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Perimeter Institute Nov 28rd

2018 computational physics course

Exact Diagonalization
Guifre Vidal

IJulia nb5: sparse diagonalization

using PyPlot
using LinearAlgebra
using Arpack

In [5]: # Ising model
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In [8]: # Ffunction for sparse multiplication

function multiplyHPsi(Psi, H2)
L = length(Psi) # Dimension of the vector space
N = convert(Inté4,log2(L)) # Number of spins
HPsi = zeros(L)
for n=1:N # This multiplies by the Hamiltonian R
Psi = reshape(Psi, (4,27(N-2)))
HPsi = reshape(HPsi, (4,2"(N-2)))
HPsi += H2*Psi
Psi = reshape(Psi,(2,27(N-1)))
HPsi = reshape(HPsi, (2,2~(N-1)))
Psi = permutedims(Psi,(2,1))
HPsi = permutedims(HPsi, (2,1))
end
Psi = reshape(Psi,lL)
HPsi = reshape(HPsi, L)
return HPsi
end

Out[8]: multiplyHPsi (generic function with 1 method)
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Initialize Psi for N spins

N=18 # N = 20 t ¢ 8.5s
Psi = randn(2”N)

# Normalize Psi
Psi = Psi/sqrt(abs(Psi'*Psi))

@time multiplyHPsi(Psi,H2)

init_steps = 1
energy = ones(0)
initial_step=1
Nsteps = ©

3

0.086269 seconds (298 allocations: 146.€12 MiB, 19.30% gc time)

Apply power method to Psi

D18 final lecture.pptx
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Initialize Psi for N spins

N=18 # N = 26 t < 8.5s
Psi = randn(2”N)

# Normalize Psi
Psi = Psi/sqrt(abs(Psi'*Psi))

init_steps = 1
energy = ones(0)
initial_step=1
Nsteps = ©

3

©.641438 seconds (1.23 M allocations: 205.672 MiB, 7.16% gc time)

Apply power method to Psi

@time multiplyHPsi(Psi,H2)

Show all X
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Apply power method to Psi

In [*]: # Use this to start or continue to apply power method

initial_step += Nsteps
Nsteps = 300
final_step = initial_step + Nsteps-1

for n=initial_step:final_step
HPsi = multiplyHPsi(Psi,H2)
newenergy = real(Psi'*HPsi) + shiftE*N
energy = [energy; newenergy]
Psi = HPsi/sqgrt(abs(HPsi'*HPsi))
print(n-initial_step+1, ":", Nsteps, "
end

bestenergy_ground = energy[end]
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127:300
137:300
147:300
157:300
167:300
177:3008
187:300
197:300
207:300
217:300
227:300
237:300
247:300

figure("Power_method",figsize=(14,4))

subplot(121) # Create the 1st axis of a
grid("on") # Create a grid on the axis
title("Power method")
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subplot(122) # Create the 1st axis of a 2x2 arrax of axes

grid("on") # Create a grid on the axis

title("Power method")

ax = gea()

xlabel("most recent iterations")

ylabel("Energy")

plot(initial_step:final_step, energy[initial_step:final_step], marker = "o"

Exercise (1/2): For N = 20 spins, compute the lowest energy with
momentum k = n2z/N forn = 0,2, --- N — |

function normalizeVec(Vec)
Vec = Vec/sqrt(abs(Vec'*Vec))
end

function give_momentum(Psi, k) I
L = length(Psi) # Dimension of the vector space
N = convert(Inté4,log2(L)) # Number of spins
newPsi = zeros(L);

018-comp-phy...ipynb

1:06 PM

- [Ws [ b
e 30/11/2018

Pirsa: 18110050 Page 9/132



Pirsa: 18110050

M Inbos

-

gvidal@perimeterinstitid X | __ Documents/2018uliacourse/Gull X & 2018-comp-phys-ExactDiag5-s
C D localhostB888/notebooks/Document il r ) ) i ExactDiag

equent bookmarks  dr Bookmarks

: Jupyter 2018-comp-phys-ExactDiagS-semi-complete (nsaved changes)

File Edit View Insert Cell Kernel Widgets Help Not Trusted

+ = @D 1 ¥ MRun @ C W Markdown

e T L o O T S ~

subplot(122) # Create the 1st axis of a 2x2 arrax of axes
grid("on") # Create a grid on the axis

title("Power method")

ax = gea()

xlabel("most recent iterations")

ylabel("Energy")

plot(initial_step:final_step, energy[initial_step:final_step], marker

Power method Power method
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Exercise (1/2): For N = 20 spins, compute the lowest energy with
momentum k = n2z/N forn =0,2,--- N -1

function normalizeVec(Vec)
Vec = Vec/sqrt(abs(Vec'*Vec))
end
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Exercise (1/2): For N = 20 spins, compute the lowest energy with
momentum k = n2z/N forn = 0,2, --- N — |

function normalizeVec(Vec)
Vec = Vec/sqrt(abs(Vec'*Vec))
end

function give_momentum(Psi, k)
L = length(Psi) # Dimension of the vector space
N = convert(Inté4,log2(L)) # Number of spins
newPsi = zeros(L);
for n in 1:N
newPsi += Psi*exp(im*k*n*2pi/N)
newPsi = reshape(newPsi, (2,27(N-1)))
newPsi = permutedims(newPsi, (2,1))
newPsi = reshape(newPsi, (2”N))

)18-camp-phy...ipynb
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Exercise (1/2): For N = 20 spins, compute the lowest energy with
momentum k = n2x/N forn = 0,2, --- N =1

function normalizeVec(Vec)
Vec = Vec/sqrt(abs(Vec'*Vec))
end

function give_momentum(Psi, k)

L = length(Psi) # Dimension of the vector space

N = convert(Int64,log2(L)) # Number of spins

newPsi = zeros(L);

for n in 1:N
newPsi += Psi*exp(im*k*n*2pi/N)
newPsi = reshape(newPsi, (2,2~(N-1)))
newPsi permutedims(newPsi, (2,1))
newPsi = reshape(newPsi, (2”N))

end

return normalizeVec(newPsi)
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newrsl = zeros(L);
for n in 1:N
newPsi += Psi*exp(im*k*n*2pi/N)
newPsi = reshape(newPsi, (2,2”(N-1)))
newPsi = permutedims(newPsi, (2,1))
newPsi = reshape(newPsi, (2”N))
end
return normalizeVec(newPsi)
end

function compute_momentum(Psi)
L = length(Psi) # Dimension of the vector space
N = convert(Int64,log2(L)) # Number of spins
TPsi = zeros(L)
TPsi = reshape(Psi, (2,2~(N-1)))
TPsi permutedims(TPsi, (2,1))
TPsi = reshape(TPsi, (2%N))
scalarp = Psi'*TPsi
return angle(scalarp)/(2pi)*N
end

Wwomow

Out[15]: compute_momentum (generic function with 1 method)
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In [16]: # testing give_momentum and compute_momentum
q = zeros(N)
for n in 1:N
print(n,":", N, " ")
Q = give_momentum(randn(2”*N)+im*randn(2”N), n)
q[n] = compute_momentum(Q)
end

q
1:
8

18
16:18 17:18 18:18

Out[16]: 18-element Array{Floaté4,1}:
1.0000000000000038
2.0000000000000018
3.0000000000000044
4.000000000000001
4.999999999999999
5.999999999999998
6.9999999999999964
8.000000000000002

-9.9
-7.999999999999997
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-1.9999999999999993
-1.0000000000000016
-2.4848083448933682e-17

N=18 # N 20 t

k = 1 # momentum k=8,1,...,N-1
Psik = give_momentum(randn(2~N)+im*randn(2~N), k) # normalized random vector with

@time multiplyHPsi(Psik,H2)

init_steps = 1
energy = ones(8)
initial_step=1
Nsteps = @

>

©.638405 seconds (1.53 M allocations: 361.761 MiB, 17.40% gc time)

In [21]: initial_step += Nsteps
Nsteps = 300
final step = initial step + Nsteps-1
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0.741472 seconds (1.53 M allocations: 361.796 MiB, 8.41% gc time)

initial_step += Nsteps
Nsteps = 300
final_step = initial_step + Nsteps-1

for n=initial_step:final_step
HPsik = multiplyHPsi(Psik,H2)
newenergy = real(Psik'*HPsik) + shiftE*N
energy = [energy; newenergy]
Psik = normalizeVec(HPsik)
print(n-initial_step+l, ":", Nsteps, " ")
end

bestenergy_k = energy[end]
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In [22]: figure("Power_method",figsize=(14,4))

subplot(121) # Create the 1st axis of a 2x2 arrax of axes
grid("on") # Create a grid on the axis

title("Power method with momentum k")

ax = geca()

xlabel("all iterations")

ylabel("Energy")

plot(energy, marker = "o")

subplot(122) # Create the 1st axis of a 2x2 arrax of axes

grid("on") # Create a grid on the axis

title("Power method with momentum k")

ax = geca()

xlabel("most recent iterations")

ylabel("Energy™)

plot(initial_step:final_step, energy[initial_step:final_step], marker = "o");

Power method with momentum k Power method with momentum k

-

Show all X
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tinal_step = initial_step + Nsteps-1

for n=zinitial_step:final_step
HPsik = multiplyHPsi(Psik,H2)
newenergy = real(Psik'*HPsik) + shiftE*N
energy = [energy; newenergy]
Psik = normalizeVec(HPsik)
print(n-initial_step+1,
end

"

¥, Nsteps, " ")

bestenergy _k = energy[end]

1:300 2:300 3:300 4:300 5:300 6:300 7:300 8:300 9:300 10:300 11:300 12:300 13:3
00 14:300 15:300 16:300 17:300 18:300 19:300 20:300 21:3600 22:300 23:300 24:300
25:300 26:300 27:300 28:300 29:300 30:300 31:300 32:300 33:300 34:300

figure("Power_method",figsize=(14,4))

subplot(121) # Create the 1st axis of a 2x2 arrax of axes
grid("on") # Create a grid on the axis

title("Power method with momentum k")

ax = gca()

xlabel("all iterations")
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tinal_step = initial_step + Nsteps-1

for n=zinitial_step:final_step
HPsik = multiplyHPsi(Psik,H2)
newenergy = real(Psik'*HPsik) + shiftE*N
energy = [energy; newenergy]
Psik = normalizeVec(HPsik)
print(n-initial_step+1, ":", Nsteps, " ")
end

bestenergy k = energy[end]
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00 14:300 15:300 16:300 17:300 18:300 19:300 20:300 21:360 22:300 23:300 24:300
25:300 26:300 27:300 28:200 29:300 30:300 31:300 32:300 33:300 34:300 35:300 3

6:300 37:300 38:300 39:300 40:300 41:300 42:300 43:300 44:300 45:300 46:360 47:
300 48:300 49:300 50:300 51:300 52:300 53:300 54:300 55:300 56:300 57:300 58:30
@ 59:300 60:300 61:300 62:300 63:300 64:300 65:300 66:300 67:300 68:300 69:300

70:300 71:300 72:300 73:300 74:300 75:300 76:300 77:300 78:300 79:300 80:300 8

1:360 82:300 83:300 84:300 85:300 86:300

figure("Power_method",figsize=(14,4))
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70:300 71:300 72:300 73:300 74:300 75:300 76:300 77:300 78:300 79:300 80:300 8
1:360 82:300 83:300 84:300 85:300 86:300 87:300 88:300 89:300 90:300 91:300 92:
300 93:300 94:300 95:300 96:300 97:300 98:300 99:3600 100:300 101:300 102:300 10
3:300 104:300 105:300 106:300 107:300 108:300 1©9:300 110:300 111:300 112:300 1
13:300 114:300 115:300 116:300 117:300 118:300 119:300 120:300 121:300 122:3060
123:300 124:300 125:300 126:300 127:300 128:300 129:300 130:3600 131:300 132:300
133:300 134:300 135:300 136:300 137:300 138:300 139:300 140:300 141:300 142:300
143:300 144:300 145:300 146:300 147:300 148:300 149:300 150:300 151:300 152:300
153:300 154:300 155:300 156:300 157:300 158:300 159:300 160:300 161:300 162:300
163:300 164:300 165:300 166:300 167:300 168:300 169:300 170:300 171:300 172:300
173:300 174:300 175:300 176:300 177:300 178:300 179:300 180:300 181:300 182:300
183:300 184:300 185:300 186:300 187:300 188:300 189:300 190:300 191:300 192:300
193:300 194:300 195:300 196:300 197:300 198:300 199:300 200:300 201:300 202:300
203:300 204:300 205:300 206:300 207:300 208:300 209:300 210:300 211:300 212:300
213:300 214:300 215:300 216:300 217:300 218:300 219:300 220:300 221:300 222:300
223:300 224:300 225:300 226:300 227:300 228:300 229:300 230:300 231:300 232:300
233:300 234:300 235:300 236:300 237:300 238:300 239:300 240:300 241:300 242:300
243:300 244:300 245:300 246:300 247:300 248:300 249:300 250:300 251:300 252:300
253:300 254:300 255:300 256:300 257:300 258:300 259:300 260:300

figure("Power_method",figsize=(14,4))

subnlot(121) # Create the 1st axis of a 2x2 arrax of axes
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100 150 200 100 150 200 250
all iterations. most recent iterations

In [14]: [bestenergy_ground bestenergy k]

Out[14]: 1x2 Array{Floaté4,2}:
-16.1761 -15.6733

Exercise (1/2): For N = 20 spins, compute first excited state with
momentum k = 0
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Out[14]: 1x2 Array{Float64,2}:
-16.1761 -15.6733

Exercise (1/2): For N = 20 spins, compute first excited state with
momentum k = (

function make_orthogonal (Excited,Ground) # it assumes Ground is normalized, that
Excited = Excited - Ground *(Ground'*Excited)
normalizeVec(Excited)

end

Ground randn(2”N) + im*rand(2~N)
Ground = normalize(Ground)

Excited = rand(2”N) + im*rand(2”N)
Excited = normalizeVec(Excited)

display(Excited'*Ground)
Excited2 = make_orthogonal(Excited,Ground)
display(Excited2' *Ground)

1:28 PM
01172018
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Excited = Excited - Ground *(Ground'*Excited)
normalizeVec(Excited)
end

Ground = randn(2”N) + im*rand(2”N)
Ground = normalize(Ground)

Excited = rand(2”N) + im*rand(2”N)
Excited = normalizeVec(Excited)

display(Excited'*Ground)

Excited2 = make_orthogonal(Excited,Ground)
display(Excited2’*Ground)

9.26346497919392153 + 0.265366855520681071im

1.609823385706477e-15 - 8.326672684688674e-171im

Note 1: Another possible application is the simulation of time evolution
(1)) = exp(—itH)I'\P(0)),

emZem e NMThra 4 Tan 13 1 FAPANY QLT TN/ N\

018 final lecture.pptx | 2018-comp-phy...ipynb
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Excited = Excited - Ground *(Ground'*Excited)
normalizeVec(Excited)
end

Ground = randn(2”N) + im*rand(2”N)
Ground = normalizeVYec(Ground)
Excited = rand(2”N) + im*rand(2”N)
Excited = normalizeVec(Excited)

display(Excited'*Ground)

Excited2 = make_orthogonal(Excited,Ground)
display(Excited2' *Ground)

0.2668777676382546 + 0.264029717590769151im

-2.7755575615628914e-16 + 3.0531133177191805e-16im

Note 1: Another possible application is the simulation of time evolution
(1)) = exp(—itH)I¥(0)),
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Outline

1 — Quantum mechanics and the many-body problem

cost

cost ~ e

d .
ih—W¥ = HY
at

——

size N

2 — Many-body entanglement

5(A)~ |04

area law

3 — Tensor network states
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Part 1:
Quantum mechanics
and the many-body problem

0 =
ih—¥Y = HY
at
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Quantum Mechanics 1920-1930

Niels Bohr Albert Einstein Wolfgang Pauli Paul Dirac

Single-slit pattern

ITRREREEN)
Q.

a —~~
ih—¥Y = HY
Double-siit pattern a t

Schrodinger equation

1 #
Erwin Schrodinger Enrico Fermi Werner Heisenberg Richard Feynman
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Exotic phases of quantum matter:

Collective quantum many-body phenomena

-_— '
ot B =
superfluids superconductors
Integer and Fractional Quantum Hall Effects
= 4 l ‘_ | L ; Ea»g_;
Bose-Einstein fractional quantum quantum criticality topological order
condensation Hall effect

Pirsa: 18110050 Page 32/132



Pirsa: 18110050

There is a problem...

Paul Dirac

“The fundamental laws necessary for the mathematical
treatment of a large part of physics and the whole of
chemistry are thus completely known,

and the difficulty lies only in the fact that application of
these laws leads to equations that are too complex to
be solved.”
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There is a problem...

“The fundamental laws necessary for the mathematical
treatment of a large part of physics and the whole of
chemistry are thus completely known,

and the difficulty lies only in the fact that application of
these laws leads to equations that are too complex to

be solved.”
Paul Dirac
9 _
ih—Y = HY
at
Schrodinger equation
o ° 0®
Emergence:

long-distance physics is often radically different from short-distance physics
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There is a problem...

“The fundamental laws necessary for the mathematical
treatment of a large part of physics and the whole of
chemistry are thus completely known,

and the difficulty lies only in the fact that application of
these laws leads to equations that are too complex to

be solved.” 1 9 2 9 !

Paul Dirac
9 _
ih—W¥ = HY
dt
Schrodinger equation
o A 0®
Emergence:

long-distance physics is often radically different from short-distance physics

Pirsa: 18110050 Page 38/132



lattice model of quantum spins

Hilbert space
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lattice model of quantum spins

Hilbert space
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local Hamiltonian

...O...//.\O.......

Ty

A

o~

v
I

(=

e

"
&
%
L
"
&
o
°

@ @ ¢ © ¢ © ©\9/0 © & 0 ¢ 0 0o 0

Page 40/132

Pirsa: 18110050



number Hilbert space
of spins dimension

N=1 ® 21 =2
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number Hilbert space
of spins dimension

N=1 ® 21 =2 W) = ¢;|1) + ¢, |d)
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number

of spins
N =1
N =2
N=3
N =14

® & 9

Hilbert space

dimension
21 =2
22 =4
23 =8
2% =16

|W) = c;|T) + c;[1)

W) = ¢, |TT) + ¢, |T!)
+ c3[IT) + ¢4 |[LL)

W) = ¢q|T1T) + ¢, |TTL)
+ 3| TIT) + ¢4 TLL)
+ s [ ITT) + ¢ [1TL)
+ ¢ |[UT) + cg|Ll)

W) = ¢, |[T111) + ¢, | T11L)
+c3 | T + ¢ [114L)
+ 5| TUTT) + 6| TITL)
+ co | TLLT) + cg|TLLL)
+ ol UTTT) + €50 L111)
+ ey [LTUT) + ¢4 [4TLL)
+Cy3[LUTT) + ¢y [LUTL)
+ 5] LY + 1641
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number

of spins
N =1
N =2
N=3
N =14
N

dim

Hilbert space

dimension
21 =2 W) = ¢;|T) + ¢, |1)
2t =4 W) = ¢ 1) + ¢, 11)
+ c3[IT) + ¢4 |[LL)
23 =8 W) = ¢ |T1T) + ¢, |TTL)

+ 3| TIT) 4+ ¢4 TLL)
+ s |[ITT) + ¢ [1T1)
+ ¢ [ILT) + cg|dll)

24 = 16 W) = ¢, |T11) + ¢, |T11L)
+ o |THT) 4+ ¢, [T1L)
+ oo | T 4 ¢ [TLT1)
+ ¢ |TLUT) + cq|TLLL)
+ ColLTTT) + ¢4 [4111)
+ ¢y UL 4 ¢y, | 4TLL)
® dim=2" + e |[LUTTY + cpu | LLTL)
+ ¢y LT 4 ¢y | LLLL)

exp(N)

size N
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256

16 X 16 =

N =

.

example

dim = 22°© ~ 1077 complex numbers

@ & & 9
@ 0 0 0 0 0 & 00 0 00 00 00

e & & @ & @

® D

2 2 @2 @
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® ® & & ® & 9
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2 @ ® @

®2 »

® & & @

" @

® ® & & & & ® & & & & & & 0

e @

® ® & & » 9 9 @

. @

@ & © ® & 0 & 0O 00 00 00

@ & ¢ & & & & 2 & & o & & 0 0o 0

® ® & & & ® & O " 0

@
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> ® ® ® ® ® & & & & & 0 0
® ® ® & ¢ @ 2 o & ® 0 0 0

e o

® @ & @

> ® ®© ® ® 9 9 & ® & o 0 0

e o
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16 X 16 = 256

N =

example:

dim = 2%°¢ =~ 1077 complex numbers

®
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@ ¢ 0 & 00 & 00 0 00 0 0 00
@ @ ® ® & 0 9" 0 9 9 00

® ® & & ® ® & 9 " O " 0

® @ & 2 0 9 99 09 0 9 00
@ ® 9 ¢ 9 © 09O OO OO 9

16GB laptop
10° complex numbers

N = 32 SpinS

® ® © & ® ® O 9" O O " O 0

® & & & & & & & & & & & 0 00

@ @ ® & ® ® © © ® ® " " 0
® & ® & &0 & 0O 00" 00 0
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® ® ® ® 9 29 9 9 00 00
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16 X 16 = 256

N =

example:

dim = 2%°¢ =~ 1077 complex numbers
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®
®
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@ & ® ® 2 & 9 0 909 00
@ & ® ® & & & 0 0 0 00

16GB laptop
10° complex numbers

N
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16 X 16 = 256

N =

example:

dim = 225¢ ~ 1077 complex numbers

®
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®
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® ® ® © 9 © O O 9 O 9 00
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166GB laptop
10° complex numbers

® ® & & & ® © & 9O O O " O 0 0

32 spins

® & ® & ® ©® © % 0 0 0 0
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N =
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® ® ® ® & & ® 2 & 0 00 00

o,

petabyte (105 bytes)

super'compu‘l'e.r'

10'* complex numbers

N

48 spins
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# of atoms in

16 X 16 = 256

N =

example:

dim = 225¢ ~ 1077 complex numbers
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16GB laptop
10° complex numbers

32 spins
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N =
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# of atoms in

16 X 16 = 256

N =

example:

dim = 2%°¢ =~ 1077 complex numbers

human being
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=
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# of atoms in

16 X 16 = 256

N =

example:

dim = 2%°¢ =~ 1077 complex numbers

o
k=
V
e
-
g
£
=
<

1028

&
*
&
®
[ ]
®
k-
kil
e
®
]
]
=
®
e
a

earth

® ® ® ©  ® O O 0 00
® ® & 0 00 O 0" 0 00
® ® O O O OO " O > v
® ® 0 0 ® 009 0 0 00
® ® ® & ® & & & " 0 00
® ® © ® 2 0 ® 020 ® O 00 00
® & 0 ® &% 20 O 0" 00 00

10°9

16GB laptop
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example: N =16 x16 = 256 # of atoms in
dim = 22°¢ = 1077 complex numbers

human being

1048
® ® ® & & & & & & & 2 " 0
® ® % 0 0 OO O " " "
® ® ® & & ® 2 ® " " 0 ear,?h
® ® ® ® ® ® O O " O 0
1663 |ap1vop ® ®© 2 0 ® 000 09 0 00 1050
® ® & & & & ® O " O O
1(,)qcomp|ex numbers 0 00 00 0000 OGS OO OO
N =32 spins S8 88 88 eeeeeeeeee solar system
® ® & & & & & OO P e =
® ® ® ®  ® & » & » & » & 0 1()-37
® O & & & © & 5 9 " "0 00
® ® ® ® O & 0 9 ® 9 0 ‘l e ®
® @ a @B 8 ] L] ® @ » w W o ] ® B mi'ky way
@ ® ® ® ® ® & o ® & o o o " 0 10('()
petabyte (105 bytes)
supercomputer
P P observable
10'* complex numbers universe
N = 48 spins 1080
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example: N =16 x16 = 256 # of atoms in
dim = 22°¢ ~ 1077 complex numbers

human being

1028
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N = 48 spins 1080
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Today's talk: tensor network states
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Today's talk: tensor network states

®* Variational method

cost ~ N  biased, but only weakly

(biased towards low entanglement)
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Part 2:
Many-body entanglement

S(A)~ |94

area law
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Entanglement

1rA © 1 B
N =2 HEQH

L ®
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Entanglement

arA & 1B

N =2 HEQH
2 2

Def.: product state

WAB) = [P4) @ |®)
example:  |14) @ [18)
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Entanglement

arA & 1B

N =2 HEQH
B 3

Def.: product state
$4%) = [¥*) @ |¢®)
example:  [14) @ |12)
Def.: entangled state

P45} = [p4) ® |9®)
example:

1) ® 18) — 1) @ |17)
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Entanglement

arA & 1B

N =2 HEQH
9 ®

Def.: product state

WAB) = [P4) @ |®)
example:  |14) @ [18)

Def.: entangled state

P45} = [p4) ® |9®)
example:

1T4) @ HB) — 14) ® |1B)
product state or entangled state?

T4 @ 1) + [14) @ %) + 14) @ [1%) + [14) @ [1F)
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s state |W48) entangled?

d
) A p B— R "
HAQHE=C,®@Cq  |phB) = Z ci i) ® 1j%)
N — 2 B ® i'jzl
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s state |W48) entangled?

d
HAQHE=Cy ®Cy ILI’AH)=ZCi;'|iA)®|fB)
N =2 e o Li=1

pA = trg [[PAZ)(WAR]]

A® o3
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s state |W48) entangled?

d
HAQHP=Ca®Cu W)=Y ¢1i*) ® Ij°)
N =2 o o L=

pA = try [|PAE)WAR]]

A®
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s state |W48) entangled?

d
arA arB _ ) )
HA@HT=Ca®Ca |94 = ) ¢li*) ® )"
N =2 ® ® i,j=1
pA = trg [|[PABY(WPA8|] |¥4%) isentangled < p“ ismixed

A®

pA= ) pa YW
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s state |W48) entangled?

HA@“]{B:(Cd®(Cd

N =2 ® ®

pA = trg [[PAZNWAR]]

A®

How entangled is |#458)?

d
W) = > ey 1i%) @ 1)
i,j=1
|¥4%) isentangled < p“4 ismixed

pA= D P B
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s state |W48) entangled?

d
p A y, B — » .
H ®J{ _(Cd®(cd |1_p/18)= Z CijllA)®|}B)
N =2 o o hI=
pA = trg [|PABY(WPAE|] |¥4%) isentangled < p“ ismixed

A®
P =) b YW
How entangled is |#458)? “

measure of entanglement

E(LPAB) = S(pA) = —Z Pa 1082 Py
a

A
von Neumann entropy of P

Page 66/132



s state | 48) entangled?

d
HAQHP=Ca®Cu W)= ) ¢1i*) ® Ij°)
N =2 o o Li=1
pAd = trg [|[PABY(WPA8|] |¥4%)  isentangled < p“ ismixed

A®
pA= ) b PN
How entangled is |#458)? ,

measure of entanglement

E(LPAB) = S(pA) = —Z Pa 1082 Pa
a

A
von Neumann entropy of P

example 1: J%I'T‘d‘) ® [17) *j‘:;ll’*) ® 17)
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s state |W48) entangled?

d
HA@HT=Ca®Ca |94 = ) ¢i*) ® 1))
N =2 o o L=
pA = trg [|[PABY(WPA2|] |¥4%) isentangled < p“4 ismixed

Ae
P =D pa YW
How entangled is | 458)? “

measure of entanglement

E(LPAB) = S(pA) = —Z Pa 1082 Pa
a

A
von Neumann entropy of P

example 1: %IT”‘) ® |17) “*}.;ll’i) ® |47)

1 1
pA =S I |+ 1144 |
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s state |W48) entangled?

d
HAQH =Ca®Ca W)= > ¢1i") ® Ij°)
N =2 B ® Lj=1
pA = trg [|PABY(WPAE|] |¥4%) isentangled < p“ s mixed

Ae
P =D pa BN
How entangled is |#458)? ,

measure of entanglement

E(LPAB) = S(pA) = —Z Pa 1082 Pa
a

A
von Neumann entropy of P

example 1: J%I'T“") ® [17) *%llﬂ} ® [17)

1 1
A _ T |1A\ 1A 214y 4
p —2” AU +2”’ A 1 unit of

E(WAB) = 1 entanglement
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s state |W48) entangled?

d
HAQHP=Ca®Cu W)=Y ¢1i*) ® Ij°)
N =2 o o L=
pAd = trg [|[PABY(WPA2|] |¥4%) isentangled < p“ ismixed

A®
P =) b YW
How entangled is |#458)? :

measure of entanglement

E(LPAB) = S(pA) = —Z Pa 1087 Py
a

A
von Neumann entropy of P

example 1: \/]“3-””‘) ® [18) *\/_1_5”141) ® 1) example 2: [T4) & [17)
1 1
A _ Z 1Ay 1A 211Ay/ A A — 1Ay 1A
pr = MR+ DT 4 it of pr =117 0 units of
E(wAR) = 1 entanglement E(WAB) = 0 entanglement
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Scaling of entanglement in many-body systems

G B A B

& ) e ® O © 0| & © & ©® © © | ® & 9
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Scaling of entanglement in many-body systems

B

A

B

HARQHE
E

B

L

A

® © © 0|® ¢ © © © © © 0| o o o
® ®© ® 0|® ¢ © © ®© © © o|° o o o
® © © 0|0 & © © © © © 0|0 0o 0o o
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B

A

HARQHE

Scaling of entanglement in many-body systems

How does entanglement entropy

scale with L ?

B

* genericstateof H4 Q HE

A

® & © ¢ ¢ ¢ & © © & o & o o 0o o
@ & » » &« » &8 & &8 &8 © 5 ¢ © @& o
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B

A

}{A ®}[B
B

Scaling of entanglement in many-body systems
»

How does entanglement entropy
scale with L ?

B

* genericstate of H4 Q HE

@ 00 0 0 0 0 @
EEEENENX)
N EENRENX)
e ® ®» & @ 8 & ®
B EEEEREK)
e 2 ® & @ ® © ©
A EEEEREK)
oaoaAooo
e & & @ & & ®
B EEEENEK)
M EEEENEK)
® 00 0 0 0 0
N EENENX)
® 000 0 0 0 0
EEEENRENX)
N EEENX)
Q

S

N =t

=)

< E

N

p— )

.AV

o

ty

® ®© © ® & & & 0 O ¢ O 0 0 0 o
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B

A

e ® & O O

HAQ HE
)

Scaling of entanglement in many-body systems
»

How does entanglement entropy
scale with L ?

B

* genericstate of H4 Q HE

A

S(A)~|Al = LP

volume law

ground state of local Hamiltonian
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B

A

HAQ HE
»

Scaling of entanglement in many-body systems
®

How does entanglement entropy
scale with L ?

FEREE:

* genericstateof H4 Q HE

® © ¢ ¢ ¢ ¢ o O
® ® © ¢ ¢ ¢ o O
& a8 & & &8 8 & @8
® & @ ® ¢ & @ ©
® & 5 & 8 @ ® @
® @ ® ¢ @ ® & o
® ® ¢ ® & & o O
...A...
e & & a8 8 & 9
® ® © ® ® ® o °
a2 & 5 @ & 8 & @
® & ® @8 @ ® ® @
® ®© ® ® © © o 0
® ¢ & ¢ & & 0 O
® ¢ ®© ¢ & ¢ o O
....-....
c
S
c
O
— —
= |
Q E | g
.l.uW T
n © - Il
L
= E S| =
L 2 | 5| T
= i i~ -
S L <
,m.ﬂu\ e o
7 %
T
c
-
(@]
[
5%

area law
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B

210 ©® ® 9

A

HARQHE

Scaling of entanglement in many-body systems

How does entanglement entropy
scale with L ?

B

* genericstate of H4 Q HE

H Y&\® Y./0)YQ\ 0V

Tt —— o ——— — — — " — ——
&

® & o ¢

\‘ b)

73

¢ \%

q\'a\

® 0 O vV

S(A)~|Al = LP

volume law

ground state of local Hamiltonian

Ao o o o

.
® © 0 0. 0 o280 0 o
)Y

@ 0 o-nls

& \&

fa

¥ \®

S(A)~|a4] = P

¢ {¢

s o« (&l ¢\¢

© 0 00 ¢ 0’0 0'd 0’000 0 0 o0

area law
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D=1 S area law A
""—L*' for entanglement entropy instead of
volume law
L ¥ S = 1 Al_1D
D=2 A S(A)~|0A|~L S(A)~|A|~L
F‘T‘”‘.
D=3 | v
LTl A
e i N
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D=1 — area law A
""T'*' for entanglement entropy instead of
g volume law
| Gy o FE—F 1Al_1D
-2 ][4 §(A)~[0A|~L S(A)~IAl~L
A
L sometimes,
D=3 R4 logarithmic corrections
L1 A S(A)~ LP~1log (L)

[
=]

Ground states of local Hamiltonians are special/non-generic states
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D=1 [ w— area law

A for entanglement entropy instead of

volume law

o I__»[-’A S(A)~|0A|~LP~1 S(A)~|A|~LP

L sometimes,
3 Y logarithmic corrections

LA S(A)~ LP~log (L)

I
i
N

D

Ground states of local Hamiltonians are special/non-generic states

ground states of
local Hamiltonians

generic state )
S(A)~LP-1

S()~1P L g—[ (N)
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Scaling of entanglement in many-body ground states (complete list?)

S(A)~LP-1 S(A)~ L°~tog (L)

area law
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Scaling of entanglement in many-body ground states (complete list?)

[
Il

Eq

|
23
<

Eq

o
oY)
T
T
)
Q.
W
<
W
—*
I
=

S(A)~1P1 S(A)~ LPlog (L)
area law
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Scaling of entanglement in many-body ground states (complete list?)

ET
=
Eu 7 A = E1 - EO
gapped system
A
D= 1 — const.
F
D=2 L A L
b . 4
5
- ; 2
7
S(A)~LP-1 S(A)~ LP~tog (L)
area law
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Scaling of entanglement in many-body ground states (complete list?)

E : E
E|— —
£, A=E, —-E, — A=0
gapped system gapless system
A
D=1 p— const.
L
D=2 i A L
L
H
. ; 2
D=3 A L
L
S(A)~1P1 S(A)~ LPlog (L)
area law
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Scaling of entanglement in many-body ground states (complete list?)

>
i
!
—
|
v
o

E, A=0

gapless system

o
oY)
T
T
)
Q.
W
<
W
~—+
I
=

D—Dp>2
A
D=1 — const.
D=2 L 1A L L
L
L
D=3 il 12 2
7
S(A)~LP~1 S(A)~ L°~tog (L)

area law
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Part 3:
Tensor network states
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Tensor network state: variational many-body wavefunction

many-body wave-function

|¥) = Z Wiiyiy iz - in)

P10, N
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Tensor network state: variational many-body wavefunction

many-body wave-function
W) = Z Wiliyiy [T1l2 - Iy)

I1,iz, "IN ﬂ a=12-,x

B
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Tensor network state: variational many-body wavefunction

many-body wave-function

|LI'I) = Z Lptllz ‘AN liyiz - in)

li2,IN a=12-,x
I1ip ... iy i,
graphical
notation O Q i ( ) j ;R
[ t J k
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Tensor network state: variational many-body wavefunction

many-body wave-function

) = Z Wi, ,Nm in)

l'l 12) r .'X
10> ...
142 ll :',z
graphical
notation O Q i ( ) j R
I: .
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Tensor network state: variational many-body wavefunction

many-body wave-function

) = Z Wi, ,Nm in)

l'l 12) r .'X
I41
A 11
graphical
notation O Q i _O—j R
f ik
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Tensor network state: variational many-body wavefunction

many-body wave-function
— J. .. P P
V) = E 411[2,..,1\, liyiz - in)
i1,02, 0N ﬂ a=12-,x

Ll‘lz e LN {liz . l:N

graphical
notation O Q i ( ) ]
[

[

i

0 =-700 eo-0e0o 8:8

T, = Z RS a=yt.M .3 tr(ABCD)
k
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|¥) = E Wiliyiy 11l = Iy)
btz N ﬂ a=12,x
1 tensor > O(N) tensors
of size 2N @ _ of size ¥ independent of N

1tz - IN iyly o dp
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|¥) = E Wiliyiy ll1l2 = Iy)
bl in ﬂ @=12x
1 tensor > O(N) tensors
of size 2N @ _ of size x¥ independent of N

i1i5 o Iy iy .. in

2N
parameters

inefficient
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|¥) = E Wiliyiy ll1l2 = y)
btz N ﬂ @=12,x
1 tensor > O(N) tensors
of size 2N @ _ of size x? independent of N

iyiy o iy

iy .. iy
2N . O(N)

parameters parameters

inefficient efficient
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|¥) = E Wiliyiy ll1l2 = In)
btz N ﬂ a=12,,x
1 tensor > O(N) tensors
of size 2N @ _ of size x? independent of N

iy - in

iy . iy
2N . O(N)
parameters parameters
inefficient efficient

generic states
tensor network states

[x=1
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W) = Z Wil ipiy [T1l2 = in)
N

Litznt ﬂ a=12,x

O(N) tensors

1 tensor
of size 2N @ _ of size ¥ independent of N

9 U

iyly e dp
2N . O(N)
parameters parameters
inefficient efficient
) ground states of
generic states , )
tensor network states local Hamiltonians
b [ x=1 ,
HWN) 27 (N)
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Examples of tensor networks in D = 1 space dimensions

multi-scale entanglement renormalization ansatz

(MERA)

matrix product state

(MPS)

10000000000000001
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scaling of entanglement

multi-scale entanglement renormalization ansatz

(MERA)

matrix product state

; SIS

log(L)

25 25 A5 25 257

T
L ------.‘W-
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scaling of entanglement

multi-scale entanglement renormalization ansatz

(MERA)

matrix product state

(MPS)
A
| I ]
L
network S(A) = const
connectivity:
area law!

just as ground state of
massive/gapped
1d system
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scaling of entanglement

multi-scale entanglement renormalization ansatz

(MERA)

matrix product state

(MPS)
A
L I J
L
network S(A) = const S(A) ~ loglL
connectivity: |
area law! logarithmic correction!
just as ground state of just as ground state of
massive/gapped critical/gapless
1d system 1d system
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Example of tensor network in D = 2 space dimensions

Projected entangled pair states

Matrix Product State

PEPS

MPS

2 dimensions

D=

1 dimensions

D=
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Example of tensor network in D = 2 space dimensions

Projected entangled pair states

Matrix Product State

PEPS

MPS

2 dimensions

D=

1 dimensions

D=
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Example of tensor network in D = 2 space dimensions

Projected entangled pair states

Matrix Product State

PEPS

MPS

2 dimensions

D=

1 dimensions

D=

S(A)~L" = const.
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D = 1 space dimensions

D > 1 space dimensions

matrix product state
(MPS)

1000000000000000

S(A) ~ const
area law

- -

S(A) ~ log(L) |

logarithmic correction

projected entangled pair states
(PEPS)

S(a) -7 ?
area law
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D = 1 space dimensions

D > 1 space dimensions

matrix product state
(MPS)

1000000000000000

S(A) ~ const
area law

- -

S(A) ~ log(L) |

logarithmic correction

projected entangled pair states

S(A) ~ 17 ?
area law
s(a)~17?
MERA area law
b2
branching S(A) L log(L)
MERA logarithmic correction

Page 106/132



Scaling of entanglement and tensor network states

gapped system gapless system
D — Dr > 2 D — Dr =1
D=1 A
- = const. ) log(L)
D=2 .][|A
- '-T ’ L L L l()g(L)
L
D=3 , _ _ .
AR L? L2 1% log(L)
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Scaling of entanglement and tensor network states

gapped system gapless system
D - Dr > 2 D - D[' =1
D1 A MPS
- — = const. i -
5 PRI log(L)
- — PEPS
D=2 L [ A
) T L L Llog(L)
% PEPS
D=3 , _ _ i
LA L? L? L% log(L)
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Scaling of entanglement and tensor network states

gapped system gapless system
D - Dr > 2 D — Dr =1
D1 A MPS
a = const. ) log(L)
- — PEPS
D=2 .|[|A
- '-T~ - L L L log(L)
L
% PEPS
D=3 7 _ _ _
AN L? 12 1% log(L)
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Scaling of entanglement and tensor network states

gapped system gapless system
D — Dr > 2 D — Dr =1
. —
b1 A MPS T 0 . MERA
-— [ ' ‘.-~-7 -:_r- w': ‘:ﬂ
T T 799997 YRRy 108 )
; PEPS MERA
D=2 .|[|A
) hf_a L L Llog(L)
.
% PEPS MERA
D=3 7 _ _ :
AN L? 12 1% log(L)
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Scaling of entanglement and tensor network states

gapped system gapless system
D—-Dr=>2 D—-Dr=1
b A MPS - k:i i MERA
- % const. | NS A
~— PTTITP T TS .K.N.a\a.aﬁ.a.\ log(L)
: PEPS MERA branching MERA
D=2 .|[|A
L
% PEPS MERA branching MERA
D=3 A _ _ i
Mo L? L? L% log(L)
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CURRENT APPLICATIONS tensor network =

sparse data structure

of researchers

&

Pirsa: 18110050 Page 112/132



CURRENT APPLICATIONS tensor network =

sparse data structure

Computational condensed matter

(Frustrated magnets, interacting fermions,
quantum criticality)

POTITTITSTRTSTE. B3
Classification _ Hundreds
ok gappediphases of researchers
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CURRENT APPLICATIONS tensor network =

sparse data structure
Material

Computational condensed matter science
(Frustrated magnets, interacting fermions,

quantum criticality)
\ ’ Quantum
’ chemistry
ot

Classification _ HU"ded
Of BAppediphases of researchers
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CURRENT APPLICATIONS tensor network =

sparse data structure
Material

Computational condensed matter science
(Frustrated magnets, interacting fermions,
quantum criticality)

Quantum

’ chemistry

Classification _ Hundreds
Phgapned phisses of researchers

4

Classical
statistical
mechanics
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CURRENT APPLICATIONS tensor network =

sparse data structure
Material

Computational condensed matter science
(Frustrated magnets, interacting fermions,
quantum criticality)

Quantum

’ chemistry

PIPTPTTTITPTNTNeT S
et
Classification _ Hundreds
ol gappediphiases of researchers

, Holography
Classical
statistical ‘
mechanics L
Renormalization
group
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CURRENT APPLICATIONS tensor network =

sparse data structure

Material
Computational condensed matter science
(Frustrated magnets, interacting fermions,
quantum criticality)
Quantum
’ chemistry
; 555 Machine
L Hundreds d learning
Classification _
of gapped phases of researchers

, Holography
Classical
statistical ‘
mechanics o
Renormalization
group
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Current applications

Example 1: Variational approach to many-body systems
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Current applications

Example 1: Variational approach to many-body systems

* frustrated antiferromagnets (2D)

* interacting fermions (2D)

= topologically ordered phases (2D) no sign problem!
= quantum criticality/phase transitions

* quantum chemistry
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Current applications

Example 1: Variational approach to many-body systems

* frustrated antiferromagnets (2D)

* interacting fermions (2D)

= topologically ordered phases (2D) no sign problem!
= quantum criticality/phase transitions

* quantum chemistry

Science

“Spin-liquid ground state of the s = 1/2 Kagome Heisenberg Antiferromagnet”
S.Yan, D. A. Huse, S. R. White, Science (2011)

Pirsa: 18110050 Page 120/132



Current applications

Example 2: Classification of phases of quantum matter

Theoretical framework to characterize/classify many-body states

site R
LY - — — — -
spin 1/2 b ™ S T i DO
o0 .1 ? o0 00- |
B
1]
[ F— ] € Ryl \ .-‘\L;f\
B\ £ t".—"’[ e | g ]
N ‘ | ==
g "“ w 1/ £2 g VL (7 ?}:;J
) ‘ ) / B
g \ g 8 £ 7 — /\.},2”

“Symmetry protected topological orders in interacting bosonic systems”
X. Chen, Z.-C. Gu, Z.-X. Liu, X.-G. Wen, Science (2012)
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Current applications

-— s—

Example 3: Holographic principle ‘.”“,?:_::;f;%"‘
(my HoloClub talk on Tuesday) m%%
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Current applications

Example 3: Holographic principle *“\::i%lli‘f:a
(my HoloClub talk on Tuesday) Mm%%

MERA =7 |attice realization of the famous
AdS/CFT correspondence of string theory

AdS/CFT correspondence, J. Maldacena, 1997

1 - O
>

\9_//36 \y//x

CFT1+1 Ad52+1

quantum field theory quantum gravity
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Swingle 2009, 2012

AdS,/CFT,

(hyperbolic plane H,)

time slice of AdS,
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AdS,/CFT, Swingle 2009, 2012
time slice of AdS; (hyperbolic plane H,)

SN
N

=
*33 ’Siig;,;%_’\} 2; .

T :z, .
—r 3 L Y
T f‘?%%’?{f? =

~N_

Czech, Lamprou, McCandlish, Sully, 2015-2016

kinematic space (integral transform of H,)

ds,
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Current applications

Example 4: Machine Learning

Pirsa: 18110050 Page 127/132



Current applications

Example 4: Machine Learning

Pattern recognition:

A neural network can be taught to e.g. recognize digits 0-9
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Current applications

Example 4: Machine Learning

Pattern recognition:

A neural network can be taught to e.g. recognize digits 0-9

learning dataset deep neural network
output layer

70104194879

Dbq01597%4 R R DG

7605407401 AN

3134727121 2

2423 5\d4y

input layer
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Current applications Example 4: Machine Learning

input representation KxK Conv 2x2 Pooling
D__‘, ————g P KxK Conv linea
. : l @ 2x2 Poollng o'u"tpu’t
I T || h
Deep H > M "o ! 11?‘]
y X
. previous layer KxK Conv
Convolutional 2x2 Pooling PR x.. xR
k A1 i RORT out)| ‘ﬁé ConvNet| 4, = max IZ +? 0}
i “ o W L
Networ N i M el ‘ (s
= 7 H"™ Y, H ConvAC| = H o
B , A RONT e ',‘\"(f\' )y ]"i'ljl,lx': o H]wrlx.I )
ﬁ ConvAC ﬁ
1 VoS K3
Tree Q B {23

Tensor
Network

. Aé:}‘?%\ﬁ“ ?%’M*’”}
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Summary

1 — Quantum mechanics and the many-body problem

cost
d . cost ~ e
ih—Y¥Y = HY
dat .
size N
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Summary

1 — Quantum mechanics and the many-body problem

cost

d _ cost ~ e¥
ih—Y = HY
dat e
size N
2 — Many-body entanglement
S(A)~ |0A|
area law
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