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10.ii) de Broglie-Bohm Theory

® A brief history:

® The 15" order form of dBB theory was discovered and then
abandoned by de Broglie in the 1920's.

® dBB was rediscovered, in 2nd order form, by Bohm in 1952.

® The forgotten 1t order form was promoted by Bell in the 1970's
and 80's.

® Proponents still fight over which form is better. | will follow Bell's
approach here.

® See T. Norsen, “Foundations of Quantum Mechanics”
(Springer,2017) for an overview of this theory.
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Ontology of dBB Theory

® The goal of any interpretation is to:

® Provide an ontology: a statement of what exists and how it
behaves.

® Save the phenomena: Explain the quantum predictions and our
everyday experience in terms of the ontology.

® Bohmians typically divide the ontology into two pieces:

@ Primitive ontology: The things that determine what we
experience. Usually assumed to be localized in spacetime -
local beables. In dBB this is particle trajectories.

@ The rest: Needed to determine how the primitive ontology
behaves. In dBB this is the quantum state.
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Single Pariicle Theory in 1-Dimension

® For particles with no internal degrees of freedom (spin), we use the
wavefunction

Y(x,t) = (x|p(t))
® The quantum state obeys the Schrédinger equation: i —— N’) = H|yY)
® dBB also has an actual particle with position X.

® This obeys the guidance equation:

ax 1m(w o 2e0)

dt - m PGP )
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Single Particle Theory in 3-Dimensions

® In 3-dimensions, we infroduce the basis |g) = [x) Q@ |y) & |z)

® For particles with no internal degrees of freedom (spin), we use the
wavefunction

(g, t) = (G () = (x[{yI(zh(t))
® The quantum state obeys the Schrédinger equation: i —— "’b) = H|)

© dBB also has an actual particle with position vector Q
@ This obeys the guidance equation;

a§  11m (¥ @073, 0)

dt " m ¥(q 09D -
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General Case

® To describe N particles, we need to specify a position vector for each of them
q = (41,92 43)

® Notation: § denotes a vectorin R3. q denotes a vector in R3V, called a configuration vector.
® R3Nis called configuration space.
® We can write a quantum state as a wavefunction on configuration space:

P(q. ) = Y(G1, Gz, . Gn, ) = qIp(6)) = (G, G2, .., Gn 1P (0))

® The wavefunction obeys the Schrédinger equation: ia‘la—’f) = H|y)
® dBB also has an actual point in configuration space:

Q = (61) éZJ "'JéN)

@ This obeys the guidance equation:

P R VA CRLATICRS)

At me (g 0P(g.t)

q=Q

Pirsa: 19010029 Page 8/32



Equilibrium Hypothesis and Equivariance

® One more postulate is required to obtain the same predictions as standard
quantum theory - Quantum Equilibrium Hypothesis:

@ Attimet = t,, the probability density of the system occupying configuration

point Q is:
p(Q) = [Y(QI*

® Under the dBB evolution we will show that if this holds at t = t, then it holds at all
times. This is known as equivariance.

® There is controversy about what p(Q) means as dBB is applied to the entire
universe, which only has a single configuration space point.

@ Roughly speaking, if we prepare many systems in the state |y) @ [) Q --- ® [p), the probability
density of configurations is p(Q).

® Note that the quantum state is playing two independent roles:
@ It governs dynamics via the guidance equation.
@ Itis used to set the probability density.
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Continvity Equation For Probability

® Substituting these into

0p . ap(xb) aw( ,0)

E=IIJ (v 1) 0 Y(x,t)
gives 6 Uit oD
g 1 Y(x,t Yr(x,t
ot 2m Y g 92x  0%x e

=iV ()Y (x, O (x, t) —Y(x, )Y (x,t)] (this term cancels)
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Multiple particles

® For multiple particles in 3D, this generalizes to

dp(q,t)
ot

+V-J(qt)=0

with probability current J = (fl,fz, )

-

@t = —1m (¥ (@, OFp(a, )
k\q, my, q, k q
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Bell's derivation of the guidance equation
and equivariance

® Solutions of the Schrédinger equation satisfy the continuity equation:

a ) 2
Iub(c;;lt O ¢ =0
where J(q,t) is the probability current:
J = GuJor e d) Ji@) = 7= Im(p* ) (@)

® If we consider a preparation of X --- we want to consider J as a flow of
particle density rg’rhgr than prot'nléi:ﬁhl/l.p) d

o If we assume this is generated b}/ a velocity field v(q), e.g. as in hydrodynamics,
then J = pv, so the equation for the velocity field should be:

J(q) . _ _h Im(y'vy)
5(a) ve(q) = — 5 (q)

v(q) =

which gives the dBB velocities if we set p(Q) = [(Q)|?.
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Trajectories for a 1D Gaussian
Wavepacket "
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Double-Slit Trajectories
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Measurements in de Broglie-Bohm Theory

@ Dividing the universe into system S and environment E allows us to define a pure state
for the system called the conditional quantum state.

Yo,). = £(Qel¥)se

where Q. is the actual configuration point of the environment.

@ Generally, these do not evolve according to the Schrédinger equation, but they do if
there is decoherence into localized environment states.

@ For example, if Q is the pointer variable after a von Neumann measurement interaction.

@ Model the measurement device as a large number of particles, with outcomes
represented by macroscopically distinct states with very small overlap:

C \ |Q ll
.PP*\ ‘) il %o("lﬂb(‘le )>o

® In a measurement interaction:

[aYo(qs) + BY1(qs)|Pr(qr) —  ayy(qs)Po(qr) + B1(qs)P1(qk)
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Measurements in de Brogle-Bohm Theory

apo(qs)Po(qe) + B1(qs)P1(q5)
o If the lack of position overlap between ®,(qgz) and ®,(qg) persists in time then:

@ The actual configuration of the environment Q¢ is either in the support of
®,(qg) or the support of @, (qg).

® By equivariance, it will be in the support of ®,(qg) with probability |a|? and in
the support of ®,(qg) with probability |]%.

® The conditional state of the system will either be « ,(qs) or « ¥, (qs).
@ Po(gs) and Y, (qs) each evolve according to the Schrédinger equation.

@ The current breaks into two terms J = J, + J;., with J, = 0 in the support of
®,(qg) and vice versaq, i.e. no cross terms in the guidance equation.

© We get an effective collapse into either ,(qs)Py(qg) or Y,(qs)P1(qer) and we
can use the corresponding current J, or J, in the guidance equation to compute
subsequent evolution.
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Measurements in de Broglie-Bohm Theory

©

®©

® Momentum measurement does not measure the dBB momentum my,

If the measurement is an (approximate) position measurement then also
Yo(qs)Y1(qs) =~ 0.

The initial configuration Q¢ of the system is either in the support of P ,(qs) with
probability |a|? or in the support of Y, (gs) with probability |3]?.

The measurement outcome is a deterministic function of Qg: position
measurements simply reveal the pre-existing position.

However, for other observables, e.g. momentum, ¥,(qs)yY,(qs) # 0, i.e. the initial
configuration does not necessarily “belong” to one of the two eigenstates.

Which measurement outcome occurs is a function of both Qs and Q.

d@k
dt *

® The theory is deterministic: outcome uniquely determined by ontic states of
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system and measuring device.

But not outcome deterministic: outcome uniquely determined by ontic state of
system on its own.
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Treatment of Spin

® In the minimalist Bell approach to dBB, no observables apart from position are
part of the primitive ontology.

® Spin only appears in the wavefunction.
® We can write a wavefunction including spin as a spinor, e.g. for a single particle:

. g . - A
Yo(@ ® 1N + 1@ & 1 0 ( %@)

® For N spin-1/2 particles, we would have a 2V dimensional spinor vector.
® The guidance equation is now:

dt mp PP
where - is spinor inner product.

o It is possible instead to have primitive ontic states for any complete orthonormal
basis, but discrete bases require a stochastic guidance equation.
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Counterintuifive Features of dBB
Trajeciories

® dBB trajectories display several features that violate classical intuitions about
particle trajectories.

@ Itisimportant to note that, if decoherence occurs in an environmental basis that
is localized in position, dBB trajectories of the system will approximately follow
classical trajectories.

® dBB doesn't owe us anything more than that. So long as:
@ It reproduces the predictions of quantum theory in measurements.
@ Macroscopic systems typically have approximately classical trajectories.
then the theory saves the phenomena.

® Since quantum and classical predictions are different, dBB trajectories must differ
from classical ones in some situations.

® The question is only if they are weirder than absolutely necessary to reproduce
quantum theory, and whether that is a bad thing.
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Real Stationary States

® Consider a stationary state: y(q, t) = ¢, (q)eEnt/h

o The current is: J.(q) = %Im(w;ﬁkwn)(q), i.e.is independent of t.

® However, if Y, (q) is also a real valued function then:

. h i :

Jk(q) = Zim, (WUnVin — YuVikPp)(q@) = 0

® The particles are also stationary, e.g. particle in an infinite well, hydrogen atom
eigenstates.

/\ C'u&&fw' 4\ /\ _ Ol && 4r\
ve O K
'v: 2 ME n \
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The No-Crossing Rule

® In classical mechanics, phase space trajectories do not cross (except at
singularities) because equations are 29 order and so (g, p) contains enough data
to specify a unique frajectory.

® In dBB the guidance equations is 15 order and there is no back action on the
quantum state from the configuration space point:

© [Y(q,t), Q(ty)] and [(q, to), Q'(ty)] specify unique trajectories.

© Trajectories associated with the same wavefunction evolution cannot cross in
configuration space.

® This is responsible for almost all the weird features of dBB trajectories.

® Note: with decoherence into localized environment states:
a)o(qs)Po(qz) + B1(qs)P1(qE)
trajectories can cross in the system configuration space because Qg is necessarily

different in the two branches. This is needed to recover classical frajectories.
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Emptly Waves Steal the Particle
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Consequences for Mach-Zehnder
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Surreal Trajectiories
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KS Contexiuality in de Broglie-Bohm

KS Contextuality occurs in dBB because the outcome of an experiment depends
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on Qs,Y(qs), Qg, Pr(qr). and the interaction Hamiltonian, and not on Qg, Y(qs)
alone.

Example: Stern-Gerlach measurement of ¥(qs) ® (al| T) + B| 1))

W Nk
o

No-crossing rule = some g switch between giving spin up and spin down
outcomes when we rotate the magnets by 180°.

This is more contextual than implied by KS, which can only be proved ind > 3.
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Underdetermination

® The only property of the guidance equation needed to reproduce the quantum

predictions is equivariance: p(Q, t,) = [Y(Q,t,)|? — p(Q,t) = |P(Q,t)|? for all other
t.

® Any other equivariant dynamics would do just as well, e.g. (e peotto, G. Ghiradr, Found.phys.
28:1-30 (1998))

dQx _ h Im(yp*v,y) Jo(Qk) : &7
it  mp Py (Q)+w*w(o) Ll

® Further:
® We could add more primitive variables, e.g. spin with stochastic dynamics.
@ We could use a different basis, e.g. momentum.
® We could even use a POVM, e.g. coherent states.
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The Equilibrivm Hypothesis

® The quantum state plays two roles in dBB:
@ Dynamical: it appears in the guidance equation.

® Probabilistic: We set p(q,t,) = |¥(q,ty)|? as a postulate — quantum equilibrium
hypothesis.

® These two roles are independent, we could set the probability density to anything
else.

® There is evidence (analytic and numerical) that, under suitable coarse-graining,
other densities relax to |y (q, t,)|? over time, akin equilibriation in statistical
mechanics.

® Valentini posits that nonequilibrium states may have occurred in the early
universe.

@ This would resolve some of the underdetermination, but leads to the bold
hypothesis that superluminal signaling occurs in our universe.
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Relativistic Generalizations of de Broglie-
Bohm

o Generdlizations of dBB to relativistic QFT have been developed. There are various
versions:

@ Particle ontology vs. field ontology.
@ An ontology with particle occupation numbers requires stochastic dynamics.

® A mixture of the two, e.g. particles for fermions and fields for bosons, only
fermions and treat bosons like spin or vice versa.

® These theories cannot be fundamentally Lorentz invariant:

® Under the equilibrium hypothesis, the operational predictions are Lorentz
invariant.

@ But the theories violate parameter independence - there is superluminal
signaling at the ontic level.

@ These effects would become observable in nonequilibrium states.
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Summary

® dBB provides a coherent ontology with straightforward equations of motion, and
saves the phenomena.

® Trajectories do not obey common intuitions, but arguably this must be so if they
are to reproduce quantum phenomena.

®© dBB arguably more weird than an interpretation has to be, i.e.
@ Contextual in ways that QM does not require.
® Nonlocal in experiments that have local explanations.
@ P-ontic even for experiments that have good y-epistemic explanations.

® Taking the equilibrium hypothesis as a postulate is a fine tuning and leads to
underdetermination of the theory.

® Viewing it as emergent removes the underdetermination, but leads to the bold
hypothesis that we should expect to see explicit Lorentz violation, i.e. signaling,
somewhere in nature.

® dBBis a good counterexample to many exaggerated claims about QM.
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