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Abstract: <p>Finding a quantum phase transition between two even well-studied phases of matter can be a hard problem. Free probability theory
suggests a new method which can give an answer if the Hamiltonians of two phases satisfy certain conditions. In the latter case, the spectral gap
behavior can be calculated without solving the full Hamiltonian but using probabilistic estimation instead. As an example, | will consider generic
artificial topological systems created by a periodic drive, including Floquet Mgjorana modes, and show how FPT can be used to predict and
characterize disorder-driven phase transitions.<br />

<br />

See also: Phys. Rev. Lett.& nbsp;<strong>121</strong>, 126803</p>
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1. Introduction: quantum phase transitions
2. Method: free probability theory

3. Application: artificial quantum matter
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Quantum phase transition (QPT) problem

H—'(l—g)Hl+g'H2. g%[Ol]

e H; (H>) represents phase 1 (phase 2)
e g is a fitting parameter

e transition happens at critical point g = g
Examples:

1. Second order phase transitions

2. Topological phase transitions

Pirsa: 18110097 Page 4/31



lection between single-particle spectrum and QPT

[
Oles Shtanko TVFNB
Critical point is characterized by vanishing of spectral gap: A(g.) =0

AN
f

Density of states
high

Fermi energy

electrons
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Computing the gap is generally a hard problem.

Approximation methods

e Perturbation theory (g as small parameter)
e Direct diagonalization (limited size approx.)

e Quantum Monte Carlo and variational methods

My approach: to define a special class of non-integrable systems, where
gap can be found exactly
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Method:
free probability theory
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ical vs. Free Probability Theory (PT)
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lassical PT:

E; and E> have distributions
pi1(E) and p2(E)

E=E+E

If E; and E; are independent then
p(E) is convolution

P = p1* P2

Method: Use additivity of
characteristic function X,(t)

log X,(t) = Z log X, (t)

r=1,2

Pirsa: 18110097

Free PT:
H; and H> have densities of states
f)l(E) and [)Q(E)

H = H, + H;

If H; and H; are freely independent
then p(E) is free convolution

p = p1H p2

Method: Use additivity
of R-transform R,(w)

RV(W) e Z Rm(w)

i=1,2

2
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Definition. H; and H, are freely independent (or free) if

1 xk m r ,, _}n,.
dnﬂf{(T}(fﬁifg‘.J4f HY =0

where H = H — hl and h = (Tr H)/ dim H.
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Definition. H; and H, are freely independent (or free) if

(Tr (H HM ks 7o)y —
T b et =1

where H = H — hl and h = (Tr H)/ dim H.

Well known example: Wigner random matrices

1
dimH

Y |), o) : (W|d) ~

where |1)) (|¢)) is an eigenvalue of H; (H,).

The class is much larger!
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H=g)» oros, +(1-g8)) o}

n

described by Bogoliubov-de Gennes Hamiltonian

N

FiTy) @ |r){r +1| 4 ll.('.J H(1 - g)ZTz”- |r)(r]

re=1
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N

~ 1 \
=35 |+ in) @ In(r+1]4

r=1

Is is easy to check that
H: = H2 = I,

T herefore

0, if any k;, m; is even

J e (H1 HQ)”

Tr (HA H . He H™) {

This expression vanishes because

N

(HiH,)" Z { R | {r+n|+ (I +0x)® |r+ n){(r|

r=1

Conslusion: H; and H> are free!
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axample: density of states
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H = ghh + (1 — g)H:

Density of states derivation (in 6 steps)

Step 1. Traced Green's function for gH,

G= [ 2oL+ 1)

z—E 2 z—g z+g

. @ @

ze(C, Imz>0.
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H=gH +(1-g)H

Density of states derivation (in 6 steps)

Step 1. Traced Green's function for gH,

G)= [ 2oLy 1)

z - z—g_' z+g

= O

ze(C,Imz>0.

Step 2. R-transform for gH,
1

Ri(w) = Inv{G; }(w) o ( 1++/1+ 4g2W2)

w 2w
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sxample: density of states

amiltonian for transverse Ising model
H = gHi + (1 - g)H;
Density of states derivation (in 6 steps)

Step 1. Traced Green's function for gH,
= E 1 1 1
Gl(z)-/ 2 (—+-—)
e e 2\z—g z+4g

zeC Imz>0.

Step 2. R-transform for gH,

Ri(w) = Inv{Gy }(w) L = 1-( 1++/14 4g2W2)

w 2w
w e C.

Step 3. R-transform for H

R(w) = Ri(w) + Ra(w)

1 ,. y Lo 1
5 (\/1 +4g2w? + \/1+4(1—g)~’w~3)-—
w w
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sxample: density of states

-
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1 1 ’ —
Inv{G}(w) = R(w) + (vﬁ+4ng+gﬁ+4u—gywﬂ
w 2w

Step 5. G-function for H

w= G(z) = A =|2g -1

\I/'/(A2 z2)(1 22)-

Sth 6. DOS for H Density of states

RE)= %lm IimDG(E - i)
1 E|

T \/_(Ez - Az)(l = E?)

0.4 0.6 0.8

for A < |E| < 1, p(E) = 0 elsewhere. Parameter g
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Let us consider the gap of

H= Hy+ AV

e Hp is the idealized /solvable
Hamiltonian of a gapped phase

e V is the “error’ originated from
disorder or interactions

e )\ is the strength of the “error”
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N N

ﬂl |
o= Lg“"z Fir,) ® |r)(r + 1] 4 Iuﬂ. H=Y"

r=1

Is is easy to check that
HZ = H? = |,

T herefore

0, if any k;, m; is even

Ty (H1 HQ)”

Tr (HE H™ . H H™Y {

This expression vanishes because
{(I ox) @ |r){r+ n|+ (I +0x) ® |r+ n){r]|

Conslusion: H; and H> are free!
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High-level assumptions:

1. Hy and V are freely independent
2. DOS for Hy and V are known

Questions:

what is the gap behavior?
where is the critical point A\.?
what are the critical exponents?

what happens with surface states?
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e DOS for HU
|E|
pUE) = —=—==5p0, [E] > Ao
VEZ — A

in the limit of small gap A

: . . By éne‘rgy'
Examples: superconductors in any dimensions,

chiral materials

e DOS for V

1

, |
~ 4/\2 I EQ, E = 2/\
272 Y <

,(E) =

Example: Wigner random matrices

-
Energy 2A

Key parameters are pg, Ag. A
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iltonian error analysis: assumptions

> DOS for HU

E|

P(E) =~ — 0, |E| > Ao

ﬁ/)

in the limit of small gap A
Examples: superconductors in any dimensions,

chiral materials

e DOS for V

Example: Wigner random matrices

Key parameters are pg, Ag. A

A, Energy

Energy 2A :

-

o 2
TVFNB
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Energy E/A

. Phase 2
A=0

0.5 1.0
Parameter A/A, Parameter A

0S, R. Movassagh, Phys. Rev. Lett. 121, 126803

1. The spectral gap as a function of strength A

A(N) = (1 - (,\//\c)“‘f"f")a'x2

2. The critical point

/\(- = \/A()/FUJO

3. The critical exponents
312
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1.
/’1(5)— , ; L“(E EO)-

-

-

surface state

bulk states

where L is the system size, Eg is surface state energy.

1 L

The energy of the surface state as a o

function of A ol

0

)
TP At

ElX)=Ey| 1 — ,
R NV~ =

-04

Energy €/A0

-0.8

: ars -1.2
where A < A;. A can be derived 50 02 oa 0& 08 10

from Parameter A/A,

E(/\S) = A(/\s) 0S, R. Movassagh,
Phys. Rev. Lett. 121, 126803
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Applications:
artificial quantum matter
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Setup. Time-periodic Hamiltonian
H(t) = H+ F(t), F(t)=F(t+ T)

Hy is trivial phase, V is external field, and T is driving period.

Ur

—@ @ S =) ®* >
0 T 2 3 4T

Pirsa: 18110097 Page 25/31



ications: example

m 2
Oles Shtanko TVFNB

Kapitza l b
. i

pendulum

/

. 7]

Trivial 5 Periodic -
driving Exotic

N /,— — /—
\\l’nnnurtlnn hnnd’./ \Cundut‘_tlun band _;
= 2

\‘\_ ~ >
—— y - — 1

Floquet -
topological £ |remitevel :
states

Surface states
Ferml level

Momentum Momaeantum
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Z(JC,-TC,-H +h.c.) 4 /l(t)Clil.C,' - (Aciciy1 + h.c.)

-

Jiang et al - PRL 2011, Liu, Levchenko, Baranger - PRL 2013

We consider a correction

V= E Ui, Cr
,‘

where u; is a random variable, u; € [-W, W], as a

simple example of general disorder.

N = sign(Pf(iHg))

05 1.0
o : Disorder W
where Pt is Pfafhian.
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Disorder induces corrections to Floquet Hamiltonian
Hy +60V — H’r:Hr + & Vg,
High frequency expansion

Ve =6V +6VT +6VT%+...

lsvi I

This series diverges at low frequencies!
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Energy

Left panel: Anderson insulator E(k) = 2Jcosk, A(k) =0

Right panel: Disordered chiral superconductor
E(k) = 2Jcos k, A(k) = Dy
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e focus on “easily solvable” quantum phase transitions (free QPT)

e the density of states in these systems can be obtained using free
probability theory: error analysis

e FQPT is relevant in physical systems subject to
e specific symmetries (transverse Ising model)

e complex disorder (e.g. periodically driven systems)

More details here: OS, R. Movassagh Phys. Rev. Lett 121, 126803 (2018)

Thank you!
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