬁ-ori cannot be nonpositive everywhere

on an HRT surface unless it is strictly zero everywhere. For
example, if an arbitrarily small (classical) perturbation of pure
AdS (which has T, = 0) has T, < 0 somewhere, it must have
Tk > O elsewhere (for regions w/o shear).

Looks a lot like a quantum energy inequality.
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Beyond Global Violations
= - 1.

Netta Engelhardt \!j 1

FIRSWS

Global results about positivity of Ty, suggest we should look
at perturbations of spacetimes with T, = 0.
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| Beyond Global Violations

Netta Engelhardt
Global results about positivity of Ty, suggest we should look
at perturbations of spacetimes with T, = 0. Like pure AdS.

A careful analysis of the equation of extremal deviation
around AdS results in a derivation of a positive energy
theorem, first established by (e eia) in @ completely
different way:

J 5T >0
X

where 6Ty is the perturbation in the stress-energy tensor
due to the spacetime perturbation.
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An Excellent Question

S ast summer, | gave a talk at a math conference, and the
wrst question | was asked was:

Netta Engelhardt

How do you know extremal surfaces exist in
general?
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An Excellent Question

¥ ast summer, | gave a talk at a math conference, and the
wrst question | was asked was:

Netta Engelhardt

How do you know extremal surfaces exist in
general?
Which was quickly followed by...

How do you know that when they exist, they are
stable?
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An Excellent Question

i
W # ast summer, | gave a talk at a math conference, and the

Netta Engelhardt .
e = wrst question | was asked was:

How do you know extremal surfaces exist in
general?
Which was quickly followed by...

How do you know that when they exist, they are
stable?
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hourced Equation of Extremal Deviation

s
Netta Engelhardt

If an extremal surface Xy exists in a given spacetime
(M, g), how can we be sure it doesn’t disappear under
perturbations (M, g + 6g)?

Sourced Extremal Deviation

Ln] = f(6g) (2)

where f(og) involves Kég and 6. Stability of an extremal
surface under small perturbations of g < (2) has a solution
for any og.
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Fredholm Alternative

Netta Engelhardt redholm Alternative (codim 1 or 2 onl

Let L be an elliptic operator. Then exactly one of the
following two conditions is true:
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Fredholm Alternative

et Erodhie: redholm Alternative (codim 1 or 2 on
Let L be an elliptic operator. Then exactly one of the
following two conditions is true:

1. The equation L[#n] =0 with 4y = O has nontrivial
solutions, or

2.The equation L[n] =f has a unique nontrivial solution for
any f, NomMm #+ 0.
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Fredholm Alternative

Netta Engahardt . redholm Alternative (codim 1 or 2 onli
Let L be an elliptic operator. Then exactly one of the
following two conditions is true:

1. The equation L[#] =0 with 4y = O has nontrivial
solutions, or

2.The equation L{n] =f has a unique nontrivial solution for
any f, NomMm * 0.

An extremal surface Xj is stable under
perturbations iff Xy is locally unique.

Alternatively, Xg is stable iff the spectrum of L contains no
zero eigenvalue.
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A Different notion of Stability

Netta Engelhardt

Time for a small complaint.
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A Different notion of Stability

Netta Engalhardt

Time for a small complaint.

Extremal surfaces in the HRT prescription aren’t actually
extrema of the area functional. They are stationary points,
but not extrema! The distinction is important.

[his is because there is a different, intuitive notion of
stability for surfaces that are actually extremal, like

maximal volume slices. This notion doesn’t make sense for
HRT surfaces.
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|
itability for (Actually) Extremal Surfaces
—

Netta - ngelhardl

Example: consider a great circle on a sphere. It's a minimal
surface between the north and south poles. But if you
extend it beyond the south pole, there are small variations
of it that cause the length to decrease.

(This is simply due to the phenomenon of conjugate points
at the poles).

We can extend this to higher-dim’l surfaces which are
actual extrema by studying the second variations of the
area functional. The details are fairly technical, but it turns
out that there is a unifying principle.
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Stability: Stationary and Extremal

Ry ™ J -
Netta £ ngalhsedl e
Stability

Let L be the deviation operator on a surface X.

1. L is stationary-stable if the spectrum of L has no
zero eigenvalue (this means X is stable under spacetime
perturbations)

2. L is extremal-stable is the spectrum of L is bounded from
below by zero (this means that ithe second variation of the
area (or volume, for codim 1) of X has a definite sign. This can
be thought of as the generalization of X having no conjugate
points for higher-dim surfaces.
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Quantum Extremal Surfaces
S 0 leading order in N and A, S n|R] is given by the HRT

surface Xg, which is a stionary pt of the area, and S y|[R] is
the area of the HRT surface.

Netta Engelhardt

e lo first subleading order in N: (raukner, tewkowyer

Area| Xg]
4 (;Nh

SvN[RI " +Snul[XRl

Ext(X)

2
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Quantum Extremal Surfaces

W ° higher subleading orders in N, the surface itsell changes:
1808 EngelnN 1e surface computing S, n[R] is a stationary pt of A+ S v

Wall 11 |_:Ilnil| hl‘ []llrlll ‘l'\!lli\'.lp 1 '\7/ :

/\rt'&l[x”]

SunIR] = 4Gph

- SnutIXRl

where xr is a stationary pt of A+ S.

Ext(X)
Int(X)

2

Pirsa: 19020083 Page 54/63




Netta Engelhardl

Pirsa: 19020083

quation of Quantum Extremal Deviation

D -
‘

.I'j ‘Suul b
L{n],+4Gh e —(n')" =0.
Xg DXp(p')Dp(p)

where D/DX}} is a functional derivative wrt to variations of

Xn.

In the classical regime, we got an integrated null energy
from EWN. What will we get in the semiclassical regime?
(hint: quantum focusing)
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