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Abstract: <p>In the context of the AdS(4)/BCFT(3) correspondence, we study the holographic entanglement entropy for spatial regions having
arbitrary shape. An analytic expression for the subleading term with respect to the area& nbsp;law is discussed. When the bulk spacetime is a part of
AdS(4),<br />

this formula becomes the Willmore functional with a proper boundary term evaluated on the minimal surface viewed as a submanifold of the three
dimensional flat Euclidean space with a boundary.& nbsp;<br />

Numerical checks of this formula are performed through a code which allows to construct minimal area surfaces anchored to generic curves. For
some simple regions like infinite strips and disks, analytic results are& nbsp;obtained and they confirm the general expression for the subleading
term. In particular, when the spatial region contains corners adjacent to the boundary, a logarithmic divergence occurs whose coefficient is
determined& nbsp;by a so-called corner function which depends on the boundary conditions. An analytic expression for the holographic corner
function and its checks are also discussed.</p>
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Entanglement entropy in 2+1 CFT’s with boundary

B B

[ Entanglement entropy: expansion as the UV cutoff ¢ — 0

P
[ Sa= —Tra(palogpa) = v % — Fa+ o(l)]

Pirsa: 18090038 Page 2/33



Entanglement entropy in 2+1 CFT’s with boundary

B B

[0 Entanglement entropy: expansion as the UV cutoff € — 0

P
[ Sa= —Tra(palogpa) = v % — Fa + o(l)]

< F4 depends on the b.c.’s of the BCFT3 and on the shape of A
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Outline

= Holographic entanglement entropy
in AdS4/CFTj for generic shape regions

[Fonda, Seminara, E.T., (2015)]

< Willmore functional

< C(Corner function

= Holographic entanglement entropy

for generic regions in AdS4/BCFTs3
[Seminara, Sisti, E.T., (2018)] [Seminara, Sisti, E.T., (2017)]

< Willmore functional & boundary term

< Analytic results for strips and disks

< C(Corner functions
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Holographic Entanglement Entropy in AdS(4)/CFT(3)

[ Constant time slice in AdSg49
Hypersurfaces v4 s.t. 0y4 = 0A

Find the minimal area surface 44

[Ryu, Takayanagi, (2006)]

Holographic dual of Wilson loops [Maldacena, (1998)]

1
E.g.:AdS; ds* = 2 (- dt? + dz* + dx?)

Asymptotically AdS,; geometries

P
Alje] = == — Fa+o(1)

< Various non trivial checks. E.g. strong subadditivity [Headrick, Takayanagi, (2007)]
< Simply connected domains analytically solved: spheres and infinite strips

< Domains A obtained as small perturbations of the sphere
[Hubeny, (2012)] [Klebanov, Nishioka, Pufu, Safdi, (2012)] [Allais, Mezei, (2014)]
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HEE in AdS(4) with Surface Evolver

[Fonda, Giomi, Salvio, E.T., (2014)]
M Generic Shape for 0A [Fonda, Seminara, E.T., (2015)]

Numerical analysis based on Surface Evolver (developed by Ken Brakke)

A Surface Evolver evolution in AdS;/CF T3

E.g.: When A is a disk, the minimal area surface 44 is a hemisphere

[ Regions A with more complicated boundary 0A can be studied
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HEE in AdS(4) with Surface Evolver

[Fonda, Giomi, Salvio, E.T., (2014)]
M Generic Shape for 0A [Fonda, Seminara, E.T., (2015)]

Numerical analysis based on Surface Evolver (developed by Ken Brakke)

A Surface Evolver evolution in AdS;/CF T3

E.g.: When A is a disk, the minimal area surface 44 is a hemisphere

[ Regions A with more complicated boundary 0A can be studied
(e.g. A can be made by disjoint components)
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HEE in AdS(4) & Willmore energy

[ Willmore energy of a closed 1
S VAR
smooth surface ¥, C R 4 Js

(T]I‘{')z d_,zl] [Willmore, (1965)]

g

Minimal area surface 44 C H® has TrK = 0
Consider 44 C R?

[Babich, Bobenko, (1993)] Fa= W[

[Alexakis, Mazzeo, (2010)]

[ Since W[E,] > 4n (saturated only by round spheres) [Willmore, (1965)]

HEE is maximised by the disk for a given perimeter Py, i.e. Fy > 27
'Fonda, Seminara, E.T., (2015)]
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A corner function in AdS(4)/CFT(3)

[ When A has corner, a logarithmic divergence occurs in A[9]
[Drukker, Gross, Ooguri, (1998)] [Hirata, Takayanagi, (2006)]

F(6:) log(Pa/e) + O(1)

[ The corner function F'(0) is known [Drukker, Gross, Ooguri, (1998)]

[ F(0) = 2 F(qo) 0 = 2 Py(qo) ]

]E(QQ) - 1 - q K q ~ 1 S 2-’2 P, B, | -9
F(g) = — \/120) = Po(g) = do 1_;2“ [H(l—qésqa)—K(qa)}
0

F(6) has been recovered also through the Willmore functional
[Fonda, Seminara, E.T., (2015)]
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Corner function in AdS(4)/CFT(3) with Surface Evolver

[Seminara, Sisti, E.T., (2017)]

[ We tested the numerical approach
based on Surface Evolver

on the corner function F'(#)

< A drop-like region has been used
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HEE in asymptotically AdS(4) static spacetimes
[Fonda, Seminara, E.T., (2015)]

T&ke ds2‘t:co'nst - g'u'u dl:#dl:u With ghﬂ_) == Elep .(}p:y Elnd. QO - = 10g(2) + .« ..

The metric g, is asymptotically flat

O Y4 extremal area surface

TTK=0 <= [("I‘rj{")2 = 4(&*5,\@)2]

The unit vector #* is normal to 44 C Mj (defined by §,.)

Generalising the result for AdS; to AAdS4 spacetimes, we find

1 . - S =
Fyu = 5 (TrK)* + V2p — €2 — it vp,vygo‘ dA

AdS4: the formula involving the Willmore energy is recovered
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HEE in asymptotically AdS(4) black holes

1+ 2N oz gy = 2B ] 4
( ) @+ 5

2f(2) K

S Zh

Fa~ FY' i.e. Fa evaluated on the cylinder with 0 < 2z < 2, built on 0A
= FY'=—Area(A)/z2 + ...

[ Large domains A: the highest value of 2z on 44 is 2,
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HEE in asymptotically AdS(4) black holes. Ellipses

Schwarzschild-AdS,

[ Domains A
delimited by ellipses

N Ri = 2R,

Extremal AdS, black hole

-

Pirsa: 18090038 Page 13/33



Holographic mutual information in AdS(4)

Ia, 4, =S54, + 54, — = —2—= | Za, 4, = Fajua, — Fa, — Fa, + 0(1)

[ Beyond a critical distance Z4, 4, = 0 and the disconnected configuration
is the minimal one Ta, .4,

[Gross, Ooguri, (1998)] [Zarembo, (1999)] 15
[Drukker, Fiol, (2005)] ' . squircles
[Fonda, Giomi, Salvio, E.'T., (2014)] N\

squircles
squircles
squircles

circles

The Clifford torus minimises the Willmore energy
among the genus one surfaces: W[El] P> 272 [Willmore, (1965) [Marques, Neves, (2012)]

== [t cannot be found in this holographic context [Fonda, Seminara, E.T., (2015)]
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AdS(4)/BCFT(3) setup

[ AdSgy2/BCFTgy1: Gravitational spacetime bounded by a hypersurface Q

such that 9Q is the boundary of the BCFT [Takayanagi, (2011)]
[Fujita, Takayanagi, E.T., (2011)] [Nozaki, Takayanagi, Ugajin, (2012)]

1 .
87TGN L vV—H (ﬁ -EQ)

1 i
I= e /M V=G (R-2A) +

< More recent discussions in [Astaneh, Berthiere, Fursaev, Solodukhin, (2017)] [Chu, Miao, Guo, (2017)]

< Some releveant papers: [Solodukhin, (2015)] [Fursaev, (2015)] [Herzog, Huang, Jensen, (2015)]
[Jensen, O’Bannon, (2013), (2015)] [Erdmenger, Flory, Hoyos, Newrzella, Wu, (2015)]
[Bachas, (2002)] [DeWolfe, Freedman, Qoguri, (2001)] [Karch, Randall, (2000)]

[ Simplest setup: Lo = T is constant and the BCFTj is in the ground state.

When the boundary of the BCFTj is flat, at £ = const one finds AdS, with

z

[ Q : z=—(tana)x }
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HEE in AdS(4)/BCFT(3): the subleading term

[ HEE from the minimal area surface 94 anchored to 84 N OB
If 44N Q# 0, then 44 L Q along their intersection 99¢

2 Lz'q ~ -~ P ;
[bg = 42‘; A[’}’E]] [ A["}’s] = - /::’B - Fu +()(1) ]

[ Static gravitational backgrounds. Subleading term for any kind of region A

Fy= / ( %(’I\rf{*)2 + V2p — e — it ﬁ,ﬁygo) dA - / b0, ds
a

ﬁ’z '?Q

This holds for a generic boundary of the BCFT}.
[Seminara, Sisti, E.T., (2018)]

[ Simplest setup with flat boundary
(v = 6, and Q is a half-plane)

FA—~/
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HEE in AdS(4)/BCFT(3) with Surface Evolver

A Surface Evolver evolution in AdS;/BCFTj3

a B O B

[ Surface Evolver has been employed to study:

< Corner functions [Seminara, Sisti, E.T., (2017)]

< Smooth regions disjoint from the boundary [Seminara, Sisti, E.T., (2018)]
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Infinite strip adjacent to the boundary

[ Standard approach

[Nagasaki, Tanida, Yamaguchi, (2011)]
[Chu, Miao, Guo, (2017)]
[Seminara, Sisti, E.T., (2017)]

CoS
, +
Vsin o 2T

g(a.) = 0 defines a critical slope

g(a) = E(n/4— a/2]2) -

ao()

B Fa=1Lj—,

[ The general formula for F4 specified to this case reproduces this result.
The integral over the line 99 gives a non vanishing contribution.
[Seminara, Sisti, E.T., (2018)]
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Disk disjoint from a (either flat or circular) boundary

[ This configuration can be treated analytically. [Seminara, Sisti, E.T., (2018)]

Conformal invariance == consider the disk concentric to a circular boundary

z/Rg 0

[l We find at most three extremal surfaces:
< the hemisphere

< at most two extremal surfaces that
intersect Q orthogonally
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Disk disjoint from a circular boundary: extremal surfaces

i d
|
|

\ A

r'd
| f
1
1

[ 95" can be viewed as part of an
extremal surface in Hy anchored
to a proper annulus

Analytic expression for the profiles
checked against the numerical data
obtained with Surface Fuvolver
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Disk disjoint from a circular boundary: extremal surfaces

< Radial profiles

Ry e 9-x(0)
py(0) = (=tanf =2/p

R, e 1+ )

» k4 /k(k+4)
2

m =

N ¢/om
(¢) = arcsin (_\/1 (e 1>)

— 0K2 , . 2
g x(C) = %log(l. +¢2) d k) 1!{2 3&1 (1= k2216 -FQQI)|  x= \/; i ég

o k4 /k(k +4(sina)?)
- 2

< Imposing 74 L Q leads to ¢ Na = — sign(cot a)

RO = \/C-E + Sin a)z + C* LOR G (1 +17ﬂ e’ { y ] 7”“ eQ—.k(Crn)7Q+‘k(cnc) ?Q+,k(Cw))
Ro (€2 + 1) sina 2 2

R, i
© As Ro/Rg — 1 we find Rg = 1—g(a) Vk+O(Vk)
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Disk disjoint from a boundary: subleading term in HEE

[ Subleading term F'4 for the
extremal surfaces intersecting Q.

Two checks with Surface Evolver:
@ A" -2nR,/e
< Willmore-like formula for Fy

R./Ro

[ Critical values of R,/Ro:

<O at 7, the transition between
4" and A4 occurs

below 7, ., the solutions
5" L Q do not exist
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Disk disjoint from a boundary: subleading term in HEE

. 27R, &
Al = 72 — max(2m, ) +0@)

[ Fry = 2 [1 1 Fige) + 22 (2Fu(6m) —fk(c*))] ]

= \/k(l +¢?) - ¢* _ F(aresin((/¢m) | = ¢ — 1) — E(aresin((/¢n) | = ¢ — 1)

fk‘((:) \@{; C‘m

<O As Ro/Rg — 1 we find

2 g() 4
F..= + O (Vk
k (Vk)

[0 The analytic result for F4 has been
obtained also through the analytic

formula holding for every region A.
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Disk disjoint from a flat boundary

[Seminara, Sisti, E.T., (2018)]

This configuration can be studied analytically by

composing the expressions for the disk concentric

to a circular boundary with a well know map

[Berenstein, Corrado, Fischler, Maldacena, (1998)] g E _ (jio/RQ _ 1)2
R 2 Ro/Ro

Pirsa: 18090038 Page 24/33



On regions with generic shape

[ Surface Evolver allows to study numerically any kind of region A.
F4 can be found in two ways: < -AE:E — Pap/e

< Willmore-like formula for Fq

[ Given the BCFT}; in its ground state and
. . . Fa 221
a region A disjoint from the boundary, we find

[ E.g.: Ellipsis
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Regions with corners adjacent to the boundary

[ Infinite wedge adjacent to the boundary

[ Afye] = =~ Fa() log(L/<) + O(1) ]

Corner function Fj, () computed through
the standard approach [Seminara, Sisti, E.T., (2017)]

[ Special case: half disk adjacent to the flat boundary

AlFe] = WER + 2cota log(R/e) + O(1)

[ Surface Evolver has been employed to check the

analytic expression of the corner function Fy(7)
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Regions with corners adjacent to the boundary

[ Infinite wedge adjacent to the boundary

[ Afye] = =~ Fa() log(L/<) + O(1) ]

Corner function F, () computed through
the standard approach [Seminara, Sisti, E.T., (2017)]

[ Special case: half disk adjacent to the flat boundary

AlFe] = ﬂ? + 2cota log(R/e) + O(1)

[ Surface Evolver has been employed to check the

analytic expression of the corner function F, ()

[ Specifying the Willmore-like formula for F4 to the infinite wedge,

the corner function is recovered. The integral over the line 09¢ is non vanishing.
[Seminara, Sisti, E.T., (2018)]

Page 27/33



Infinite wedge adjacent to the boundary: Corner function

[Seminara, Sisti, E.T., (2017)]
[ The corner function can be written in a parametric form

Fy = F(qo) +1a G (a«(, q0), q0)

v = Folqo) + na(arcsin[s*(a,qg)] - P(Q*(& QD)aQU))

P(q,q) = ) {(1 +2¢5) TI( = 1/Q5, (g, 90) | — QF) — a3 F(o(g,q0) | - Qg)}

qo(1 + qg

R - - ' (4% + 1)(¢* — 4§)
G(Q! qD) = 1 + q(2] {F(G(Q! (IU) | - QS) - IE(O-(Q! q{)) | - QS) £ \/(qg + 1)(q2 + qg .:]. 1)

4 2y 1 2
1+ % 4 1 — (cot @)? + [1 — (cot (1)2] +4(1+ —5
(cos ar)?

cot a 2 _ g2
0) = | | o(q,qo0) = arctan \/u

3*(01,‘10) 1 '+‘2q8

Na = — sign(cot ar)
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Infinite wedge adjacent to the boundary: Corner function
[Seminara, Sisti, E.T., (2017)]

— a=m7/25
a=mr/3

—— a=mn/4

—_— =
a=m/6
a=mnu/T
a=rm/8

T'wo kinds of domains employed

in the numerical analysis

3 y e Fvolve : _
based on Surface Evolver (empty circles) (empty triangles)
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Corner function & the stress tensor one-point function

[ Expansions of the { Fo(y) = 8(e)’ +0®) a € (ae, )
corner function F,(v) v
as ¥y — 0and v — /2

/2 — ~)2
Fa('}') = — cota + (/2—7) + O((ﬂ-/z - 7))4)

i 2(r — a)

One-point function of the stress tensor in a BCFT3 near a
curved boundary as the proper distance (from the boundary) X — 0

[Deutsch, Candelas, (1979)] AT traceless part of the
(Tii) =<z Kij+ .- / extrinsic curvature

X2 ~___~ oftheboundary

Relation between F,, () and (7;; ) in this holographic setup

(Seminara, Sisti, E.T., (2017)]

2
LAdS

faly) = iG..

Fo(v)

It would be interesting to test this ratio in BCFT3 models.
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Corners with only the tip on the boundary (I)

M Symmetric case (y=4 = w=m —27)

Folw,y) = max{ﬁ(w), 2Fa(7)}

< Transition at w = w,

}-ﬂ 18

Pirsa: 18090038 Page 31/33



Corners with only the tip on the boundary (Il)

[ Generic case (Y +w+ 5 =)

[fa(w,v) = max{ F(w), Fa() + Fam}}

Critical configurations
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Conclusions & some open issues

[0 Holographic entanglement entropy in AdS;/BCFTj:
© analytic expression for Fy through the Willmore functional

© analytic results for a disk disjoint from the (flat or circular) boundary
© analytic expression for the corner function & its properties

[0 Some open problems:
@ BCFTj; interpretation of «

BCF'T; calculations of entanglement entropy for non trivial regions
and how to extract information about the BCFT3 data

Time-dependent backgrounds
Higher dimensions

Extensions to the context of AdS/dCFT

Connections with mathematics
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