Title: Free probability approach to the energy gap problem
Date: Nov 30, 2018 11:00 AM
URL: http://pirsa.org/18110097

Abstract: <p>Finding a quantum phase transition between two even well-studied phases of matter can be a hard problem. Free probability theory
suggests a new method which can give an answer if the Hamiltonians of two phases satisfy certain conditions. In the latter case, the spectral gap
behavior can be calculated without solving the full Hamiltonian but using probabilistic estimation instead. As an example, | will consider generic
artificial topological systems created by a periodic drive, including Floquet Mgjorana modes, and show how FPT can be used to predict and
characterize disorder-driven phase transitions.<br />

<br />

See also: Phys. Rev. Lett.& nbsp;<strong>121</strong>, 126803</p>
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1. Introduction: quantum phase transitions
2. Method: free probability theory

3. Application: artificial quantum matter
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Quantum phase transition (QPT) problem

H—'(l—g)Hl—Jr—gHz. ge[()l]

e H; (H>) represents phase 1 (phase 2)

e g is a fitting parameter

e transition happens at critical point g = g,
Examples:

1. Second order phase transitions

2. Topological phase transitions
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__Jection between single-particle spectrum and QPT
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Critical point is characterized by vanishing of spectral gap: A(g.) =0

Density of states
high

Fermi energy

electrons

Pirsa: 18110097 Page 5/31



v m 2
Oles Shtanko ' TVENB

Computing the gap is generally a hard problem.

Approximation methods

e Perturbation theory (g as small parameter)
e Direct diagonalization (limited size approx.)

e Quantum Monte Carlo and variational methods

My approach: to define a special class of non-integrable systems, where
gap can be found exactly
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Method:
free probability theory
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ical vs. Free Probability Theory (PT)
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lassical PT: Free PT:

E; and E> have distributions H; and H> have densities of states
p1(E) and p>(E) p1(E) and p2(E)

E_E1+E2 H_H1+H2

If E; and E; are independent then If H; and H; are freely independent

p(E) is convolution then p(E) is free convolution

p = p1 * P2 P = pP1 tE{J:)

Method: Use additivity of Method: Use additivity
characteristic function X,(t) of R-transform R,(w)

log X,(t) = Z log X, (t) R,(w) = Z Rp,(w)

1=1,2 i=1,2
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Definition. H; and H, are freely independent (or free) if

1 T A
dimH(ﬂn-(hrfwzI.HfffH2 =10

where H = H — hl and h = (Tr H)/dim H.
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Definition. H; and H, are freely independent (or free) if

1
dimH

(Tr (HA H™ HE HI™ ) = 0

where H = H — hl and h = (Tr H)/dim H.
Well known example: Wigner random matrices

1
dimH

Vi) l6): (le) ~

where |1)) (|¢)) is an eigenvalue of H; (H-).

The class is much larger!
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axample: transverse Ising model
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H=g) oXoX+(1-g)) o
n n

described by Bogoliubov-de Gennes Hamiltonian

N _ N

-~ 1 y
H —gZ‘ > [(TZ : ir_v),_ Ir){r + 1| 4 11_(-__J (1 —g) I

r=1 r

T,, T, are Pauli matrices in particle/hole (Nambu) space
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N N

1 .
H = L-ﬂ(n HiTy) @ |r)(r + 1] 4 11.(-.] =) =

r=l Sy

Is is easy to check that
Hf = Hs = I,

Therefore

0, if any k;, m; is even

Tr (Hl HQ)”

Tt (Hlkl H;]l --an Hzin,.) {

This expression vanishes because

N

(HiH,)" Z { <) ® |r){r+ n|+ (/4

r=1

Conslusion: H, and H, are free!
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axample: density of states
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H=gH +(1-g)H>

Density of states derivation (in 6 steps)

Step 1. Traced Green's function for gH,

G1(Z)_/i /)(E)-dE;(  — )

z— zZ—g z+g

., 9

ze €, lImz >0
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sxample: density of states

amiltonian for transverse Ising model
H = gh + (1 — g)H,

Density of states derivation (in 6 steps)

Step 1. Traced Green's function for gH,

61(2)'/;‘& '”(E)-dE;( S papal )

z— z—g z+g'

- OL

zeC, Imz > 0

Step 2. R-transform for gH,
1

Bl — e e [l e ( { L. /7 4g2w2)

w 2w
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axample: density of states
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H=gH +(1-g)H>

Density of states derivation (in 6 steps)

Step 1. Traced Green's function for gH,

Gi1(z) = /_‘( .{”.(..E_)_dE — _1( 1 : 1 )

P e = AT e

zeC.Imz>U.
Step 2. R-transform for gH,
1

w 2w

Ri(w) = Inv{ Gy }(w) ( 1++/14 4g2w2)

w € C.
Step 3. R-transform for H

1 ' : 1
R(w) = Ry(w) + Ry(w) 5 (\/1 +4g2w? + /1 +4(1 - g)2W2)—
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1 1 :
Inv{G}(w) = R(w) + (V1+4g2w2 + /1 +4(1 - gPw?)
w 2w

Step 5. G-function for H

w=06[z]= A=|2g -1

Jm2z%u 22)

St(‘.p 6. DOS for H Density of states

1.0

1
p(E) = —=Im IimDG(E fic)

1 E|
TWAF-AﬂU—P)

0.4 0.6 0.8

for A < |E| < 1, p(E) = 0 elsewhere. Parameter g
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iltonian error analysis

2

Oles Shtanko TVFNB

Let us consider the gap of

H=Hy+ AV

e Hpy is the idealized /solvable

Hamiltonian of a gapped phase

e V is the “error’ originated from

disorder or interactions

e )\ is the strength of the “error”
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=il b
Hy = LQ{(C FiTy) ® |r)(r+ 1|4 |1.('w. Hy, = LT“’ 2 |r)(r]

r=s] =1

Is is easy to check that
H: = H2 = I,

T herefore

0, if any k;, m; is even

i b (Hl HQ)”

Tr (HH™ . e H™) {

This expression vanishes because
{(I Ox) ® |r){r+ n|+ (I +0x) ® |r+ n){r]|

Conslusion: H, and H, are free!

Pirsa: 18110097 Page 18/31



iltonian error analysis: the problem statement

2
N ___g8 S -
Oles Shtanko TVFNB

High-level assumptions:

1. Hy and V are freely independent
2. DOS for Hy and V are known

Questions:

what is the gap behavior?
where is the critical point A.?
what are the critical exponents?

what happens with surface states?
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] DOS fOl' HO

E|

p1(E) ~ —mme g,
) VE? — 4G

|E| > Ao

in the limit of small gap 4

: : : B Energy
Examples: superconductors in any dimensions,

chiral materials

e DOS for V

1 / = :
-v/4)? — E?, il 2X

P2\E) = 5

Example: Wigner random matrices >
Energy 2A

Key parameters are pg, Ag. A
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e DOS for Hy

E|

pI(E) = —=—==5p0,
VE?2 - A3

|E| > Ao

in the limit of small gap A

- . : B Energy
Examples: superconductors in any dimensions,

chiral materials

e DOS for V

p2(E) = ——\/4X2 — E2, E| <2\

277/\2

Example: Wigner random matrices -
Energy 2A

Key parameters are pg, Ap. A
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Energy E/A

Phase 2
A=0

0.5 1.0
Parameter A/A, Parameter A

0S, R. Movassagh, Phys. Rev. Lett. 121, 126803

1. The spectral gap as a function of strength A

A(N) = (1 (/\/)\c)“f‘f“)y2

2. The critical point

/\C — \/A()/IT[JO

3. The critical exponents
3/2
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iltonian error analysis: result for bulk for surface states
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E

} =
p1(E) = Po L(ﬁ(E Eo),

N -
¥

=y 2
\_\/E - AU

-

o
bulk states

surface state

where L is the system size, Eg is surface state energy.

1.2

The energy of the surface state as a -

function of A ol

2 0
T Po /\‘_

OND 2
\//Ao i Eo

-0.4|

Energy €/AQ

E(\) =E |1

-0.8

R 1.2

Parameter A/A,

E(/\s) = A(/\s) 0S, R. Movassagh,
Phys. Rev. Lett. 121, 126803

from
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Applications:

artificial quantum matter
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ications: Floquet engineering
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Setup. Time-periodic Hamiltonian
H(t) = H+ F(t), F(t)=F(t+ T)

Hp is trivial phase, V is external field, and T is driving period.

Ur

e o & o o >
0 T 2F 3r 47
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Kapitza l K
G >

pendulum

/

~ ]

Trivial Periodic
“t .. i
driving

— — —
\'nnnucrlnn I‘mnd// Conduction band /
R P /

™ —
Floquet K ]
tO D0|Oglca| S | Fermi level \ /Surface states
states

Exotic

Fermi level

Momentum Momentum
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ications: Floquet Majorana modes
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Z(Jc,ﬁl'c,-ll +h.c.) + /z(t)clll'c,— — (Aciciy1 +h.c.)

,.

Jiang et al - PRL 2011, Liu, Levchenko, Baranger - PRL 2013

We consider a correction

oV = E Uic; Ci
i

where u; is a random variable, u; € [-W, W], as a

simple example of general disorder.

N = sign(Pf(iHg))

ol

0.5 1.0
L | Disorder W
where Pt is Pfafhian.
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S ications: Floquet Majorana modes
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Disorder induces corrections to Floquet Hamiltonian
Ho +0V - Hfr = Hg + 0 VE,
High frequency expansion

V=0V +SWVT +6VoT?+ ...

%7 ] oV, TEELT] w8V

This series diverges at low frequencies!
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tional material: freeness as an approximation
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A(k) T -
E(E)) k) (k| + )~ uz| )

Energy

~+

Left panel: Anderson insulator E(k) = 2Jcosk, A(k) =0

Right panel: Disordered chiral superconductor
E(k) =2Jcos k, A(k) = g
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e focus on “easily solvable” quantum phase transitions (free QPT)

e the density of states in these systems can be obtained using free
probability theory: error analysis

e FQPT is relevant in physical systems subject to

e specific symmetries (transverse Ising model)

e complex disorder (e.g. periodically driven systems)

More details here: OS, R. Movassagh Phys. Rev. Lett 121, 126803 (2018)

Thank you!
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