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Abstract: The based loop group is an ini—enite-dimensional manifold equipped with a Hamiltonian action of a i—enite dimensional torus. This was
studied by Atiyah and Pressley. We investigate the Duistermaat&€®Heckman distribution using the theory of hyperfunctions. In applications
involving Hamiltonian actions on ini—enite-dimensional manifolds, this theory is necessary to accommodate the existence of the ini—enite order
dii—€erential operators which aries from the isotropy representation on the tangent spaces to i—exed points. (Joint work with James Mracek)
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Main goals for today:

@ What is localization?

@ What is a hyperfunction?
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Background

Archimedes' Hat-Box theorem

The surface area on a unit 2-sphere enclosed by two latitudes is
proportional only to the difference in height between the latitudes.
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Background
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Background

Define a measure on R:
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Background

Related to Lebesgue measure;

dp(w)

dm

Fourier transform of /i, (w)?

/ e'“ % d i (w)

J
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Background

Geometry?
TR |

(. v, 2= Z

w(0y,—) = —dz = —du

@ Vector field dy generates
rotations around the z-axis

o Get a circle action on S2.
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Background

General fact:

@ Group G acts on a smooth manifold X

VeeG,dp: X=X

e p € X fixed by action, Vg € G, ¢ (p) =p
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Background

General fact:
o Group G acts on a smooth manifold X

Vel Ga o Xi=reX

o p € X fixed by action, Vg € G, s~z =pP

= G acts on TpX (isotropy representation)

v i dipg(v)
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Background

Back to our example..
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Background

Localization
Oscillatory integral on X

Sum of terms involving local geometry
’ near fixed points
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Background

Theorem [Duistermaat-Heckman]

Let (X.w. T.p: X —>t*) bea Hamitonian action of a compact,
rank r torus on a compact, finite dimensional manifold X.
© The critical values of j separate the moment map image into
chambers where j.(w”/n!) has a piecewise polynomial density
function for the Lebesgue measure on t".

© The inverse Fourier transform of p1.(w”/n!) has an exact
expression coming from the method of stationary phase:

1 e'f-'(fr](‘;)

(o) O | N
: qeEF

.,______,_.-—-—-,_,_..-—-——-"____,,_,_._—-—4——- I

where £ € t is such that e‘;r(i) £ 0 for all g € F.
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Background

e QCR
o Chioose U} @ € stich that U alR = <)

A hyperfunction on Q2 C R is an element of the vector space:

O(U\Q)
O(U)

f e
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Background
[ Telelalelsle] (
Background on the based loop group

G Lie group
g Lie algebra
R roots.

T C G maximal torus, t its Lie algebra

QG ={y:5' = G|ye C®(5,G),v(1) = e}
T,2G ~ Qg
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Background
Background on the based loop group

@ QG is an infinite-dimensional Kahler manifold

27T

T v)—/ (X,Y') db

JA

@ T x St acts on QG
o t€T,~€QG then (t-~

o 1) € S, v € QG then (¢ -

J

Proposition [Atiyah-Pressley]

@ T x St action on QG is Hamiltonian.
@ Moment map 11: QG - td R
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Background
008000000«

Background on the based loop group

Theorem [Atiyah-Pressley]
o FiXszl(QG) = H_om(Sl. T)

@ The image of j1: QG — t @ R is the convex hull of the image
of the fixed point set.

R
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Background
SOO8D000

Classifying the singular values of

- . /) (= T oy e
x € QG is critical for e if and only if 37" C T x 5%, x € QG

T_{— 1exp( ‘IS)E T XSIISE::’\'.}

o QGT+ non-trivial?
o NG+ = QGT"'?
o QG =1
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Background

Our goal is to understand how this theorem generalizes to the case
where X is infinite dimensional. Two sub-problems:

© Classify the singular values of u

@ Make sense of the localization formula
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Background
O@QOOI {

Classifying the singular values of

x € QG is critical for pifand only if 37" C T x S, x € QGT
Tg = {exp(Bs) € T x S1|s e R}

e QGT# non-trivial?
° QGT-"" = QGT"“"?
o OG'e =7
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Background
YOORO0000000!

Classifying the singular values of

x € QG is critical for pifand only if 37" C T x S, x € QGT
Tg = {exp(Bs) € T x S1|s e R}

e QGT# non-trivial?
e DGCTs = g6 e
o NGTs =7

Theorem [J.-M ]

(a) For any cocharacter 8 = (A, m) € X,(T x S*) C Lie(T x S?),
there exists Lg, T C Lg C G, such that v € QG 75 if and only
if (v(0), ) is a one parameter subgroup of Ls x5 S*'.

(b) Let 8 = (A, m) and 8’ = (N, m’") generate rank one subgroups
e S TR St and let L, Lz be the Levi subgroups from
(a). QGTs =QG"# if and only if \/m—= X/m' € Lie(Z(Lg))

(c) Every connected component of the fixed point set of T is a
translate of an adjoint orbit in Lie(Ls) C g.
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Background
0800

Classifying the singular values of

Chamber structure on p(Q25U(2))
R
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Background
( 0080000000
Localization formula

1

L
./QG (27i)"

Problems:

° / not rigorous, but related to Feynman path integral
JQG

T
q

e Behaviour of l/eg(x) as a distribution is not evident

@ e, (x) is an infinite product = convergence issues
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Background
0000000000
Localization formula

Isotropy representation: T x St 816G
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SOL0O0e000000
Localization formula

2 3
o Suppose - () € QUET
S Then 7 x S¥action onl 7@ Gl decom posesiintoirmecticioe

subrepresentations:

N

rac~~@P (P Vi D ]

k=1 \neR

with an explicitly determined weight basis
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Background
)Oe000000
Localization formula

Isotropy representation: T x St T,81G

Theorem [J.-M.]
@ Suppose () € QGT*S

@ Then T x S! action on T,QG decomposes into irreducible
subrepresentations:

o0

n
7,06 =~ Qg= P | P Vor @D Vix
1

k=1 \a€R i=

with an explicitly determined weight basis
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Background
00800000
Localization formula

Regularized equivariant Euler class of the normal bundle to ~:

21 22

T><S1
“r
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Background
Tole] Jelolelele]
Localization formula

Regularized equivariant Euler class of the normal bundle to ~:

21 22

T><S1
“r
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Background
Tole] Telolelele]
Localization formula

Regularized equivariant Euler class of the normal bundle to ~:

- Aa(21. 22)
1 1, <2
*TXS Z]_ ZQ = | I | I
/ n 22

= aER

Proposition [J.-M.]
o Suppose v, € QSU(2)T*5

@ Then regularized equivariant Euler class is:

sin (272, /2;)
2m(n + 21/ 22)

1
enTXS (z1.2) =

n = Fourier transform (1/eT\51)
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Background
00000080000
Localization formula

A hyperfunction on 2 C R” is an element:

n
> by (Fi(2)) € P O(Q x i70)/ ~
=1 ~er

If v1, 72,73 open convex cones, 73 C 43 N~z and F; € O(Q2 x i7;),
then

F1(2) + F2(2) ~ F3(2) & (F1(2) + F2(2))]y; = F3(2)
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Background
000008000
Localization formula

Local model:

@ Suppose T has a Hamiltonian action on a complex vector
space with weights ;.
o Weights: W = {\; : t = R},,.
¢ Half space: H), = {y € t|\(y) < 0},
1
A(2)

o Hyperfunction: f\(x) = by, (
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Background
00000000800
Localization formula

Hyperfunction version of 1/eT(X)?
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Background
0000000800
Localization formula

Hyperfunction version of 1/eT(X)?

Theorem [J.-M.]
—

AeW

) Suppose w:V — t* proper

o Then —— = [] Alx (H /\L) i< vl defined.
w

AeW
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Background
00000000
Localization formula

@ Duistermaat-Heckman hyperfunction 1:

1 elr(q)(x)
riy 22 el ()

n(&) = &
qge

T~

Z is the hyperfunction Fourier transform.

e Key point: In computing .#, deform contour off the real axis
(where poles are located)
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Background
10000000e

Localization formula

Analytic requirement:
el1(q)(x)

&g (X)

must be a slowly increasing hyperfunction

Theorem [J.-M ]

For every n, 1/e[(x) is slowly increasing.

n(&1,€2) = ( : F [b* (e"nzl"”223/22W(n+21/22)ﬂ

2mi)® . £ sin(2rz1/22)
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Extra slides

Example: G = SU(2)
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Example: G = SU(2)
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Extra slides

Example: G = SU(2)
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Extra slides

Example: G = SU(2)

R

A
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Extra slides
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Extra slides
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Extra slides

Pirsa: 18080056 Page 44/48



Pirsa: 18080056

Extra slides

The weight of T x S on V,, « is:
AX - Lie(T x SY)c = C
MK (x1, %) = a(x1 + nxo) + kxo
A basis of weight vectors for V,, i is:

Xf(l__lz = iay cos(kf) £ io sin(k6)

Xf,z = foy cos(kfl) F iay sin(k0)
+ is taken depending on whether «v is a positive or negative root,
respectively. The weight of T x St on V; is:

A% Lie(T x SY)e = C
A (x1,x2) = kxp
A basis of weight vectors for V; | is given by:
X5 = il cos(kd)
X,Si) = [0y sin(k0)
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Extra slides

Proof sketch (a)

@ Set Lg = Zg(A(2m/m)) (A(0) = exp(A@)). We get a map:

Y3 . 51 — AUT. L;f"f

es() -x = A (

From which we build L; x5 St.

@ One parameter subgroups of Lz x5 St are obtained by
conjugating one parameter subgroups of T x S1.

@ Write down a formula for the conjugate using the group
multiplication law of the semidirect product, then check by
hand that is has the desired properties.
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