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Abstract: <p>Operator scrambling is a crucia ingredient of quantum chaos. Specifically, in the quantum chaotic system, a ssimple operator can
become increasingly complicated under unitary time evolution. This can be diagnosed by various measures such as square of the commutator
(out-of-time-ordered correlator), operator entanglement entropy etc. In this talk, we discuss operator dynamics in three representative models. a
2-local spin model with all-to-all interaction, a chaotic spin chain with long-range interactions,& nbsp; and the quantum linear map. In the first two
examples, we explore the operator dynamics by using the quantum Brownian circuit approach and transform the operator spreading into a classical
stochastic problem. Although the speeds of scrambling are quite different, a ssmple operator can eventually approach a "highly entangled" operator
with operator entanglement entropy taking a volume law value (close to the Page value). Meanwhile, the spectrum of the operator reduced density
matrix develops a universal spectral correlation which can be characterized by the Wishart random matrix ensemble.& nbsp; In contrast, in the third
example (the quantum linear map), although the square of commutator can increase exponentially with time, a simple operator does not scramble
but performs chaotic motion in the operator basis space determined by the classical linear map. We show that once we modify the quantum linear
map such that operator can mix in the operator basis, the operator entanglement entropy can grow and eventually saturate to its Page value, thus
making it a truly quantum chaotic model.</p>
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Outline

* Definition of operator dynamics

e Operator dynamics in systems with all-to-all interaction

e Operator dynamics in systems with local interaction

e Operator dynamics in systems with long-range interaction

* Operator entanglement entropy and random matrix
physics
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Quantum chaos

e Classical chaos §|d(t)

0d(t)] ~ e**ad(0)] fflf‘l(“)|\;

¢ Quantum chaos

(1) Square of commutator (out-of-time-ordered correlator)

C(t) = (5“_.'(,_\]; WP

It can grow exponentially in time. The growth rate is called
quantum LyapunOV eXDOnent. Larkin, Ovehinnikov 1969

(2) Level repulsion and random matrix physics

Bohigas, Giannoni, Schmit 1984
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Operator dynamics

For a guantum wave function, it can be expanded into a linear combination of basis in the
Hilbert space,

[y = Z cnln)

T

For a quantum operator, it can be treated as a wave function living in an operator Hilbert
space.

0= Cpnlnym| < > 10) =Y Crynln)m)

Tre rn,n

Under unitary time evolution, it can be expanded as

O(t) = ) a;(1)B, > os))? =1

J J

{B,}is a set of operator basis satisfying TrB’fB.,- = 0

The evolution of «; () determines the operator dynamics.
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Chaotic operator dynamics

* |n a chaotic system, under unitary time evolution, a simple operator becomes increasingly
complicated.

* The quantum information encoded in this operator is delocalized and this phenomenon is
also called scrambling.

DI _

* After sufficient time evolution, an initially local operator will approach an entirely non-local
random operator.
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The general features of operator growth

In chaotic system, it is impossible to keep track of each «;(t)

The emergent hydrodynamics

Nahum, Vijay and Haah, 2017, Keyserlingk, Rakovszky, Pollmann and Sondhi, 2017
Khemani, Vishwanath and Huse, 2017, Rakovszky, Pollmann and Keyserlingk, 2017
Roberts, Stanford and Streicher, 2018, Xu and Swingle, 2018, XC and Zhou, 2018

(1) All-to-all interaction
(2) Local interaction
(3) Power-law interaction

The development of random matrix physics

XC and Ludwig, 2017
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Fast scrambler
e Sachdev-Ye-Kitaev (SYK) model

N

Jijki 31,72
E : kL . _ 3 317
igkd=1 :

(1) SYK model can be analytically solved in the large N limit
(2) Extensive T=0 residual entropy
(3) Maximally chaotic & saturate the chaos bound at low temperature

Sachdev and Ye, 1993, Kitaev, 2015, Maldacena, Shenker and Stanford 2016
Sekino and Susskind, 2008, Maldacena, Shenker and Stanford 2016

e Two-local qubit model

3
|
AR L
H=— ) Y b0
\_.-"'()..‘\" P a— B E

JIV 1<i< <N ab=1
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The height of the operator

* For systems composed of 1/2 spins, a natural basis operator is the
Pauli string operator

O
* The height is the number of the non-identity operators 8
(@]
a_:!.‘ .
g height /=6 |@
- eight h=6 |®
i @ ¢)
I, O il
* The height distribution is a weighted sum  s(h.t)y= > a;(0))

height(B;)=h
Ignore the explicit structure of Pauli string operator and the phase information

O O @) y
O ©) O f(R) I 1
A 1 1 © 41 0O 14 1
O=,e +; -0 T
9 9 /9
EREE N ?t
@ >
® ® ® 2 4 5 h
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The Brownian two-local circuit

The complete unitary time evolution is generated in the continuum limit of

—iH At —iH At
€ €

Lashkari, Stanford, Hastings, Osborne and Patrick Hayden, 2011
Xu and Swingle, 2018, Zhou and XC, 2018

gt—1
where Ho=03" N ol woAB
E<g ey =0

The height distribution f(4, ¢) is determined by the master equation:

, 4 |
df (1 ) (A= k|l —(n—k)+ —(n-2+1)
(1) _ A1) Pk = k] | . J
dt - 1 k(k—1)
(Aple1 ke = 5
T f{

. 4 1
\ (1[};\ Pk = .”.Ir\.‘(-H ’1][] ‘,{‘ZJ
Zhou and XC, 2018

A is tri-diagonal matrix f

The above master equation has two static solutions which satisfy Af=0
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Early time behavior

In the continuum limit
(large N limit) e 1 »
N f(h,t) = —ﬁr);,_{h(h,{,,_. —h)f]
Jh}ﬁ” Nk S+ Ak~ 1) e

The above result is similar to that found in
SYK model in some limits

Roberts, Stanford and Streicher, 2018

_ Dy (h) =
e .\,,f|l & ,.\,,I|U. 1) i

Ti(t) = /

. -\,-E 1 P PG T
o (rsar = (h)) (h)i— W{‘{h‘; —(h)*)

The logistic differential equation

1", ' | 10000 - —
! 7 r [— 1
| N 10000, ¢ = 2 0.08] ™ a9 ar |
' = 0.06] '“!""" 2.96 N =10000 1/
1! il T 0 (HE . S000 ,‘l ‘,.‘" |
N £ : . : A ——
I < 0.02| ‘ ' '/
200\ o LUa) | /
1075 H . 6000 /
= I : p—
= [ 5 = i
107 1000 1
| i
| N i i 2 munerical
10| . ¢ = 2, logistic
| 2000 ,’ 1 o, numerical
II .f'!: i x, logistic
| A | . V4 ) I
10 80 4, 120 160 0= ' !
0 2 I ¢ G 8
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The operator growth in two-local model @
b &

J ®
B(t) ~ B(0) + i[H, B(0)]t 2 3(N — 1)

The short time evolution / to h+1: ojo

(1) The number of terms which changes the
height (does not commute with B) from /4 to
h+1is 6h(N-h) h=3

& @
(2) The transition time from A to h+1 is inversely h=1 &
proportional to the number of terms and scales @ ® @&
as I/h when h<<N ,

v
v

At

h . -
N - N - . Neai
t ;; A’j'\' lf =~ Atlog /"“_ 1) !.’(/) -
ey (/ ) N —h N +eat — 1

The mean height satisfies the logistic differential equation and is linearly proportional to OTOC

dh . h Assume that the operator has a typical XC. Zhou. 2018

— i1 -
d(t/At) N height with no fluctuation
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Early time behavior

In the continuum limit
(large N limit) e 1 »
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. -\,-E 1 P PG T
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Operator dynamics in spin-1/2 chain with local interaction

« Similar to the previous model with all-to-all interaction, a local operator
will become increasingly non-local and approach a random superposition of
the basis operators at late time

The operator height distribution

f(h,t) = \_: v, (1) where h is a L-component vector

height(£3;.)~h

The mean height h(zx)

1 ._’Ow —‘O_ ],,(‘.,;) 1 3 3

O =
S = ¥ W WgigWgw
» @-@-O-O-O0-0O00O
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Operator dynamics in spin-1/2 chain with local interaction

* |t is reasonable to assume the coefficients «;(t) are uniformly
distributed among the Pauli string operators with the same length

* The zeroth order solution neglects the possible dispersion as it
moves with group velocity

/J(;I', f_) A UB
3

4

;__‘JV

* At infinite high temperature, the OTOC is the same as h(x, 1)
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The Brownian circuit

The joint distribution f(h) is governed by this master equation:

(US:'” l::m,fh,l_fj:h e d) ‘)‘__:H,_,h,.,[[h e t)
(3D, (10— hy) + Dby b} f(ht) (1) The endpoint is performing biased random walk
(2) The length distribution of h=1 domain is a
: ‘ moving Gaussian packet
| before | after | rate(q = 2) | rate(g = o) | (2) The wavefront interpolates between the left h=1
T ‘ 0 \ D 0 ‘ and the right h=0 domains
[ \ 0 30 1 \ (3) The physics is the same as Haar random circuit

q here is onsite Hilbert space

Nahum, Vijay and Haah, 2017

Initial condition . @ @ @ @ @ Keyserlingk, Rakovszky, Pollmann, Sondhi, 2017
Final steady state . . . . .

(q = )

f (l, ﬂ h ”“ Complementary error function
w(a, t

O (e, t)
€

X
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Two pictures of operator dynamics

All-to-all interaction Local interaction

(1) Scrambling time ~ N
(1) Scrambling time ~ log N (2) The linear light cone structure

r 3 ry

.h[..r_ {-J hia, t)

~v

Brownian circuit

Operator dynamics . Classical stochastic problem
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Operator dynamics in long range interaction systems

 The emergent light cone behavior

* The OTOC (mean height) dynamics

3

N> ?

hia,t)
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Kinetic Ising model with non-local power-law interaction

af(h,t)

. D 3D f(h = e )+ Y Dby f(h+ e f)

i#i One spin facilitated Fredrickson-Andersen model
(30,0, ,(1 = )+ Dyhey kY fiht)

|
Non-local power-law interaction ~ Dij ~ i=j

Perform classical simulation for this process

L X X X NONOROX X NONOX NOJONO.

(1) The growth of the h=1 domain (2) The non-local flipping process
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a=2.5

0.8
0.6
0.4

0.2

0

0 1000 2000 3000 4000
X

LN XN NOROJOX X NONOX NONOXO,

(1) The growth of the h=1 domain (2) The non-local flipping process
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(1) The growth of the h=1 domain (2) The non-local flipping process
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a=2.5

1 et
0.8
0.6
0.4
0.2

0 : : o | —

0 1000 2000 3000 4000

£
LN X X JORONOX N RONOX NOXOXO.

(1) The growth of the h=1 domain (2) The non-local flipping process
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a=2.5
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0.6

h

0.4

0.2

0 L . '
0 1000 2000 3000 4000

h

LN XN NOROJOX X NONOX NONOXO,

(1) The growth of the h=1 domain (2) The non-local flipping process
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The formation of effective light cone

0.15 a=10.5 075 2 a=15
0.6
0.1
= 0.4
0.05
0.2
0 0
0 500 1000 0 500 o 1000
30 X = 25 o = 5
20
10
0

0 500 o 1000 0 500 o 1000
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Light cone and butterfly velocity

~—
{
~
I

7 10%, , |
2000, ov / [ | |
2000,
2000, a
2000, ¢
1000, i1
1000, ox
1000, o

%
[

o

# 2 .-"
W06 4

R

== L
N

o - = gl 2 3 1
- _, 10 “ X

o~ 1"
10! C ! J

1" 10! L 10* Lo 10! . L0? 10°

U is a constant and is bounded

Local interaction by Lieb-Robinson velocity

vp = x/trc

Power law interaction VB can be (1) a constant, (2) grows

algebraically or (3) grows exponentially in time

= | "

1 log o powerlaw 4 linear

Hastings and Koma, 2006, Foss-Feig, Gong, Clark and Gorshkov, 2015
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Emergent linear light cone and locality

a=2>5
10" C
T ——— L = 1000, vy = 2.557
. -
~.

Lo
- | S \
) \
[ | \\‘ \\
[0 | 102 u \ Y\
! I‘\ I". \ \
i 200 100 . 600 800
10 41

-G -4 -2 o -2 | G
(& — vpl) /1

Data collapse of mean height

0.03 1
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}
|
0.02 J .
[ \ ;
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0.01 & : ! i
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- |
0 200 400 ., 600 500

Endpoint distribution
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Non-Gaussian tail

€ 4 0 4
10" | 1
L= 1000, vy = 3.248
._\~ | / f._.
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o | i /
10", : \ i /
S \ \ o / /
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XC, Zhou and Xu, 2017
|
10!, | 1
('t 1 I3 3.0
0 Jy —"\\. 1o Fa """‘"ﬂ\.\v
y \ / “u
J ‘.' )’ 'y
/ \l i \
. f 02 / h
/ T P \ I
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P Y e Wl
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The endpoint distribution cannot be directly
connected to mean height when v is small
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hix,t) ~ Power law in both directions
L’ et
L = 2000, vy ~ 0057
| \ (.:‘\f
] _ :
ol | hx,t) ~
| ’ !..r"
o ; I“”i ) :
2| [ S AN
| ~ Ny |
| |== | ~ . { - [
| o | ~ | ¥ 1.5
10~ \N 10" ‘
| | r T— a T T g o g e
A | \\\ | T -
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ot — ~
10)* a 10° .\ |
1 | - N |
10" 10" /(o) 10 10! \ N
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Large N limit with local interaction

E—E—H——(

Operator dynamics in two directions:

Similar to SYK chain

Gu, Qi and Stanford, 2016

(1) the local onsite Hilbert space

(2) the spatial direction

Logistic differential equation

Spatial diffusion # Fisher-KPP equation

h O%h h
- D (1
ot oz TAM =)

Tefal)
T 1=80
=100

500 il 500

=120
T t=140
=160

100 0 100 200 300
X-Cl

XC and Zhou, 2018

(1) Stable traveling wave solution & no dispersion

(2) Crossover to the diffusive wavefront picture at finite N.
Xu and Swingle, 2018

Page 31/39



Large N limit with power-law interaction

dh(x, t) ' 1
‘ I_}[ L t) / dyh{y, ) Dy, x)(1 — hix, b))
()[ . "'.\'fr.f
) 1
The power law kernel D(x,y) = | |
xr =y
9 a = 10 .
I 1
25 a =0
X |ll
o 15
2 a = 20
3. /
l rd
0.5 Y/ I
/.
N4 |
0 100 200 7,300 400 500 O 00y 2 30

Three observations:

(1) The log light cone scales as 1 ~ « log x

(2) The butterfly velocity in the linear light cone regime is independent of v

(3) The transition from linear to log light cone occurs at the intersection & ~ « log
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Data collapse

L . =12 o o = 20, ('ul']._\' time
I, — 5000 ~ ~ L= 2000, vy 9.6
oy = 0.832 exp(32.774) /t | ~-
! LI , 1 ?
N | 10" _ _
= N, = \ \
< AN " V1o
)2 N | Py
1( | | 10 ‘I .‘ |I‘
\ | " \ I|
' || |
(B |
. . . BER |
10" a 107 - 500 4100 150
i\ I
0 10! 10" / 10! v 5
xf(vpt) ‘ 22 vt |
. a = 20, late time
100, : o R
[ \\ {
| \
| en = LOSexp(LOTA)/t
101 |
e oAt 102 10
h(x,t) ~
/ .l..l'f Z
10 <
10 \ | \
5 500 1500 \
Ni A
L \\ |
0.5 A 1.5 2
xflvpt)

Pirsa: 18110070

Page 33/39



The complexity of the operator

Operator entanglement entropy

Pizorn and Prosen, 2007, Dubail, 2017

- =

A

Ot =0) A

The reduced density .
matrix for subsystem A ] il
i=2
! i=3
6 i=4
A r - A o 1=5
pA:;nB“oxo} sesf o /)
4
]
1 i ifP Floquet spin chain, L=14
0 et \ . .
0 5 10 15 ( 20 25 A0
It grows linearly in time in chaotic systems with local interaction XC and Ludwig, 2018
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The operator entanglement entropy

The reduced density A | A\ /A -& i
. 4= Trp ||O ()} -
matrix for subsystem A pA B || >< ‘ Ot =0)

Pizorn and Prosen, 2007, Dubail, 2017

Measuring the area of mean height in subsystem A

r

h >

/ 10

/ N [A=0
i =005
x 8| =01
10 T : . : ' A=0.15
W A=0.2
9t TR : 6l A=0.3
B =1 g«
. i=2 v
| i=3 4
6| —j=4
. i=5
w7 i=6 f 2 :
4 // Ising, L=14
s
| i 0!
, 0 5 10 t 15 0
I} I . ! Floguet spin chiin, L=14
ol e ' ' : : . . -
oS 0 s s X This can be generalized to finite temperature
It grows linearly in time in systems with local interaction (.;—ﬁ” (i)(-f_’H H
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The spectral correlation in the operator reduced density matrix

g(1) = (Z(1)Z* (7)) = (e~ "TH M)

|(]'L " r T g “Jl 1 ' T il
Rl Vi '-.‘ Al oy il
o' 1l \ | 10 \ t=18
| [ ! | =20
A .I" A v b Lo Wt AR el /w': i e ]30,100]
| Y {\’QJW“\I | 5"\-""“"1‘\""!]‘ W I.rw ﬂ]‘lll“-r\ ‘-{. Wy v.’i'h'.w“f’- .f’”l‘w \ ‘|r,~ | i € .
o Ill | ! | \ \ \ L_
. | -
N gl 1 ] Nt
= 10 \ lu“l ‘fi ! E 10
N ! | { N
I, {
=9 }} A ]
10’ =11 M ' !
t=[30.100] | N
!/ i
! T top
T middle
(1) i
1o i) 101 Ili l“” ‘ -q L[ : 2 }
10 10 T 10 10 1! ° w* - ' 1! 10!

l'he development of (Wishart) random matrix physics in a subsystem under unitary time evolution

XC and Ludwig, 2018
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Quantum linear map

e Classical linear map (Arnold’s cat map)
(”) ) ( ") (’) mod 1 M = (ab) e SL(2,7)
g od) Ap, ‘

* Quantum linear map (defined on the torus)

F N 1/2 :
M = ( “; 5 ) (‘.f[:q',q) (;\) exp [ﬁ(\?rﬁ - '-lr/q' + '.3(\'(/’)2'_)

Under U operator
UToU ~ 6%t U0 ~ 6%

The motion of the operator is determined by the classical dynamics
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Operator dynamics

* The operator performs “chaotic” motion in operator
Hilbert space

 The operator spreads out in the operator space

() ()

<> o «mv»- i,

() (h)

2 “r Fy T O 2wy L dag ]
] = (--'”1(-’2 (' |Uilgy ~ exp {‘f._,’_: (‘.am( h_'il 5 Sinf h.”]”n.w'
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Summary and Outlook

Brownian circuit approach

Operator dynamics

Operator height growth in:

v

Classical stochastic height
growth model

Random matrix physics

N =1
(1) All-to-all interaction l log power law 4 linear
X \ oAt ey ! ) vl o el
(2) Local interaction Clr, ) ~ e . (5) o ot
(3) Power law interaction N .
| log linear — log Y
i
Cl t) ~ e o opt) s Clrad) ~
I

Possible future directions:

(1) Power law regime 2 < « < 3

(2) Entanglement dynamics after quench
(3) Operator dynamics at finite temperature
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