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9) The Classical Limit of Quantum
Theory

Requirements for the Classical Limit
2) Wigner-Moyal Formalism
' Spreading of Wavepackets

1) Coherent States
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9.1) Requirements of the Classical Limit

Disappearance of typical Quantum Phenomena
Actualization of Measurement Outcomes

Recovery of the Equations of Classical Mechanics
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Disappearance of Quantum Phenomena

In the classical limit, we expect that typical guantum phenomena
should disappear or become effectively unobservable, e.g.

Quantum interference (except for electromagnetic fields)
Incompatibility of observables
Contextuality, nonlocality, etc.

Taken together, this says that our experiment should be

describable by classical probability theory instead of the rules of
quantum theory.

This can be understood independently of interpretation.
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Actualization of Measurement OQutcomes

If we solve the first question then we will have a description of
our system in terms of classical probabilities.

How do we know that those probabilities can be interpreted in
terms of classical uncertainty?

e.g. even if we specify Prob(cat alive) = Prob(cat dead) = % and it is

not practical to perform an interference experiment, how do we know
that this describes a situation in which EITHER the cat is dead OR it is
alive and we simply do not know which.

It could still be that the cat is in some kind of indefinite state until we
actually observe it.

This cannot be solved without positing an ontology for the
theory, so it is definitely an interpretation dependent question.
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Recovery of the Equations of Classical
Mechanics

We should be able to identify quantities that obey the equations
of classical mechanics, but note that there are two options here:

The Liouville Limit: A probability density on phase space obeys the
Liouville equation

n
0
a—€={H,p} where {H,p}=2’
=

dp 0H dp aH]
dpj0q; 0q;0p;

The Trajectory Limit: There exist canonically conjugate variables that

obey Hamilton’s equations
dpj i oH de . dH

dt ~  dq;’ dt ~ dp,
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Recovery of the Equations of Classical
Mechanics

In a Y-complete theory, we should be able to derive the trajectory
limit:
We observe classical systems travelling along definite trajectories. If the

guantum state is all there is, we somehow need to derive this from the unitary
evolution of a quantum state.

In a Y-epistemic theory, we only expect the Liouville limit:

The quantum state has the same status as a probability density, so we should
expect it to behave as such in the classical limit. Whatever travels along
trajectories is not described by standard quantum theory.

In a Y-ontic, but not Y-complete, interpretation, it is completely non-
obvious what to expect.

So this is a subtly interpretation dependent question: what might be
perceived as a failure of classicality on one view need not be from
other points of view.
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An Important Caveat

The Newtonian limit of Special Relativity is straightforward:

Any particle travelling with v <« ¢ will approximately obey classical
equations of motion.

Carefully engineered mesoscopic quantum systems display
quantum effects and we expect this can in principle be extended
to arbitrarily macroscopic systems.

So we only expect to obtain the classical limit for quantum states and

Hamiltonians that are typically found in nature, and only with high
probability.

It is more like the derivation of thermodynamics from statistical
mechanics:

i.e. only typical initial states give rise to the second law, only if the
dynamics is sufficiently mixing, and only with high probability.
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9.2) Wigner-Moyal Formalism

Classical mechanics is formulated on phase space whereas
quantum theory is formulated in Hilbert space. We need a
common mathematical language to connect the two.

We will formulate quantum theory in phase space. This leads to
the Wigner-Moyal formalism.

For simplicity, we will focus on the case of a single particle in one
dimension without spin. The ideas can be extended to more
general systems.
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Pseudo-Probability Densities

The first thing we have to do is to convert a quantum state p € L(L*(x))

idnto a function W (x, p) on phase space that is analogous to a probability
ensity.

We associate a Hermitian operator Ax,p to each point in phase space,
called a phase point operator.

We then define W (x, p) = Tr(A, ,p)
If we choose these operators to be (over)-complete, i.e.

+ 00 400
f dxf dp Ayp =1

400 400
f dx dp W(x,p) =1

— 00 — 00

In this case W (x, p) is called a pseudo-probability density. Note that it
can take negative values.

then
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Pseudo-Probability Densities

Suppose that we further require that the phase point operators
are orthonogonal

Tr(AgpAyr 1) = N6Gx — x)8(p — p')

Then we can recover the density operator via

1 + 00 + o
P = Nf dxf dp W(x:p)Ax,p
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Observables

Now consider an observable (self-adjoint operator) M. This should
become a function on phase space. If we define

i
My (x,p) = = Tr(Ax pM)

then we will have M = f dxf dp My, (x,p)Ay,» and hence

Tr(Mp) = f +oodx L :Odp E:odx f dp’ My, (x, p)W (x, ) Tr(Ax pAyr 1)

_ f i f dp My (x, )W (x, p)

so the formula for taking expectation values is the same as in classical
probability.
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Dynamics

Now let’s look at time evolution

dp 1 dW(x,p) 1

i - miel = T

Tr(Ay»[H, p])

dW(x,p) 1 (*°
dt  NinJ_,,

dx’dp’dx”dp”HW(x',p’)W(x”,p”)Tl‘(Ax,p[A I Ax”,p"])

X ,p’
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x-product and Moyal Bracket

To neaten this up, we can define a (non-commutative) product of
functions

+00
fxglx,p) = Ni h[ dx'dp'dx"dp" f(x", p")g(x", 0" )Tr(Ax pAyr 1, Ayrr pir)

and we define the Moyal Bracket as
Waty=rrg—g+f

Then we will have

dw
E = {{HW! W}}

so we have a formal analogy with the Liouville equation % =1H, o}
where the Poisson bracket gets replaced with the Moyal Bracket.
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Wigner Function

A particular choice of pseudo-probability density is the Wigner
function, where the phase-point operators are chosen to be

f dy ePy/h ‘x+y>(x—z

A
2 2

P =k

These are orthogonal Tr(Ax pAyt 1) = —5(x —x")8(p —p’) and
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Wigner Functions for Harmonic
Oscillator Energy Eigenstates

\ 10)

J S Lundeen at English Wikipedia [Public domain], via Wikimedia Commons
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Wigner Function

The Wigner function is the unique pseudo probability density
satisfying a set of natural conditions, which we won’t list in full
here. However, two of its useful properties are:

Correct marginal distributions:

+ 00 +00
f dx W(x,p) = (plplp), f dp W(x,p) = (x|p|x)

Galilean Invariance:
If p —» e~t@P/hpelaP/h then W (x,p) = W(x — a,p)
If p > e~ PX/hpeibX/h then W (x,p) » W (x,p — b)
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Wigner-Moyal Dynamics

We can expand the Moyal bracket as a formal power series in f.
This gives

dW
E o {{HW! W}} = {HW1 W} + O(hz)

It looks like we have derived a Liouville limit. Quantum
corrections to the Liouville equation are of order #?

We can also derive the corresponding equation for observables

dM
S (M, Hy}) = My, Hyd + 0(4%)
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Caution!

Although it looks like we approximately have Liouville’s equation:
W (x, p) may have negative values, which is highly nonclassical.

Not all observables correspond to the functions you would expect in the
Wigner-Moyal formalism.

If M is a Weyl-ordered polynomial in X and p then we get what we
expect

M = (22p + 2p% + px?) gives My (x,p) = x?p

Other observables do not

M = £px gives My (x,p) = x*p + a complicated integral
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9.3) Spreading of Wavepackets

We will now look at some examples where we get an exact Liouville limit,
i.e. the O(h?) term is zero.

First consider a free particle H = pz/Zqz in a Gaussian state

tp(x, 0) = ( )4 e“(x—a)2/40'2

2102

1 (x—a)*  20°p*
W(x,p,O)=Eexp [— o 72

) h . i, . h
Thishas Ax =0, Ap = 2o SO is @ minimum uncertainty state Ax4p = -
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9.3) Spreading of Wavepackets

*Inunitsh =1, seto = 1/\/?, m = 1kg, a = 0. Plot 10nW

t=20 t=095s

10.0 10.0
5.0 5.0

0.0
-10.0

0.0

10.0 -10.0 10.0

10.0 -10.0 10.0 -10.0

* We get a good Liouville limit, but not a trajectory limit.
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Gaussian Quantum Mechanics

Generally, we find that Gaussian Quantum Mechanics has an
exact Liouville limit. If:

States have Gaussian distributions as their Wigner functions

Hamiltonians preserve Gaussianity = they are at most quadratic in the
canonical variables

H =a+ bx +cp +dx?*+ey* + fxy
POVMs are represented by Gaussian functions.

then the Wigner-Moyal formalism is identical to the Liouville
equation. See s.Bartlett, T. Rudolph, R. Spekkens, Phys. Rev. A 86, 012103 (2012) fOr proof.

But this does not generally give a trajectory limit.
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9.4) Coherent States

To get a trajectory limit we want:

Wavepackets with minimal uncertainty in both position and
momentum.

Centroids of those wavepackets obey Hamiltonian mechanics.

The wavepackets do not spread over time.

Such wavepackets are called coherent states and they only exist
for a limited class of Hamiltonians.
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Coherent States of the Harmonic
Oscillator

Consider the Harmonic oscillator Hamiltonian H = (a*a + %) hw

We define a coherent state as an eigenstate of the lowering

operator
ala) = ala)

Since a is not self-adjoint, its eigenvalues are complex. If we write

them as
1( ma)X+, P )
Q=— /— i
V2 h Vmowh

then we can identify them with points in phase space.
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Coherent States of the Harmonic
Oscillator

Calculating the Wigner function of a coherent state, we get

1 mw . 1 =
W(x,p) = — €xp _T(x —9 —W(P ~P)
so it is a Gaussian centered at (X, P) with uncertainties
h mwh h
Ax=V%, Apsz = AXAP=E

More importantly, W (x, p) maintains its form over time with

X(t) = Asin(wt + ¢), P(t) = mwAcos(wt + ¢)
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Coherent States of the Harmonic
Oscillator

Curtright [CC BY-SA 4.0 (https://creativecommons.org/licenses/by-sa/4.0)], from Wikimedia Commons
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Coherent States of the Harmonic
Oscillator

Curtright [CC BY-SA 4.0 (https://creativecommons.org/licenses/by-sa/4.0)], from Wikimedia Commons
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Coherent States of the Harmonic
Oscillator

Curtright [CC BY-SA 4.0 (https://creativecommons.org/licenses/by-sa/4.0)], from Wikimedia Commons
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Coherent States of the Harmonic
Oscillator

Curtright [CC BY-SA 4.0 (https://creativecommons.org/licenses/by-sa/4.0)], from Wikimedia Commons
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Coherent States of the Harmonic
Oscillator

Curtright [CC BY-SA 4.0 (https://creativecommons.org/licenses/by-sa/4.0)], from Wikimedia Commons
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Coherent States of the Harmonic
Oscillator

Curtright [CC BY-SA 4.0 (https://creativecommons.org/licenses/by-sa/4.0)], from Wikimedia Commons
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Coherent States of the Harmonic
Oscillator

Curtright [CC BY-SA 4.0 (https://creativecommons.org/licenses/by-sa/4.0)], from Wikimedia Commons
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Coherent States in General

Most bosonic fields in nature have (approximate) coherent states

Example: Electromagnetic field. Ignoring photon-photon
interactions (which are order g*) the EM field has coherent
states that are approximately localized around specific values of

E and B. These obey the free-field Maxwell equations.

So long as the photons do not scatter off a charged particle
(which would cause entanglement) we can take these as a model

for coherent light travelling in free space, e.g. a laser beam.

irsa: 19010028 Page 34/53



Summary So Far

Gaussian quantum mechanics has a well defined Liouville limit.
Coherent states have a trajectory limit.

Both of these are severe restrictions on the class of states and
Hamiltonians we can deal with.

As soon as we introduce interactions, the EM field Hamiltonian is no
longer quadratic.

Even superpositions of two Gaussian states have negative Wigner
functions.

If we want a trajectory limit, we can’t even have all Gaussian states and
quadratic Hamiltonians due to spreading in phase space.
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Example: Schrodinger Cat State

Superposition of two coherent | - : )
states of a harmonic oscillator. ] \’

The Wigner function is negative at My
some points (blue regions). This is W//f
responsible for interference. '

As the two components are moved
further apart, there is less
negativity, but it is always there DRI R [
and can be amplified by moving AL FPPLIS. SR 'f
them together.

We need to get rid of the P
negativity to model this as a .~ = S S—
classical particle that is in one of Emilio Pisanty [CC BY-SA 4.0

two states. (https://creativecommons.org/licenses/by-
sa/4.0)], from Wikimedia Commons

SN
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Example: Schrodinger Cat State

Superposition of two coherent | a :- >
states of a harmonic oscillator. j | |/

The Wigner function is negative at )
some points (blue regions). This is { %
responsible for interference.

As the two components are moved o
further apart, there is less
negativity, but it is always there TRRTUIE SO B
and can be amplified by moving e B Lt 'f
them together.

We need to get rid of the

« - P P ¥
negativity to model this as a bt e et Mo
classical particle that is in one of Emilio Pisanty [CC BY-SA 4.0
two states. (https://creativecommons.org/licenses/by-

sa/4.0)], from Wikimedia Commons
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Example: Schrodinger Cat State

Superposition of two coherent
states of a harmonic oscillator.

The Wigner function is negative at
some points (blue regions). This is
responsible for interference.

As the two components are moved
further apart, there is less
negativity, but it is always there
and can be amplified by moving
them together.

We need to get rid of the
negativity to model this as a
classical particle that is in one of
two states.

Emilio Pisanty [CC BY-SA 4.0

(https://creativecommons.org/licenses/by-
sa/4.0)], from Wikimedia Commons
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Example: Schrodinger Cat State

Superposition of two coherent
states of a harmonic oscillator.

The Wigner function is negative at
some points (blue regions). This is
responsible for interference.

As the two components are moved
further apart, there is less
negativity, but it is always there
and can be amplified by moving
them together.

We need to get rid of the
negativity to model this as a
classical particle that is in one of
two states.

S’

Emilio Pisanty [CC BY-SA 4.0

(https://creativecommons.org/licenses/by-
sa/4.0)], from Wikimedia Commons

Page 39/53



Pirsa: 19010028

Example: Schrodinger Cat State

Superposition of two coherent
states of a harmonic oscillator.

The Wigner function is negative at
some points (blue regions). This is
responsible for interference.

As the two components are moved
further apart, there is less
negativity, but it is always there
and can be amplified by moving
them together.

We need to get rid of the
negativity to model this as a
classical particle that is in one of
two states.

Emilio Pisanty [CC BY-SA 4.0

i Pl

(https://creativecommons.org/licenses/by-
sa/4.0)], from Wikimedia Commons
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9.5) Environmentally Induced
Decoherence

Suppose we have a system in a superposition of two macroscopically
distinct (approximately) orthogonal states

1Y) = aly) + Bl2)

e.g. |Y,) = |cat alive), [Y,) = |cat dead) or |r,bj) = a large object at two
different locations.

The system is interacting with the environment all the time, e.g.
photons and air molecules scatter off it.

Suppose the system is initially uncorrelated with the scattering

particle
[P xo0)

The scattered particle gets correlated (not necessarily a lot) with the
system, but the interaction hardly perturbs the system.

|1/)j>|Xo) = |l/)j)|){j) with |{x1lx2)| not necessarily = 0.
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9.5) Environmentally Induced
Decoherence

After one scattering event, the joint state will be

alp ) x1) + Bl x2)

and the reduced density operator of the system will be

P = |a|2|¢1)<¢1|+|ﬁ|2|1/)2>(1/)2|
+aB (x2  x NP 2| + Ba™ (el x2) 12 |

After N scattering events, we will have

alp)x)®N + Blpa)xz)®N
and

p= |a|2|¢1)(¢1|+|18|2|l/J2>('l)2|
+aB (x| + Ba (e lx2)™ 12w |
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