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Abstract: <p>Three dimensional fracton phases are new type of phases featuring exotic excitations called fractons. They are gapped point-like
excitations constrained to move in sub-dimensional space. In this talk, | will present the gapped fracton topological order discovered in exact
solvable models and gapless fracton phase described by U(1) symmetric tensor gauge theories. Their relation with ordinary topological ordered
phase would be discussed in detail. Particularly, the fracton topological order exhibited in an exact solvable model called X-cube model can be
constructed by coupling toric code layers. And it can aso be obtained from a particular rank-2 symmetric tensor gauge theory called scalar charge
theory by Higgs mechanism and partial confinement transition.</p>
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Quantum phases of matter

Landau’s paradigm

- v quantum states “are classified by symmetry breaking”

Ordered states:
superfluid superconductor Neel state
v 4 = v 4 " > 4 ‘(/ « 4
K|
ad
V4
A " A
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Spin liquid: more than absence of order

. gapped spin liquid (topological order): Z2 spin liquid (toric
code), chiral spin liquid......

. gapless spin liquid (critical phase): U(1) spin liquid, algebraic
spin liquid

deconfined criticality......

. Fractionalization in 2d/3d

) spinon lect ¢/3

gapped Z2 sPin-1 . 1/3 fractional ec‘_,ror_l"__,_..,--vo s
spia liquia ) quantum Hall @O

........ a ’ 'AO(_)/.{
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Gapped fractionalized excitations in 2d: anyons

1. Point like excitations (e.g. e and m particle of toric code)
2. Braiding processes generates topological phase factors

3. Free to move
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Gapped Fractionalization in 3d

1. No point-like anyons, only boson / fermion

2. Non-trivial braiding between loop excitations and point like
excitations.

e.g.
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Fractons

A new type of point-like excitations living in three spatial
dimensions which:

1. cannot move without creating or moving other excitations.

fracton o o
2. cannot be created alone by local operators.
o O
3. are always created in more than two /(f_n
and can move away from each other LY
by acting membrane/fractal A3
operators. O
Sub-dimensional excitations -
mobile excitations but only constrained to move in
subdimensional space. #)
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Example: Haah’s cubic code

o 2z E ’ 20
H Haah — — E ( C ('"(,J'
C C

17 ZI IX XTI
oS S S e
Zl —— 727 XI——11I gsd: 2"’ on 3-torus
7 1z XX | IX
_. / /
17 ZI IX XTI
(1;3' (?;I:

X,Z: Pauli matrices )—‘
[: Identity

Q: Any other model has similar properties?
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3D Discrete Fracton models

« Chamon-Bravyi-Leemhuis-Terhal model
- Majorana (spin) Checkerboard model
- X-cube model

Membrane operator

f// /-—_‘) //
£ /
Restricted to Restricted to
move along a move in a 2D
1D line plane

Mobile Subdimensional particles
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3D Discrete Fracton models

« Typel:
Chamon-Bravyi-Leemhuis-Terhal model
Majorana (spin) Checkerboard model
X-cube model

Membrane operator ] !

Subdimensional particles

. Type II: Haah'’s cubic code
Yoshida’s classical fractal model

A i
Fractal operator AA
. : A4
Immobile particles é é ;‘g; :‘2}‘\
4
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Fracton topological order

a gap to local excitations

fractionalized excitations that cannot be created alone by local
operation.

Sub-extensive ground state degeneracy on 3-torus

(O8]

4. fractionalized point-like excitations that are confined to move
in zero (fractons), one or two-dimensional subspaces

5. beyond the description of topological quantum field theory
(TQFT)
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Gapless Fracton phase

U(1) symmetric tensor gauge theories:

Gauge variables are higher rank symmetric tensors instead of vectors.

Example: rank-2 gauge theory in 3d

E:.’:r: E.r_r; E:;.'.:-‘ Mli 1 44.1‘}; 41
3d: h’.;uf = Lj_.-,r:r ]_‘;m/ Ew_r;: 1',ur ya 1"1',”‘, Yz
F :,:.:: F *T,:'y F -1 1 L A zY 1
Ayw, E,: U(1) variables
A Bl = —i
o 2 - o ’ Jupes g
H=U E ki, — K E cos(B.) A, Euyl J
Ay L

ru<v r L,

Unconventional Gauss laws == Gapped Fractons/subdimensional excitations

Gapless photon modes Stable fixed point
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Gapless Fracton phase

Example (1): Rank 2 vector charge theory

(ailib‘ul/ — P;.z = / [TX .? = U 4-"'1“‘,_, — 4-’:1'.”, —l— (‘-)H(.}:‘U + 01/(-}3;1
Ju
— _ AT vOC ) o
{) — U Bﬂ.-l’ —_— fll € (_)’\(_)(3_."1”{:
{__/=.==g;>-”""_ - _'\) 4
D — >
> <
Y.
ﬁ U.
x (a) Y (b)
%f“\* hjﬂu — Eﬂ_}_/ + 1 E{l{l — E/I‘,U. + J~
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Gapless Fracton phase

Example (2): Rank 2 scalar charge theory on the cubic lattice

Charges: 5

0,0, E,,(r) = pr

L
+/-
: . 4
. ] -+ ,2 +
Conservation laws: E. *r—o—
" @ —

- }
/ p=70 / xp =10
v U J U

(a) (b)
E;u,/ _> E;[.[} _+_ l bT,H.-,H.- 4’\' bw{f,[l_. + 1
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Gapless Fracton phase
Example (2): Rank 2 scalar charge theory on the cubic lattice

x o
> O /
|

v =& o I . T
+-N— il

= (a) (b)

E”,j — Ef*’-’—" + 1 Ep..p. - b?m.r, +1

4".-1,;|;_; *> .{1[{1! + (’)[f (‘)i” .f

= {: B‘”"" - (-u-)u?('))\flnv

> Buu =0
;

v w é a
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Fracton Phases

Questions:

Relation to other topological ordered phases?

Relation to the U(1) fracton phases?

Continuum field theory?

Classification?

Role of Lattice symmetry?
- How symmetry enrich this order?
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Fracton Phases

Questions:
- Relation to other topological ordered phases? \
« Relation to the U(1) fracton phases? v

Continuum field theory?

Classification?

Role of Lattice symmetry?
- How symmetry enrich this order?
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FraCtOD Phases — the phases have subdimensional excitations

. T 2d ) 3d
This talk: topological order

T (toric codes)
. S

Fracton topological order

(X-cube model) mechanism Higgsing

U(I) Fracton phase

(scalar charge theory)
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FraCton PhaseS — the phases have subdimensional excitations

. 2d 3
This talk: topological order

(toric codes)

Fracton topological order _
(X-cube model) mechanism

'''''
'''''
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2>d Toric code

Hro = — Z H 7 — Z H X,
v olew p lep / Y

M~
Uw

N
N
-

[ |
L S

X X \
% /

([ zv1Gs) =168y (J[x01GS) = |Gs)
lev lep
m:2)|GS) = [ () e: X)|GS) = | — ) gsd:4
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2d Toric code

Example: Toric code

O——0 Oo——0

m
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X-cube model

Hye==3 1[X%= 2 > 1%

C leC p=x,y,2 v, lev,

7 ' L (I 201G$) = G
1 t+ . ) | ico,
| | | |
| | | |
| ' | 11 x)iGs) = |as
____ I, E tH IGS) =1GS)
; | "| | -l W)
T TZI 4 ] |
| | | |
| | | | /
| | | |
: il disl o 1 - ¥ - ~
' y A ‘i Z|GS) = | )
T 1 I |
| | | |
| | | |
| | | |
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X-cube model

fixe==2_ 1]%-2 2 1l

C ]GC H=x,y,z v, IG}?H C : v )

TE 4 RN (I 201G9) = 1GS)

=

[ i Y O 1) ... °
([ x0lGs) =|Gs) Uy

|

f 1

I \

: |

| ey

: : : ¥

| | |

b= == 1 = — — — T — s - -
. Z11GS) = U

) /Z.: /Z: e GS) = | ) Uy

l | l

I | |

lel
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X-cube model

Hee ==Y [[x- Y Y 1] 2

C leC p=x,y,2 v, lev,

(T[] 21Gs) = 1GS)

Mutual statistics : 7

1€,
X (ﬂ X)|GS) = |GS)
/7 el
b

o X,|GS) = | T )

log,(gsd) = 6L — 3
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How to construct fracton topological order in the
X-cube model?

Stacks of 2D topological order

No fractons and 1d particles

=2 Not pure stack of 2D layers!

2D particle in 3D system
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How to construct fracton topological order in the
X-cube model?

Possible construction: Intersecting layers

Composite particle move in lower dimensions

But things are not so simple

X-cube model :

| y
/‘/ 1 log,(gsd) = 6L — 3
’ AD topological order
K Need coupling between layers!
o Coupled layers?
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X-cube model via toric code layers

X
X Z
Z _
A X ,;’z/
X Z = > / f
X 7 7
X’ X > / /L
X X
£ X 4

Hep = —hY ZI'Z}
1, g

Strong coupling limit: h — 00
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be model via toric code layers

: |l,/’> — |93>X—(‘:ub(f

>
>

h = oo

C 1t ¢
A Z o) = (D Particle-loop condensation
| “L1Y07 — T | |

P e Qe e J .
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X-cube model via toric code layers

o) =

|'¢> — |g';> X —cube

VWY h = oo

h =20

p /'/q' ‘ : :
| [ | \ [
Zil)=| |z = L
oy . x B |
[ | & :
| | | |
| | | |
.,./ / g //”'/

Single e particle is confined
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X-cube model via toric code layers

|
f
| |
| | | |
| | | |
b= b — — — 1+ — F——— 1+ — A

//‘ Yl O i R X //| ) | .
‘ ¢ — | Identify the membrane
| | | | .
‘ | . | operator as stacks of string
| | | | v o e p .
| ){ 4 4 operator from layers.

£ y Y | a

T T t |
\ | | |
| | | |
| | | |
F———t —+—=—=+ -+ ===+ -4

L7 7 7 "
t } } |
| | | |
| | | |
| | | |
AN N T S

s / 7 4
d _/ s/
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X-cube model via toric code layers

| |
\ f |
\ | | |
\ | | |
\ | | |
F———t e ———t1 -4 ——— T — 4
i 4 | U BT .| e x : 4 |
e B | | Identify the membrane
\ | | | .
‘ | | | operator as stacks of string
\ | | | . . f1e P "
A B R S operator from layers.
Paly 7| Z& y
T ] t T T |
\ | | |
\ | | |
\ | | |
f = A 2 ™ o
Wi . Froe] 74 y
T T T |
\ | | |
\ | | |
\ | | |
) 4 } y
7 7 7 /s
e / s
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X-cube model via toric code layers

Decoupled toric code layers:

logo D = 6L — 3

6L Non-contractable Loop operators

26L  degeneracy

With coupling, there are 3 constraints:

| ( Y
T
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X-cube model via toric code layers

Semionic mutual statistics between fracton and 1d particle:

i originates from the semionic
' statistics between e and m
particle from the same layer.

A

.J—.

I . .

L_____A__.‘____*_.*_____
: =
A
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X-cube model via toric code layers

Semionic mutual statistics between fracton and 1d particle:

originates from the semionic
statistics between e and m
particle from the same layer.
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FraCton PhaseS — the phases have subdimensional excitations

. 2d 3
This talk: topological order

(toric codes)

Fracton topological order _
(X-cube model) mechanism

'''''
'''''
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FraCtOD Phases — the phases have subdimensional excitations

- 3d
This talk: topological order
(toric codes)
' A
Fracton topological order , Higgsing
(X-cube model) mechanism

U(I) Fracton phase

(rank-2 scalar charge theory)
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Higgsing rank-2 scalar charge theory

Rank-2 U(1) Scalar Charge Theory

1 ’ | | * It /fpzo (dipole conservation)
1 o v
Higgs mechanism ‘ | Partial confinement transition
(Charge-2 condensation) (Monopole condensation) l

Hollow Rank-2 U(1)
Scalar Charge Theory
(unstable)

' Rank-2 Z, Scalar Charge Theory \

Partial confinement transition
(Flux loop Condcnsatiml)lv l

Higgs mechanism
(Charge-2 condensation)

X-cube model
(Charge neutrality on each plane)
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Rank-2 /4 scalar charge theory

AMAVE/W(I‘) = Pr
‘.‘1;“_, — 4-4”,_; + A;J.Aiff

B;u/ = Culo AxAgy

Dipole conservation law:

E rn, = 0 mod 2
r

E Y
H Charges:
- ¢
+/-
; L 2
. + 2 |
By *—o—
—‘—H
- }
@ Higgsing
. 2 O
L L 4
(6] O
(a) (b)
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Rank-2 /5 scalar charge theory

T
t 7 ‘
| _2.\ \
t(’;//?’. |
2o T O Z,e
P 7/ ?
d e
F,
‘\’:"Hf
Zys
Z..
/ /
S -
Z..
‘[iilT('_-Y - - Z b:u.‘i/ [Zf'i)\(r) Z 0 “,,(I') . p
i ”
yd

Pirsa: 18100060 Page 42/55



Rank-2 /5 scalar charge theory

L2 L | S
Hayre = — Z Fuu [Zsa(r)] — Z Gy (X (r)] R |
I‘J{i.} /‘.f : :
y- ‘ | Ty s Y
¢ 11\ ‘ O |
7 g 2a y \ O
wlGS) =1 72T ) Ry
7'[ 3 log, GSD =
Z;;.;.JG’S) = | r 1 > ; |

(
X,uu|GS) = | () ) Xuw|GS) =1 g )
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Rank-2 /.5 scalar charge theory

-

T4

Loop type Charge type

|
| o
! e o W—
| e
L J
| “ L]
T [ N
| — - — A -
: a | 4
@ l ®

X I 2 | e e K o °
T
| 4 @ - -9 I A *
| ‘ .‘( . ok N % )

e i ¥ e X
£ .
o P -
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Higgsing rank-2 scalar charge theory

Rank-2 U(1) Scalar Charge Theory
(dipole conservation)

Higgs mechanism ‘ | Partial confinement transition

(Charge-2 condensation) (Monopole condensation)

Hollow Rank-2 U(1)
Scalar Charge Theory
(unstable)

Rank-2 Z, Scalar Charge Theory

Partial confinement transition
(Flux loop condensation)

Higgs mechanism
(Charge-2 condensation)

[

\J

X-cube model
(Charge neutrality on each plane)
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Rank-2 7,5 scalar charge theory m=sp X-cube model

3d Toric code |==p | 2d Toric code

/ - v i ——e——f/ 0
sarc = —h § Xy [ L | | >

0|z

h — oo

1. e particle becomes 2d excitations, it can no longer move in z-direction

2. m loop reduces to 2d excitations where the loop intersects with xy-plane

Page 46/55



Rank-2 7,5 scalar charge theory m=sp X-cube model

. / _ .
Condense loops: Hy _cube = —h g X

=,z
P
XX

L+1 —— L+l L .
| 2] I s .-
Zyz |® |

] L AT %
‘ o .Z;::.‘.’ !

L-1 I/ ‘J

1. The point charge excitations are immobile due to non-trivial statistics with loops.
2. The bound states of two charges can propagate freely in 2d planes.

3. Four of the eight excitations created by acting X ,,, on a plaquette remain gapped.
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Hollow Rank-2 7,5 gauge theory for X-cube model

U E xry E:r'z 0 f’l_.;; Yy 11 T2
E:} = Fu 1 0 E’U . ;—Lj — A yr 0 | Y
Eze FEzy 0 A.. A, 0
Gy 9
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Higgsing rank-2 scalar charge theory

Rank-2 U(1) Scalar Charge Theory A;AE;; = ny
(dipole conservation) A, — A, + A,A,f

Higgs mechanism ‘ Partial confinement transition
(Charge-2 condensation) (Monopole condensation)

\

Hollow Rank-2 U(1)

Scalar Charge Theory
(unstable)

Rank-2 Z, Scalar Charge Theory

Partial confinement transition

, _ Higgs mechanism
(Flux loop comlcnsanon)lv l

(Charge-2 condensation)

X-cube model
(Charge neutrality on each plane)
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Rank-2 scalar charge theory m==p Hollow theory

S=i> > EuwAiAu —iY o(rr) Y AAE, + Y [u,,V B 4 tod Y E ;J BN cos(B)
S T '1 T.r =1 T.r Ji 'l'f‘_I-’ N T

: I , 2 2
Sdual = A2 ['de, E (F;:A(TA,\(}QT,H)“ + Uod S (F{J‘)\(TA)\(}T(TU + “'L/A(TA,\(}-’G;L)H}
" It p<r
+~7T“/sﬂ,“, — ﬂ,m(AT(’.}:‘M, - A, — “,,9) —t, E E cos(A,py, — )
T H’#V
P, — 1, + AN
b E cos( f,(l)l, ALY — + v,) s | i
> 2 b0+ A
1 Qpy — Oy + ﬂl,)\,, + rgi,_,_!‘/'
_f—“ [*’111(AT¢);J - "(/”;1-_) [~ .« ., .
™m ¢ (r), n(r )} = 10,07
| Monopole: .f'ni’,,,.g('r)._dfﬂ_,,(-r’)] = i6,
Fj;.'u - _F;:.\(TA,\‘-":T;J - .
27 3 p N - -
1 4“;1.;5("")-. ”’_u.;:.('}- }} = '“51'.-1"
B = o (6pro Baci + cinorcny) DB =1y S =0
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Rank-2 scalar charge theory m==p Hollow theory

S=i) Y B A — i) (mr) > AALE,, + ) [u,;z B2, + o Yy E: J EY Y cos(Bu)

L o
T T.r L Tr ji < i TRY
T AV

—t,, Z Z cos(A, ¢y — Dy — vy + o) -+

T.r H,%y

monopole condensation . =0

t?N — OO — .
E,, =0
(010 ()] = 8,61
]

M()l]()P()lC: L/"J),,,_;:_('I")a g (’)J - ifsr',-r’

JLpL

|
Fj.' , = 5 € .'.\(TA,\‘-":T I / g WAL N
Hi op ; B0 (1), @t (7)) = 00y 4
F"/“” - E (’:;f-)\(TAA‘).ITF-’ + FJ!,\rTA)\n'cT;f) Aﬂj.j“.y —_ TII:]'_)' Z .d;r,z: — ()
H
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Higgsing rank-2 scalar charge theory

Rank-2 U(1) Scalar Charge Theory
(dipole conservation)

Higgs mechanism ‘ | Partial confinement transition

(Charge-2 condensation) (Monopole condensation)

Hollow Rank-2 U(1)
Scalar Charge Theory |
(unstable)

Rank-2 Z, Scalar Charge Theory

Partial confinement transition

, _ Higgs mechanism
(Flux loop corwlcnsanon)lv l

(Charge-2 condensation)

| X-cube model |
(Charge neutrality on each plane)

Z2 hollow scalar charge theory
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FraCtOD Phases — the phases have subdimensional excitations

o 3d
This talk: topological order

(toric codes)
i A

Fracton topological order o
(X-cube model: mechanism Higgsing
Z2 hollow scalar charge theory) !

U(I) Fracton phase

(scalar charge theory)
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FraCtOD Phases — the phases have subdimensional excitations

. T 2d ) 3d
This talk: topological order

T (toric codes)
. S

Fracton topological order o
(X-cube model: mechanism Higgsing
Z2 hollow scalar charge theory) !

U(I) Fracton phase

(scalar charge theory)
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Other works

Entanglement entanglement entropy of fracton stabilizer codes

Subdimensional excitations at Lifshitz transition and the Exciton Bose Liquid

Possible phases of the spin-1/2 J; — J2 XXZ model by boson-vortex duality

Magnetic translation symmetry enriched topological order

Pseudocriticality and complex CFTs
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