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Abstract: <p>It is well-known that sufficiently strong interactions can destabilize some SPT phases of free fermions, while others remain stable even
in the presence of interactions. It is also known that certain interacting phases cannot be realized by free fermions. In thistalk, we will study both of
these phenomena in low dimensions and determine the map from free to interacting SPT phases for an arbitrary unitary symmetry. We will also
describe how to compute invariants characterizing interacting phases for free band Hamiltonians with symmetry (in any dimension) using only
representation theory.</p>
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The Effects of Interactions: Z — Z/8

> Fermions a/', (af')!, indexed by j=1D lattice site, A=1,...,n species
» Real fermions
=+,  g=-iE- (A, {5} =26u6"
» Time-reversal symmetry
Tt T Tt — I

» Local translation-invariant free (quadratic) fermion Hamiltonian

~ / A B ArB
A= Z (vagl2j—1l2j + vasT 5 241)
J

» Interested in values of parameters U,V such that A is gapped and T-symmetric.
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The Effects of Interactions: Z — Z/8

» Stable deformation classes ( “phases”)
1. tensor by an ancilla system with product state ground state

~ —;' ,
Hy = Z (a*al ) ZFQJ 112, [9g.s.) = ®;[0);, a;]0); =

J
2. continuously deform the parameters while preserving the gap and symmetry

» Nontrivial Majorana chain

Hy = o Z M2l 241 = 5 Z (—3j3j+1 j+laj + a al il T aj+1aj)
J J

» Free classification: n € N (boundaries = difference classes n — m € 7Z)

F’" = Z F’]:q Z l- 21+1
A

» These exhaust all invertible / SRE (ie nondegenerate) phases.
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The Effects of Interactions: Z — Z/8

» Turning on local interactions

A i 2
A= 2> (unsl§oars + vasT5 5 ) + ¢TI 4.

F

» In this larger parameter space, 93 is destabilized by interactions: Fig ~ ,:{0‘1

7 — 7./8

» |f T-asymmetric terms are permitted, F{Q ~ Ffo at the quadratic level:

7/2 = 7/2

1 Fidkowski-Kitaev, 2009
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The Effects of Interactions: Z — Z/8

» The K-theory? and spin cobordism classifications of invertible phases yield
similar results in all dimensions and 10-fold way symmetry classes.

KOo =7,  Hom(Tors(Q5" ),U(1)) = Z/8

Free \ 0 1 2 3 4 5 6 7 Int \ 0 1 2 3 4 5 6 7
BDI | Z, Z Z Zs BDI | Z, Zg Zo16 Zs

D 4y A 4 & D iy i) & &

DIl 2742 ZQ Z Z Dl Zz Zg :15 r’_z X :4’;2

» Note: consider only strong invariants; translation-invariance is not protected.
» Intrinsically interacting phases. For example, class D systems in 6D.

4 —Z X7

In the past, examples of intrinsically interacting crystalline SPT phases.3

Non-invertible (topologically ordered) examples are well-known (eg FQHE).

2 Kitaev, 2008; Schnyder-Ryu-Furusaki-Ludwig, 2009

3 Lapa, Teo, Hughes 2014

Page 6/25

Pirsa: 18110093



Two Goals

1. Understand classification of free fermionic SRE phases with on-site symmetry.

» Representation Theory + Periodic Table = Symmetric Free Classification

2. Study the map into the (already known) interacting classification of SRE phases.
{ Free Phases } — { Interacting Phases }

» Surprising finding: examples of unstable free phases and intrinsically interacting
invertible phases are common and exist in dimension as low as zero.

» Understand interacting invariants in the language of band theory.
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Band Hamiltonians

» Momentum space variables (F)t =T4,, A=1,...,2n, keBZ

» Free fermionic H — Class D band Hamiltonian X (k)

A= ;FkX(k)l'_k

» X(k) is a 2n x 2n skew-Hermitian matrix
» PHS condition (of BdG Hamiltonian) becomes a reality condition in the ' basis:

X(K)* = KX(KK ™' = X(—k),
in particular, X(k) is real skew-symmetric at PHS fixed points

» Other relevant symmetry classes:
» Class A. No PHS constraint. Typically written in Dirac basis:

H = al H(k)ax

» Class C. Has PHS constraint with C? = —1. C'H(k)C = —H(—k)
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On-site Symmetry

» Work in 0D (no k index) for simplicity. Easy to generalize.

» The total symmetry group is a central extension of the bosonic symmetries by
fermion parity:
Zb - G - G

» A symmetry R of a free Hamiltonian is represented on the fermions as R:
RMR™1 = Z RABFB.
B
» R preserves fermionic commutation relations iff R € O(2n), ie R is real.

» R is said to be allowed if fermion parity actions by R(p) = —1.

» R decomposes into real irreps r, with multiplicity n,.
» The band Hamiltonian X decomposes into blocks X, acting on r, ® R".
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R-type irreducibles

» Schur's Lemma: the commutant of an irrep r is a division algebra.

» Complex representations: must be C
» Real representations: may be either R, C, or H

» R-type: commutant is spanned by 1 (equivalently, r® := r @ C is irreducible)
= Xao=10 A (acting on ro, @ R™)
for some n, x n, real skew-symmetric matrix A
» The block X, is dim r, copies of the class D (no other symmetry) system A:
. dim rq

A /
H = 2|-AXAB|_B = 5 E rZ_Aabrﬁ.
I

» Contribution to classification:
» Each allowed R-type irrep of G contributes a class D invariant:

o 1 2 3 4 5 6 7
Lo 2o 7 7
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H-type irreducibles
» H-type: 1,Z,7,K € O(dimr,) with Z? = 72 = K? = —~1 and ZJ = K
—> Xa=1A+I@B+JTQC+K®D
for a real skew-symmetric matrix A and real symmetric matrices B,C,D.
> Similarly, in the basis of Nambu-Dirac spinors T = (¥ U_JT)T,

- j -
H=-TZ7T where ZZ(B—:'D iA+C

N

iA—C B+:‘D)

» The matrix Z is equivalent to a class C system, as is satisfies a PHS constraint
ol Zo = -Z, oc'c=-1 with o:=1lor®1.

» Contribution to classification:
» Each allowed H-type irrep of G contributes a class C invariant:

o 1 2 3 4 5 6 7
Z Ly Zp Z

Pirsa: 18110093 Page 11/25



Summary: The Free G-Symmetric Classification

» In each dimension, the free invariants are read off of the periodic table
d=0 gd=]1 d=2 g=3
PBrerZn X Drecls Prerin @D, Z trivial
» Examples:
» Superconductors with spin parity symmetry: G = Z5 X Zs.
Two allowed irreps: R(p) = —1, R(u) = +1. Both are R-type.

Zn x Zo classification in 0d and 1d

== 7, x 7 classification in 2d

» Charge-4e superconductors: G = Zf . Single allowed irrep is C-type.

Z, classification in Od and 2d

trivial classification in 1d

» Class A insulators: G = U(1)". Allowed C-type irrep for each charge n € N.

ZN classification in 0d and 2d

trivial classification in 1d

» 3D SPT phases protected by a unitary on-site symmetry (for example, the
group supercohomology phases) never have free fermion realizations.
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Sidenote: Twisted Equivariant K-Theory

» When G = G, x Zg, the allowed irreps of G are simply the irreps of Gp.

» In this case, our classification is given by real equivariant K-theory:*
KOY(G) = KO ® Rg(G) + KU? ® Re(G) + KH? @ Ry(G)

» For more general extensions G, the invariants live in twisted K-theory.

» When G = G, x Zf, some information about the interacting classification may
be extracted from the Atiyah-Hirzebruch Spectral Sequence (AHSS).

» Related to the layered / decorated domain wall construction.

» Not as useful for the free classification due to non-connective spectrum. Returns
infinite tower of free invariants, the “completion” of which is KOY(G).

4 Segal, 1968
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Relative Charge of Ground States

» Focus on a C-type block r, ® R". The class A invariant m,, € Z counts the

negative eigenvalues of H. :
dim g,

I

» The relative class A invariant of a pair H,H' is pa = ml, — ma.

» Deform H to H’ along a path that flips an eigenvalue from positive to negative
pa-many times. Each time this happens, the ground state changes by

gs’) =] J(Wivo)les.),

7
which is an operator of charge det g.

» Therefore the irrep r, contributes a ground state charge

pPo — (det Gy )P,

Pirsa: 18110093 Page 15/25



Relative Charge of Ground States

» The charge (det G, ) € HY(G; U(1)) may be regarded as the first Chern class
c1(pada) € H3(G,2)

of poG. as a complex vector bundle over BG.

» Similarly, R-type blocks contribute
pa > (detry)Pe,
which is the first Stiefel-Whitney class
wi(pars) € HY(G,7Z/2)
of por. as a real vector bundle over BG.

» In higher dimensions, the map from free to interacting phases will involve other
representation theoretic invariants wy, p;, etc.

Pirsa: 18110093 Page 16/25



Pirsa: 18110093

Turning on Interactions in One Dimension

>

Old news: An interacting 1d SPT protected by an on-site unitary G is
completely characterized by the following invariants:

» v € Z/2 - the number of fermionic boundary zero modes mod 2
» if vy =0, an invariant w € H?(G, U(1)) - the projectivity of G at the boundary
» ify=1,amapp: G — Z/2 with u(p) # 0 and an o € H*(Gs, U(1))

Let R : G — O(M) be the symmetry action on the M boundary modes.
R = DaVala

» Vo € Z records the number of boundary modes transforming as r,

We just learned: A free 1d SPT is characterized by, for each allowed R-type

irrep, a class D invariant
P Po = Vo mod 2 € Z,

The first interacting invariant «y is simply...

¥=Mmod 2=dimR mod 2 = Z padimr, mod 2

acR-type
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Turning on Interactions in One Dimension

» How are other other 1d interacting invariants determined by {ps} (via R)?

> When v = 0 (M even), the interacting invariant w € H?(G, U(1)) records the
prOJectwlty of the G action on the 2M/2_dimensional boundary Fock space.

> In other words, w is the obstruction to lifting R : G — O(M) to Pinc(M), i.e
the image in H?(G; U(1)) of the second Stiefel-Whitney class

wa(R) = Zpawz(ra + Z Papswi(ra) Uwi(rg) mod 2.
a<p

» Similarly, one may express the v = 1 (M odd) invariants u, « in terms of R.
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Turning on Interactions in One Dimension

The finding that w is given by wy has two interesting consequences:

1. The known stacking law for interacting phases® is recovered:
wa o wpg = wa + wg + BaU Bg where 3(g) = w(g,p) — w(p,g)
Is explained by
w2(R® R') = wa(R) + wa(R') + wma(R) U wy (R').

2. There are intrinsically interacting phases of order 2, as w, satisfies (an infinite
number of ) special relations such as

Bock(ws U wp) = 0 € H3(G; Z),

which a generic w € H2(G, U(1)) does not.

5> Gaiotto-Kapustin 2015
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Charge Pumping Invariants

» The invariant 3 € HY(G,. U(1)) has many physical interpretations

» In the bulk, 3 is the charge of the g-doman wall

» On the boundary, 3 measures whether the g-action

e tarmion

MpPINg invari

» |n free fermion systems, 3 is realized as a charge pu

This defines a closed *

» Define a path 7(t) from 1 to Plrgw

H(k.t) = n(t)H(x)n(t)

» Claim: A is the fermion parity pumped across the s

/ Te[(P,(0) — Pi(m))n(r)
0

5(@) =3
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Charge Pumping Invariants

» The invariant 8 € H*(Gp, U(1)) has many physical interpretations.

» In the bulk, 3 is the charge of the g-domain wall.
» On the boundary, 3 measures whether the g-action is fermion-odd.

» In free fermion systems, 3 is realized as a charge pumping invariant!
» Define a path 7(t) from 1 to R(g). This defines a closed family of Hamiltonians
H(k,t) = n(t)H(K)n(t) L
» Claim: 3 is the fermion parity pumped across the system as t runs from 0 to 1

o 1 [ Y
B(&) = 5 [ Te[(PL() — Pulm)n(e)0une)
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Two Dimensions

» Assume G = Gp, X Z5 for finite Gp. The interacting invariants are

» KE ;.’/A — chiral central charge of the boundary theory

» (o, B,7) € C*(Gp, U(1)) x H2(Gb,Z2) x H'(Gp, Z,) satisfying® da = %b’ L@,

» The free class D, A, C invariants p, € Z count the chiral boundary modes.

4
= f{.miz(;padimra.

» Understanding (a, 3, ) requires understanding their physical meanings in terms
of boundary physics. However, we can make a stacking-compatible guess

» v = wi(R) where R is the virtual representation ®q para

» 8= ws(R) or wa(R) + wi(R), the obstructions to Pin*-lifts of R
»a= 777

6 Gu-Wen, 2012
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Conclusions and Takeaways

~

1. We've given a classification of free SPT's protected by on-site unitary G.

» Each type of irrep contributes a symmetry protected invariant p, € 0, Z3, Z,
depending on the spatial dimension and the type of irrep (R, C, or H).

» The SPT invariants arise from the class D, A, and C rows of the periodic table.
2. We've constructed a map to interacting invariants in 0d, 1d, and (partially) 2d.
» Check whether a free phase {p.} is stable to interactions by looking at its image.

» Check whether an interacting phase is intrinsically interacting by asking whether
it lives outside the image. Examples (incl. of order 2) exist in all dimensions.

» Interacting invariants are realized in free fermion systems as characteristic classes
of a representation R on the fermion operators.
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