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Abstract: <p>Classical chaotic systems exhibit exponential divergence of initially infinitesimally close trajectories, which is characterized b
Lyapunov exponent. This sensitivity to initial conditions is popularly known as the &nbsp;"butterfly effect." Of great recent interest has be
understand how/if the butterfly effect and Lyapunov exponents generalize to quantum mechanics, where the notion of a trajectory does not
this talk, | will introduce the measure of quantum chaoticity &nbsp;a€“ a so-called out-of-time-ordered four-point correlator (whose semicla:
limit reproduces classical Lyapunov growth), and use it to describe quantum chaotic dynamics and its eventual disappearance in the standar
of classical and quantum chaos a&€“ Bunimovich stadium billiard and standard map or kicked rotor [1]. | will describe our recent results ¢
guantum Lyapunov exponent in these single-particle models as well as results in interacting many-body systems, such as disordered metals
latter many-body model exhibits an interaction-induced transition from quantum chaotic to non-chaotic dynamics, which may manifest itse
sharp change of the distribution of energy levels from Wigner-Dyson to Poisson statistics. | will conclude by formulating a many-body analog
the Bohigas-Giannoni-Schmit conjecture.<br />

References:<br />

[1] "Lyapunov exponent and out-of-time-ordered correlator's growth rate in a chaotic system,” &nbsp;E. Rozenbaum, S. Ganeshan, and V. C
Physical Review Letters&nbsp;<strong>118</strong>, 086801 (2017)<br />

[2] "Non-linear sigma model approach to many-body quantum chaos," Y. Liao and and V. Galitski, arXiv:1807.09799</p>
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ASPEN
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2019 WINTER CONFERENCE

MANY-BODY QUANTUM CHAOS

March 10-15, 2019
Sunday evening reception through Friday evening

The problem of quantum chactic dynamics of interacting many-body systems has recently
experienced a significant renaissance. Deep relations have been uncovered between
seemingly disconnected models and new insights have come from condensed matter and
AMQO physics, from string theory and general relativity, and from quantum information
sclence.

This Aspen Winter Conference aims to synthesize these recent developments with
particular emphasis on connections with the older quantum chaos literature and on recent
and forthcoming experiments on many-body quantum chaotic systems such as strongly
interacting solid state materials and engineered atomic and optical systems.

The key questions to be addressed include the following. How do the recent developments
In many-body quantum chaos (MBQC) connect to established Ideas in the quantum chaos
literature? How does MBQC manifest in quantum dynamics, for example, in the transport
properties of strongly interacting electrons? How do we engineer sufficiently complex
many-body systems and directly probe the quantum butterfly effect? What new theoretical
methods are required to calculate the properties of MBQC systems? Is there an effective
theory of quantum chaos that generalizes gravity or the simple Schwarzian theory?

Application deadline is December 15, 2018
Please complete your application at:
http://www.aspenphys.org/physicists/winter/winterapps.html
Conference Website: https://sites.google.com/view/mbqc2019/

SCIENTIFIC ORGANIZING COMMITTEE:
Victor Galltskl, University of Maryland
*Monika Schleier-Smith, Stanford University
Brian Swingle, University of Maryland
Douglas Stanford, I1AS
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Monika Schleier-Smith
(AMO experiment)

Brian Swingle
(condensed matter, Q)
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(string theory)
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Outline

[ 3 definitions of “quantum chaos.” Out-of-time-ordered
correlators (OTOCS).

O Billiards '
= OTOC growth in classically chaotic billiards
» Level statistics of the “Lyapunovian” — OTO operator
* Breakdown of classical-to-quantum correspondence

 How does quantum Lyapunov growth stop?
» Standard map & kicked rotor
* Dynamical (Anderson) localization
= Aleiner-Larkin effect at the Ehrenfest time

L Many-body quantum chaos
* Regularized and unregularized OTOCsS in disordered metals
= Violation of the Maldacena-Shenker-Stanford bound
* Transition in Lyapunov growth and many-body BGS conjecture
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Three definitions of “quantum chaos”
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Three definitions of “quantum chaos”

* Quantize a classically-chaotic model. Call whatever you get a “quantum chaotic system.”

(5
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Three definitions of “quantum chaos”

* Quantize a classically-chaotic model. Call whatever you get a “quantum chaotic system.”

S AR

* Look at the energy spectrum of a quantum model (which may or may not have

a well-defined classical limit) and compare its energy level statistics with the
universal Wigner-Dyson distribution, predicted by random matrix theory.

/Wigner—Dyson: p ~ sexp(—s?)
/PDiSSDn: p ~ exp(-s)

p(s) 4
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Three definitions of “quantum chaos”

* Quantize a classically-chaotic model. Call whatever you get a “quantum chaotic system.”

e

* Look at the energy spectrum of a quantum model (which may o
a well-defined classical limit) and compare its energy level statistics with the

XA

r may not have

universal Wigner-Dyson distribution, predicted by random matrix theory.

/Wigner—Dyson: p ~ sexp(-s?)
/ POISSON; i~ expi+)
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p(s) 4
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Three definitions of “quantum chaos”

Quantize a classically-chaotic model. Call whatever you get a “quantum chaotic system.”

)

Look at the energy spectrum of a quantum model (which may or may 1
a well-defined classical limit) and compare its energy level statistics with the

A L

10t have

universal Wigner-Dyson distribution, predicted by random matrix theory.

/Wigner-Dyson: p ~ sexp(~&?)
/Poisson: p ~ exp(-s)

@ R " ; . g s 3
New” diagnostic: exponential growth of the out-of-time-ordered correlator (Larkin

-faouuet

p(s) 4

armnydaluod (§Og)

& Ovchinnikov, Stanford, Kitaev, Maldacena)
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Out-of-time-ordered correlator (OTOC)

* Consider quantum mechanical o
operators, 2(t) and P(0) = —ih—
dx(0)

and define the correlator (OTOC)

Anatoly Larkin Yurii Ovchinnikov

dx(0)

A~ 2
Cep(8) = —([(), p(0)]?) = A <(ax(t)) >
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Out-of-time-ordered correlator (OTOC)

* Consider quantum mechanical
operators, X(t) and p(0) = —ih i

’ 0x(0)

and define the correlator (OTOC)
Anatoly Larkin Yurii Ovchinnikov
I
bz (t) o< exp(At)
& 2
ax(t)

Cap(t) = =([2(t), p(0)]?) = h?

* In the classical limit, it literally reproduces the sensitivity to initial conditions.
* If the correlator grows exponentially, we'll call the system quantum chaotic and the
corresponding exponent — the Lyapunov exponent.

(‘(r) o CZA?HEII[

Such correlators can be defined for many-body systems with or without a classical limit.
* Kitaev, Maldacena, Stanford et al. recently conjectured a bound on many-body chaos.
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Current interest in OTOCs 1s partly due to connections to gravity

Thanks to Alexey Kitaev, Juan Maldacena, Doug Stanford et al.
= - v REEY I
3 \‘ il}' Iu | *

PO AR

A. Kitaev, KITP talk, http://online.kitp.ucsb.edu/online/entangled15/kitaev/ (2015).

J. Maldacena, S. H. Shenker, and D. Stanford, J. High Energy Phys. 08, 106 (2016).
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Recent interest in OT'OCs 1s partly due to connections to gravity
& O .

« Kitaev, Maldacena, Stanford et al. considered (symmetrized) OTOC functions

BH

F(t) = ;}tr {6_%8(0)6_"1—”‘4(06_78(0)6_ﬁftﬁA(t)},

pH _BH
T A(De " TAD),

_BH_ _pH
Fa(t) = E";tr {e 2 B(0)e 2 B(O)}tr‘{e

A. Kitaev, KITP talk, http://online.kitp.ucsb.edu/online/entangled15/kitaev/ (2015).
J. Maldacena, S. H. Shenker, and D. Stanford, J. High Energy Phys. 08, 106 (2016).
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Recent interest in OTOCs 1s partly due to connections to gravity

« Kitaev, Maldacena, Stanford et al. considered (symmetrized) OTOC functions
BH

F(t) = %tr {e‘L?B(O)e‘fZ—HA(t)e‘TB(O)e‘L?A(c)},

Fa(t) = ot te~"Tr0)e 2 B 't a3 4}

* Using assumptions about exp growth, certain inequality involving the TOC
and OTOC, & analytical properties in z=t+1f3, a theorem has been proven:

F(t) = Fy(t) — € et

A. Kitaev, KITP talk, http://online.kitp.ucsb.edu/online/entangled15/kitaev/ (2015).
J. Maldacena, S. H. Shenker, and D. Stanford, J. High Energy Phys. 08, 106 (2016).
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Recent interest in OTOCs 1s partly due to connections to gravity

« Kitaev, Maldacena, Stanford et al. considered (symmetrized) OTOC functions
BH TH IH BH
F(t) = Ztr {e—LTB(O)e— 3 A(t)e‘%s(())e‘im(c)},

_BH_ _BH _£H = _BH
Fd(t)zglgtr{e 2 B(0)e ZB(O)}trk{e 2 A(t)e ZA(t)},

* Using assumptions about exp growth, certain inequality involving the TOC
and OTOC, & analytical properties in z=t+1f3, a theorem has been proven:

F(t) = Fy(t) — € e

21k T

q <
R

* Remarkably, the bound saturates for certain strongly-correlated models (e.g.
SYK) with interesting gravity-like dual descriptions.

A. Kitaev, KITP talk, http://online.kitp.ucsb.edu/online/entangled15/kitaev/ (2015).
J. Maldacena, S. H. Shenker, and D. Stanford, J. High Energy Phys. 08, 106 (2016).
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Out-of-time-ordered operator in chaotic billiards

L

Sriram Ganeshan

Efim Rozenbaum ) )
1Ql, CMTC, University of Maryland Simons Centre for Geometry & Physics

Stony Brook university

E. B. Rozenbaum, S. Ganeshan, and V. Galitski, arXiv:1801.10591.
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Stadium billiard: energy-level statistics

Bl Level-spacing distribution
—Poisson distribution F,(s) = exp(—s)

P
e
e =

If different parity sectors of the eigenspace

are not separated = Poisson distribution.
k

0.6

| #—
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Prob. distrib.

=
=
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—
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]
e
e
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0

B Energy-level-spacing distribution
— WD distribution P -ms°fd

GOE

Spacing

(s) x se

0.6

When level spacings are
calculated within each parity
subspace separately = GOE
Wigner-Dyson distribution.

—
f—
—

—
=
)

Probability distribution

Spacing

Data from: E. B. Rozenbaum, S. Ganeshan, and V. Galitski, arXiv:1801.10591.

First investigated in: S. W. McDonald and A. N. Kaufman, Phys. Rev. Lett. 42, 1189 (1979);
G. Casati, F. Valz-Gris, and |. Guarneri, Lett. Nuovo Cimento 28, 279 (1980).
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Stadium billiard: energy-level statistics
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Bl Level-spacing distribution
—Poisson distribution F,(s) = exp(—s)
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are not separated = Poisson distribution.
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Data from: E. B. Rozenbaum, S. Ganeshan, and V. Galitski, arXiv:1801.10591.

First investigated in: S. W. McDonald and A. N. Kaufman, Phys. Rev. Lett. 42, 1189 (1979);
G. Casati, F. Valz-Gris, and |. Guarneri, Lett. Nuovo Cimento 28, 279 (1980).
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Stadium satisfies BGS conjecture, but is 3™ definition consistent?

_— Journal of High Energy Physics
!HEP - October 2017, 2017:138 | Cite as
Journal of

High Energy

Physics Out-of-time-order correlators in quantum mechanics

k
Authors Authors and affiliations

Koji Hashimoto, Keiju Murata [~], Ryosuke Yoshii

“The thermal OTOC of the stadium billiard
does not show the exponential growth and, in
that sense, it trivially satisfies the bound.”
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Stadium satisfies BGS conjecture, but is 3™ definition consistent?

Journal of High Energy Physics

!HEP - October 2017, 2017:138 | Cite as
Journalof

s Out-of-time-order correlators in quantum mechanics

Physics

k

Authors Authors and affiliations

Koji Hashimoto, Keiju Murata [~], Ryosuke Yoshii

“The thermal OTOC of the stadium billiard
does not show the exponential growth and, in
that sense, it trivially satisfies the bound.”

T =100

___——T=40

(b) Cirele billiard (a/R = 0)

(a) Stadium billiard (a/R = 1)
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Stadium satisfies BGS conjecture, but is 3™ definition consistent?

Journal of High Energy Physics

!HEP - October 2017, 2017:138 | Cite as
Journal of

s Out-of-time-order correlators in quantum mechanics

Physics

k

Authors Authors and affiliations

Koji Hashimoto, Keiju Murata [~], Ryosuke Yoshii

“The thermal OTOC of the stadium billiard
does not show the exponential growth and, in
that sense, it trivially satisfies the bound.”

T = 400

T = 200
T=100 | ok
a2 E

T =40

(b) Cirele billiard (a/R = 0)

(a) Stadium billiard (a/R = 1)

One can however find Lyapunov growth by picking a different initial state — the most
classical state that follows classically chaotic trajectories at early times.
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Stadium billiard: early-time evolution

Data & animation produced by Efim Rozenbaum and VG
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Stadium billiard: early-time evolution

Data & animation produced by Efim Rozenbaum and VG
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Stadium billiard: early-time evolution

Data & animation produced by Efim Rozenbaum and VG
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Stadium billiard: early-time evolution

Data & animation produced by Efim Rozenbaum and VG
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Stadium billiard: exp growth of OTOC at early t

Given almost uniform billiard’s phase space and minimal-uncertainty wave packet ¥ :

ax(t)\’ -
(qjcll_lf (t): ﬁx(O)leq"cl) = hgff (G;CES))) x exp(Zﬂ.t)

at early times t < tg.

,:_ 1(] I 3 T T T T T i T
o : —C(t) = —(Wal[£(t), p0)]| W) é
T N - oxexp(2 x 0.851)
S 10?7}
‘R B osge s . =]
- ¢ Collision time £, ~ A " =~ 0.9
Nab < A
| 1079 4
o [ \
II 104 z Ehrenfest time tg ~ | In heg|/Aa =~ 4.2
b |U 5 ".. L 1 J. 1 1 1
0 1 2 3 4 5 6 7
t

We reproduce the classical exponential growth in the stadium billiard this way.

Data from: E. B. Rozenbaum, S. Ganeshan, and V. Galitski, arXiv:1801.10591.
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Stadium billiard: exp growth of OTOC at early t

Given almost uniform billiard’s phase space and minimal-uncertainty wave packet ¥ :

ax(t)\’ -
(qjcll_lf (t): ﬁx(O)lewcl) = hgff (a;cgg))) x exp(Zﬂ.t)

at early times t < tg.

,:_ 1(] I 3 T T T T T 4 T
S i —C(t) = —(Wal[£(t), p0)]2| W) o
T N - xexp(2 x 0.851)
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We reproduce the classical exponential growth in the stadium billiard this way.

Data from: E. B. Rozenbaum, S. Ganeshan, and V. Galitski, arXiv:1801.10591.
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Stadium billiard: Lyapunovian level statistics

.5 T T T T T
A(t) = ]n(— [f (t)’ ﬁ(O)] z)/(zt) B Level spacing distribution for A(t # 0)
g Lol —3 = 3 distribution Py(s) ox s¥e~97/16
- s Every second level filtered.
AN () = L)1 (t)) 3 |
L L L =
E 0.9¢ For levels filtered according to -
- 5 - = » the spectrum branches of Aj (1),
g.f_i P— Sl Dby o iz the distribution y GUE.
" 0 — E e
= ‘a
_5( =
é o 0.3
£ -10 -
o
gp 0
=2 .15 0 0.5 1 1.5 2 2.5
0 1 2 3 4 5 Spacing

Eigenvalue number i 494

Relevant work: J. Cotler, N. Hunter-Jones, J. Liu,
and B. Yoshida, J. High Energy Phys. 2017, 48 (2017).

Data from: E. B. Rozenbaum, S. Ganeshan,
and V. Galitski, arXiv:1801.10591.
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Stadium billiard: Lyapunovian level statistics

5

K(t) = ]n(— [f (t)’ ﬁ(())]z)/(zt) Bl Level spacing distribution for f\(.’- 7‘ 0)
g 1ol —3 = 3 distribution Py(s) ox ste 7 /10
- = ~ Fvery second level filtered.
AL (@) = L®OIL(E)) B
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09 L(t #0
Relevant work: J. Cotler, N. Hunter-Jones, J. Liu, E 06 .P( .TS))
and B. Yoshida, J. High Energy Phys. 2017, 48 (2017). % 03 ~ (x('t‘:éﬁ‘-*""&/”
Data from: E. B. Rozenbaum, S. Ganeshan, - U“ } | 1 . " 3
) 0.5 5 2.5

and V. Galitski, arXiv:1801.10591.
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Classical-to-quantum transition in Lyapunovian

& — -
— A AL 2 .
crossover from A(t) 1= lrl (_ [‘x(t)' p(())J )/(Zt)
@ Poisson to Wigner
2 Dyson at the projected onto the subspace of localized
s Ehrenfest time
g 4 = minimal-uncertainty wave-packets.
8
w
Moyal expansion Wigner Dyson
diverges distributed
Poisson distributed (Landn/Ouehahinaikey) quantum
Lyapunov Lyapunovian
exponents \‘
t =10
t= !'[‘}hrvn"l—lAl

uncorrelated partitioned phase space O(h*) corrections correlations diverge with divergent Moyal expansion

A Enh’ 0<t< fl-!",hmnﬁml
— & t~t “hrenfes
p r t=10 o] ‘ p“ Ehrenfest
Alx,
=" )
X x X

Increasing phase space correlations quantified by spectral statistics of Lyapunovian
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Example of the use of OTOCs:

breakdown of classical-to-quantum correspondence

* Consider a physical billiard, where the particle has a finite radius.
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Example of the use of OTOCs:

breakdown of classical-to-quantum correspondence

* Consider a physical billiard, where the particle has a finite radius.

* Itis equivalent to a mathematical (classical) billiard of a smaller size (for a point
particle — the center of the finite-size ball). "

/ \
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Example of the use of OTOCs:

breakdown of classical-to-quantum correspondence

* Consider a physical billiard, where the particle has a finite radius.

* |tis equivalent to a mathematical (classical) billiard of a smaller size (for a point
particle — the center of the finite-size ball). "

* Polygon billiards have zero Lyapunov exponent.
* Math. billiard corresponding to a polygon physical billiard is not necessarily a polygon.
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Example of the use of OTOCs:

breakdown of classical-to-quantum correspondence

* Consider a physical billiard, where the particle has a finite radius.

* |t is equivalent to a mathematical (classical) billiard of a smaller size (for a point
particle — the center of the finite-size ball). "

/ ,

/ : 7

f \ /

‘\\

* Polygon billiards have zero Lyapunov exponent.
* Math. billiard corresponding to a polygon physical billiard is not necessarily a polygon.

* There exist billiards (e.g., irrational triangle), which upon “rounding,” go from non-
chaotic to chaotic and vice versa (L. Bunimovich, 2017).

* Key idea & result: upon quantization, the motion of a wave-packet is similar to a
finite-size ball rather than a point. We have shown it using the OTOC and found hA-
dependent Lyapunov growth in a classically non-chaotic billiard (Rozenbaum, VG,
Bunimovich, to be published).
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Changing gears: how does the Lyapunov exp. growth stop?

10 ! ——

Collision time t, ~ A" = 0.9

7
.'l"":. 109
> P,
gt o~ Y
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— (1) = (W] [(t), pO))?| V)

o exp(2 = 0.85 1)

1. Standard map/
kicked rotor
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OTOC & transition at Ehrenfest time in a Floguet rotor

week ending

PRL 118, 086801 (2017) PHYSICAL REVIEW LETTERS 24 FEBRUARY 2017

Lyapunov Exponent and Out-of-Time-Ordered Correlator’s Growth Rate
in a Chaotic System

Efim B. Rozenbaum,"”" Sriram G:mcshan,” and Victor Galitski'>*
'Joint Quantum Institute, University of Maryland, College Park, Maryland 20742, USA

L

Sriram Ganeshan

Efim Rozenbaum . )
JQl, Univ. of Maryland Simons Centre for Geometry & Physics

Stony Brook university
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Classical Kicked Rotor

* Particle on a ring periodically kicked

x k

o
H(z,p;t) = % + K cos (z) ¥ 6(t — n)
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