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Motivation

« AdS/Tensor Network conjecture [Swingl

Bulk umeslhice in AdS

Tensor Network

« This conjecture explains RT formula.

+ Useful tool to draw quantum mformaton theory
from AdS/CFT, such as Fidelity Suscepubiliny

and Entanglement of Purtheaton ete
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Problems & Questions

« Continuum limait

+ General formalism including interaction?

+ Known only for free theories  [Hacecman ol

+ Luck of precise correspondence between metric and TN,

+ Time dependence

+ No Cauchy shee on which all HRT surfaces hve.
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« Optmization ol path mtegral :

Path integral representation of Contimuons tensor network.

Bulk metric from path integral and optimizaton.

* Relation to complexity. ——

>
—==4

da? = peten) (g

Entanglement wedge

Cross section.
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. Tensor Network and AdS/CFT
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Efhcient representation of ground state wave function,
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* RG flow in real space: flow of coarse grained states.

* Grounds state gets simplified and loses short range entanglement.
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Entanglement entropy of both tensor network state and vacuum
state ol holographic CF1 are given by the arca of mimmal surface.

Conjecture [so

Tensor network = Timeslice of bulk spacetime in AdS/CIFT

Timeshice of AdSg4 Tensor network
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2. AdS from optimization

+ Path integral representation of Continuous tensor network.

& + Bulk metric from path integral and “opumizaton™.

+ Relaton to complexity.
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Deforming uclidean Path Integral

ML Lakavan er Watamabe H[ k. K N Lok, W b

In Euchidean path tegral, ground state wave function s

e "op)

(m(llglurm> o lim ((f)(}
T -0

- e _/Dd)(:r T) e JZ< dT [ dzLgé(z.7))
13 T < —¢€
@z, —¢) = dy(x)
< —"“) We will deform this path integral!
==
é(x,—€) = da(x) >
<:‘ Effective Tattice spacing is
. prosiuon n lependent.
Oz, 7 = —00) = ¢pp(z)
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Deforming uchidean Path Integral

We want 1o i(l('l]lif}-‘ Luchdean time as RG scale direcuon.

e |:> Set UV ent ofl posinion ¢|<'|u ndent,
. 1
3 )

— — Finer
- ~
- —_——

*j I

)

Z = =T
I Coarser
Lautice spacing; € z
UV cutoll:  1/e 1/2

So that we can reproduce change ol lattice spacing ol real space RG.
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[aouville Action

For 2d CI71 path integral changes only up o overall constant from Weyl anomaly,

Z|po(z)| = Do(z,z) e 7 dz [ dzLelo(z,2)]
¢
oz, =€) = bo(z) Independent from ¢

Wyl

translormpion

\

Dé(r,2) e I ds [dzCelé(z,2) wizs)] _|, ""'-3"-']'{1¢)u(:r)*wj

z>e

dlz, 2z =€) = ¢yplx)

I'he wave function 1s imvarant!

c o0 . .
Li(.’ll\'il]( }lt'[i(ll!: HL[""I = 24‘/‘ dz /(f_r I:{(')ilr)z { (:Jf., (2 “‘ )
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Ciontinuous 'Tensor Network from Path Integral

Dehne a flow of states (EQE“))

zp >0

{0]S2:,) x f’D(;,(.;;, z) e [ dz J daLrlo(z.) wiz. o] i

z>20

@(x, 20) = Po(z)

€< Zp < 00O
e S e (. 20) = do(x)

We dropped modes with energy bigger than 1/2q

i coarse grained state |, )

This realizes RG flow of continuous Tensor Networkl!
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Illlt'l]m].lliul] [rom vacuum state 1o [llm'll:l state,

|Qz¢,) — f)(:a"r“w K(z=ce ”)lﬂm)

|Qw) s unentangled trivial state 1 - RG energy scale
Qg) : ground state
ex) IFree scalar llu'm'_\' Llcgenm, Osharn helde and Nersira
=
ak|yac) =0 (ax + a WIB) =0
Bogoliuboy

Vicuum . .
ransformation

k

K(2) :—f dkT|

(r'.'mh.:ﬂk [ ,l«inh;rll)m

=qe
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+ Liouville acton indeed counts the number of local unitanes i tensor
network.,

. X ) . 1
Sp[w) = 2!—4 / dz [ri:r [((')1,,)2 4w _ 5

/

. Density of scale
- o . S
\ translormations . : ,
Density of transformations

/ e
. X Crech]
\‘/ h ‘,-/ \\.// that change entanglement

/N \
/ o\ /N / \

N R R R o R/
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* When Liouville action is mimimum, tensor network is “optimized™,
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Proposal

- . Weyl factor
I'he geometry :

ds® = 2" ) (d2? + dz?)

- is the metrie of the nme shee i the bulk when the Liouville action
Sy [w]

18 mil\'mmm so that the tensor network is "t:])li:]liu'(lu,

D )

|
— o=
TTTT] —%I l ds? = O (A + de”)
|
1
|
| 2
l'ensor Network AdS
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Proposal

+ More generally, we minimize

= f D e Slow]
sl S
j D¢ e 59
Plawe=00

in various examples, k

Vacuum state
- Liouville action is minimum, when the metrie

ds? = cf:'“'("‘)(cfzz “+ d_r'z)

is pure AdS. For instance

LM

€

2

(:1‘)"" .

(2]
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Fxamples
« Excited state

Consider state excited by primary operator of dimension 4 at infinite
past. Effect of Weyl transformation

5 ’2) t‘u p 20 y y
ds? = 22 T2 ﬁ> ds? = :‘.2"((132 : (er)

9
?

to Liouville action s

Silw] = h-w(z = —o0) (h, << )

— —

Conical deficit geometry

The solution is conial deficit geometry, with deflicit angle

[ v
2n(1 - V’l - 2‘{”; (h << e)

L3
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T'hermodicld double state (1=0

&

S B ® |8y)

1
VZm ¢ |

(¥, ¥2|¥1Fp) = / Dy(z,z) e SrT

Bla<z<fija
Yz, —B/1) v ()
U(r, 3/4) = Ua(x)

|Wren)

We get Liouville action again,

P _ ' 1
Sulw] = 0_'_'/3 dz fd; [(ou-)‘ tet - 5
2/ 54

ay

We get tme shice of BTZ at (=0, with correct temperature, alier optmization.

872 d2? 4 dx?
3% cos?( 2:"")
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Fxamples
Relevant deformation  [Bhatacharyya. Caputa, Das, Kundo, Miyaji, Lakayanog

Sp ot /dfr;;ri: Aolx) O(te, x)

We assume we have functional
Az, z,w(z, x)]

for cach w(z,x) , such that

Doz, z) ¢ J 42 Jdelp[oAluw] v]

. e LY
f'SL (w,Ag] - ox,¢) = dolx)

Dé(z, 2) e I de L drtrlon)
.z>f
@x,e) = golr)

is independent from @o(z) |
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+ Assume small Ag . then

Az, z,w] = N elPo2wz2) 4 O(A2)

= Perturbed Liouville action 1s

e ™
Silw] 2“_[ dz /u‘.::

. . PR ; 1
(w)? 1 o AD (38D 1] he' .)’\Uf'b,
r

+ We obtain geometry with cap-ofl:

o 1([ ’\‘tJ} S—2A+4 er)

z 2(5 - 24)

which is consistent with the result from AdS/CEFT predicuon.
Hung, Myer ol i,m%
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Higher dimensional generahzation

+ In higher dimensions, we do not necessarily have
nonvanishing conformal anomaly.

+ We define complexity functional by (naive) generalization
ol Liouvelle acton:

. 1 I o o
ds® = =5 Yapda"dx” :> ds® = g da” dr?
€

pld=2w

d—1
(d—1)(d - 2)”"

Splw] = —f \@[pd“'+t:('f_g-’“'(g“bn‘}a:ari)mr) +
r

“‘Iﬁ(r‘_\'

+ We can sull confirm that this generalized Liouville action
reproduces correct metric for pure AdS and massive partcle.
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Comparison to complexity = Action proposal

Complexity = Action proposal (Brown. Roberts, Susskind, Swingle, Zhao

C=

A
r

A: Gravity acton in WDW ]r;m'h

Comparison

For pure AdS, metrc can written

ds? = —dn? + cos’ne" V) (dx? + dy?)

Letus pretend 'llr’[J‘.y) is undetermined funcuon, then we can sec

Ax S, (d >2)

When d=2, WDW acuon van-hes i contrast to Liouville action.

Reviolds, Ross|
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I'ntanglement Wedege Cross Section

+ Letus consider time shice ol entanglement wedge of AB in pure AdS.

RT surface for AB

L!ll.l!l}_’ll'nlt'lll \\t'(l!;a' Cross section

* Arca ol codimension 2 surface y which is anchored from RT surface,

X which has mimimal area, i1s called entanglement wedee cross section,
+ Entanglement wedge cross section is proposed to be dual 1o
entanglement of purificatnon of AB, [Lakususaa. Lo Ngwven, Deva
Halbasch, Zaletel, Swin

EI’I}’AHJ = Min S‘.p)(.’i."l’)

T wi g V) (V]=pan

|W) € tlye Uy @ Hp @ Hp
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Entanglement Wedge Cross Section
‘( I} | \] \I ] ‘L‘"\.le: | '|:'|'“‘||'| 1".\]':5'.
+ We found entanglement wedge cross section can arise from
optimization ol path imtegral.

. + Consider adjacent intervals [a, p| and [p 6] m CFT

+ Add point ¢, and consider optimizaton which leaves metric on A
and B invanant.

rtapy Db g9
A eA—Peped

2

' — )2
ds? = dydy :D ds? — - € - (b—a)

(Imy/4=2)2 Alb = ylPly — al

dydy

Optumization
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Entanglement Wedge Cross Section

* Weyl ransformed wave functuon on AABB defines purification of

reduced density matrix PAB . , . .
’ (Subclass ol punfication)

+ We compute entanglement entropy of A A on Weyl transformed
background

S, = r!l 7 (b—a)(q—p)?
AA T g8 2¢(q —a)(q —b).

k

+ Minimization over g ol S, 4 @ives entanglement wedge cross section!

€ g [20 = N0 )] _ Arca(y¥W )

Sri= 2
A e(b—a) 1G N
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+ This matching works for adjacent intervals in finite temperature
system.

+ The resultis general, and is based only on ficld theory.

+ The calculation does not use holography nor large ¢,
and applies to any CF 1.

+ Generalizations to non-adjacent intervals often contain singular Weyl
transformation, and we have not found proper ones unfortunately.
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Summary

. + Conunuous tensor network from Euchdean path integral
and Weyl transformation.,

+ Idenufication of Weyl rescaled metric as metric on bulk
time slice, via optimization.

= Reproduced AdS/CET results in several explior examples

+ Possible identification of Liouville actuon with WDW action.

+ Entanglement wedge cross section from optimization.
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