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Measurement Contextuality

Define an equivalence relation on measurement-outcome pairs in an
operational theory:
(M,K)~(N,l) & Prob(k|P,M) = Prob(l|P,N) for all preparations P.
In particular, if Eff = E} then (M, k)~(M, [).
An ontological model is measurement noncontextual if,
- (M, k)~(N,l) = Pr(k|M,A) = Pr(l|N, 7).

In words, whenever there is no observable distinction between two
measurement-outcome pairs, they are represented bv the same
response function in the ontological model.

A model that is not measurement noncontextual
measurement contextual.
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Measurement Contextuality

Define an equivalence relation on measurement-outcome pairs in an
operational theory:

(M,k)~(N,l) & Prob(k|P,M) = Prob(l|P,N) for all preparations P.
In particular, if E}f = E} then (M, k)~(M, [).
An ontological model is measurement noncontextual if,
(M, k)~(N,l) = Pr(k|M,A) = Pr(l|N, A).

In words, whenever there is no observable distinction between two
measurement-outcome pairs, they are represented by the same
response function in the ontological model.

A model that is not measurement noncontextual is called
measurement contextual.
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Kochen-Specker Contextuality

Measurement noncontextual models exist:
e.g. Beltrametti-Bugajski: Pr(k|M, 1) = Tr( E} |A)(A)).
A Kochen-Specker (KS) noncontextual model is:
A model that only contains projective measurements.
Measurement noncontextual.
Outcome deterministic: Pr(I1|A) = 0 or 1 for all A.
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Noncontextuality Inequalities

People sometimes want to detect contextuality using inequalities like we do for nonlocality
in Bell’s theorem.

Example: 18 ray proof.

’6'9 - E‘QLL\ SrO“PQJ SQE of' UU’E\LeS 1S abus.'g ; one
UQLLur &Lod.l agl- \quu,e_ 1 / LL(_ f"e,sly O £ 1,
- Bt howaver yow |;;-t.5 Lo, da this “thereie alwﬁﬂg

one basts lebk oder thab cannst el EiERS

S i Pt‘:nfl'- t‘\nm Suv:) (;’La.lr - Wa! cA l\on(.-of\l'e,\c‘(ua.\
%k0°rﬂ

2 Pr(4n) <&

= Howwa#, bt @8 wWrony [ an bheorq mMusk
Pra«l.c{— a velid Pro‘au\o;\fLJ eslbri B obroa for

RV mensremenlt =D no nonconkexbual model exists.

Pirsa: 19010026 Page 6/39



Noncontextual Sets
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Noncontextual Sets
O In o K noncontexbual model, we would have
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Noncontextuality Inequalities Revisited
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Noncontextuality Inequalities Revisited
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CSW Noncontextuality Inequalities
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CSW Noncontextuality Inequalities
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Example: Klyatchko Inequality
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Example: Klyatchko Inequality
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8.5) W-Ontology

We now wish to investigate whether the (pure) quantum state has to be

part of the ontology as it is in Beltrametti-Bugajski, the Bell model and de
Broglie-Bohm theory.

Our objective is to determine whether the kind of y-epistemic explanations
that occur in the Spekkens toy theory can work in quantum theory.

| will use naughty notation Pr(A|y) for epistemic states:
We can only prove preparation contextuality for mixed states anyway.

What we will prove applies to any method of preparing |), so it is best
to avoid cluttering notation.

Page 16/39



Definitions

For two quantum states [y) and |®), we define their epistemic
overlap in an ontological model as:

LG, §) = f dA min[Pr(Alp), Pr(A|$)]

A
/]

Pr(x\¢)

L AN

Le(‘}’,ﬁb)
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Epistemic Overlap and State
Discrimination

The operational interpretation of L, (Y, @) is that, if you know 4,
the optimal probability of correctly whether [Y)) or |1)) was
prepared if you know A is

Psucc = ';'(2 - LE(IIJ: ®))
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Definitions

|1p) and |¢) are ontologically distinct in an ontological model if L, (¢, y) = 0.
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An ontological model is called )-ontic if every pair of pure states in the model is
ontologically distinct. Otherwise, it is called i-epistemic.
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YP-epistemic models exist

-epistemic models exist in all finite Hilbert space dimensions.
For d=2, the Kochen-Specker model is i)-epistemic.

For d>2, it was proved by Lewis et. al. (Phys. Rev. Lett. 109:150404 (2012)) and
Aaronson et. al. (Phys. Rev. A 88:032111 (2013)).
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What next for y-ontology?

Given that -epistemic models exist, is that the end of the
story? No.

We can try to prove something weaker than y-ontology, that still makes
-epistemic explanations implausible:

= non maximal -epistemicity

We can add additional assumptions to the ontological models
framework to prove i-ontology:

= Pusey-Barrett-Rudolph (PBR) theorem
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Maximally ¥-epistemic models

Consider the yY-epistemic explanation of the indistinguishability of quantum states
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This explanation is rendered implausible if a suitable measure of the overlap of the
probability distributions is small compared to a suitable measure of the
overlap/indistinguishability of the quantum states.
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Maximally y-epistemic models

We need to be comparing measures of quantum and probability overlap that have a
comparable operational meaning.

We already have the epistemic overlap measure:
L.(, ) = f dA min[Pr(A[y), Pr(A|)]
A

This measure has the following interpretation:

If the system is prepared in state |i) or state |¢b) with 50/50 probability and you don’t know which, then if
you knew the exact ontic state A your optimal probability of guessing correctly is

p=32-L, )
The comparable quantum overlap measure is:

Lo, $) = 1 =1 - [oly)I?
If the system is prepared in state |if’) or state |¢b) with 50/50 probability and you don’t know which, then if
you want to guess based on the outcome of a quantum measurement, your optimal probability of guessing

correctly is
p=202-L,(,9))
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Maximally y-epistemic models

An ontological model is maximally )-epistemic if, for every pair of pure
states [y) and | ),

Le(l.bi (P) = Lq W, 9).

The indistinguishability of nonorthogonal states is entirely accounted for by the
indistinguishability of the epistemic states.

Spekkens’ toy theory and the Kochen-Specker model are maximally -
epistemic.

But such models can be ruled out for d > 3 using noncontextuality
inequalities.
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Ruling out Maximally -epistemic

models
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Ruling out Maximally y-epistemic

models
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Maximally y-epistemic models

We need to be comparing measures of quantum and probability overlap that have a
comparable operational meaning.

We already have the epistemic overlap measure:
L.(, ) = f dA min[Pr(A[y), Pr(A|)]
A

This measure has the following interpretation:

If the system is prepared in state |i) or state |¢b) with 50/50 probability and you don’t know which, then if
you knew the exact ontic state A your optimal probability of guessing correctly is

p=32-L, )
The comparable quantum overlap measure is:

Lo, $) = 1 =1 - [oly)I?
If the system is prepared in state |if’) or state |¢b) with 50/50 probability and you don’t know which, then if
you want to guess based on the outcome of a quantum measurement, your optimal probability of guessing

correctly is
p=202-L,(,9))
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Ruling out Maximally y-epistemic
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Results from Various Contextuality
Inequalities

Barrett et. al. Prime power
d>4

Leifer d=>3

Branciard

Amaral et. al.

J. Barrrett et. al., Phys. Rev. Lett. 112, 250403 (2014)
M. Leifer, Phys. Rev. Lett. 112, 160404 (2014)

C. Branciard, Phys. Rev. Lett. 113, 020409 (2014)

B. Amaral et. al., Phys. Rev. A 92, 062125 (2015)

1-.J1-1/d
1 /=1/d

- - 1. -1/(d=- i
1-J1-Enlﬂiﬂ

g gﬁ
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Barrett et. al.

Leifer

Branciard

Amaral et. al.
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Optimizing for (L;) — (L)

0.0715

0.0586
0.134
0.293
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[s non maximal -epistemicity
significant?

In any ontological model, there are two ways of explaining the
indistinguishability of quantum states:
The epistemic states overlap.
Quantum measurements only reveal coarse-grained information about
A.
It is not clear why the second explanation should not play some
role in a Y-epistemic theory.

Therefore, | would say that we want to get (L;) — (L,) as close
to 1 as possible in order to convincingly rule out Y-epistemic
models.
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The PBR Theorem

The PBR Theorem (Nature Physics 8:475-478 (2012)) proves that ontological models have

to be Y-ontic under an additional assumption called the Preparation Independence
Postulate (PIP).

The PIP can be broken down into two assumptions:

The Cartesian Product Assumption:

When two systems are prepared independently in a product state |)4 & |¢)g, the
joint ontic state space is Ayp = Ay X Ap, i.e. each system has its own ontic state, i.e. the

ontic state of the joint system is 4,5 = (44, 45), where A, is the ontic state of system A
and A is the ontic state of system B.

The No Correlation Assumption:

The epistemic state correspondingto |Y), @ [¢)p is:

Pr(Aa, Ag1¥a, #5) = Pr(41¥a)Pr(Az]ds)
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Comments on the PIP

In general, a joint system with two subsystems might have global ontic
properties that do not reduce to properties of the individual subsystem:s.

In a Y-ontic model with entangled states this would be the case: |1) 45 is not a
property of either subsystem.

So, in general, we need Ay = Ay X Ag X Aglobal'
All we really require from the Cartesian Product Assumption is that Aglobal plays no

role in determining measurement outcomes when we prepare a product state, e.g. for
product states 4, € Aglobal always takes the same specific value.

Then, the No Correlation Assumption should be read as applying to the marginal on
Ay X Ag.
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The PBR Theorem

Theorem: An ontological model of quantum theory that satisfies the PIP
must be i)-ontic.

You will prove this in a tutorial. Strategy:

Prove that |1);) and |y),) must be ontologically distinct whenever
1

(a2} = 5.

Prove the case |(,|y,)|? < % by reduction to 1.

Prove the case% < [{(y11¥2)]? < 1 by reduction to 2.
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Prospects for ¥-ontology theorems

The PBR theorem renders&b-epistemic explanations implausible
within the ontological models framework.

The upshot of overlap bounds is more ambiguous.

Apart from fundamental interest, Y-ontology theorems are

interesting because they imply most of the other known no-go
theorems.

From this point of view, the extra assumptions needed for PBR are not ideal.
It is still possible that:
Better overlap bounds could be obtained.

Y-epistemic models are impossible for infinite dimensional Hilbert Spaces.

1)-epistemic models are impossible for POVMs (We already know that the
Kochen-Specker model cannot be extended to POVMs).
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