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4.7) Transpose, Conjugate, Duals, and
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A Bit of Diagrammatic Trickery
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Fun With Diagrams
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Dual /Adjoint
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Summary

)
-
t k‘{/ f = COf‘juﬂu\'b >f \'V

* Diagrams with the yanking axioms, conjugate, transpose, and adjoint are known

as string diagrams.
* Everything you can do by imagining the wires are made of string, rotating boxes,

and sliding them along the strings corresponds to a valid mathematical proof.
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Partial Trace
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4.9) Vector Operator Correspondence
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Getting Rid of Awkward Boxes
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4.10) Quantum Teleportation e..
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If Alice and Bob can do it if they pre-share two qubits in the entangled state

1
|(D+>A’B — ﬁ(lOO)A’B + |11)AIB)
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Quantum Teleportation Protocol

Alice and Bob share two qubits in the entangled state
1
dY i = —(100) 4rp + |11)
| A'B \/f(l ap +111), B)

Alice performs a joint measurement of her system A in the unknown state |Y))4
and A’ in the Bell basis

1
|(Di>AAr = @('00)1414’ £ [11),40)
|Lpi>AA =—(101) 4,7 £ 110) ')
"7

Alice communicates the outcome to Bob. There are 4 possible outcomes, so 2
bits of communication.

Depending on the outcome, Bob applies one of four unitary operations to his
qubit B. This transforms his system to [) 5.
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Proving it Works Using Diagrams

Recall the Yanking axiom
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Proving it Works Using Diagrams

Now |d*) = \/—15 (]00) + |11)) = % |6), so this axiom tells us that:
T (1;4»\
| \ \ l
l B Ehe A R
: 2 a0 e

L il

In other words, if you prepare |®*),5 and get the outcome|®*) , ,/ in a
. : 1
measurement, you’ll get an identity channel from A to B, up to a factor of =

1. : ) :
The factor S is just a scalar in front of the output state. It’s modulus squared is

the probability of this outcome happening, which is i.
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Proving it Works Using Diagrams

What about the other 3 outcomes. Well, the four unitary matrices U,, U;, U5 are
orthogonal according to the Hilbert-Schmidt inner product

Tr(U] Uy) = 26

We can convert them into states using the vector-operator correspondence:

I
7 — |\ B
-——x”-

This correspondence preserves inner products, so we will get an orthogonal basis.

Would you believe that these are just the four states in the Bell basis (up to
normalization)?
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Proving it Works Using Diagrams

So, let’s see what happens when we measure in this basis. We already
proved:

7 - 3

Hence:

R g—
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Proving it Works Using Diagrams

So this shows that the total effect is to perform the transformation U = Uj
to the system, which Bob can undo with (U ) = UT

By the way, unitarity in diagrams is expressed as
|

LU

| v/

So, if we include Bob’s correction in the diagram, we get:
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Proving it Works Using Diagrams

So, let’s see what happens when we measure in this basis. We already
proved:

7 - 3

Hence:

R g—
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5) The Generalized Formalism

The Two Churches of Quantum Theory

The Hilbert Space of Hermitian Matrices

Density Operators

Positive Operator Valued Measures (POVMs)
Completely Positive Trace Preserving (CPT) Maps
The Lindblad Equation
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5.1) The Two Churches of Quantum
Theory
The Church of The Larger Hilbert Space:

Quantum theory is a dynamical theory, akin to a classical field theory, but
with a weirder object called the wavefunction in place of a classical field.

All is to be derived from a quantum state (of the universe in principle)
evolving unitarily according to the Schrédinger equation.

Today, we will allow projective measurements as well, but see lecture on
Everett/many-worlds for how to derive them.

The Church of The Smaller Hilbert Space:

Something strange has happened to our physical variables: they have become
noncommutative.

Quantum theory is the only consistent probability theory for such variables.
In this section, we will give both churches views on each construction.
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5.2) The Hilbert Space of Hermitian

Matrices
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The Space of Hermitian Matrices
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Hermitian Bases
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Hermitian Matrices are Self-Dual
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5.3) Density Operators
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The View from the Larger Church
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The View From The Larger Church
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An aside on positive operators
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An aside

on positive operators
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Properties of the density operator
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Properties of the density operator
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Properties of the density operator
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Yet More Fun With Diagrams

The partial tracle of a maximally entangled state is maximally mixIed
|CD+)A,4’ = E(lOO)AA’ + |11)AA’) TrA'(ch+)(cD+|AA’) = E

Since |8) 4 4r = V2|P*) , 1, this is equivalent to Tryr (|OWS]| 447) = I
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The View from the Smaller Church
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