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Abstract: <p>The role of coherence in quantum thermodynamics has been extensively studied in the recent years and it is now well-understood that
coherence between different energy eigenstates is a resource independent of other thermodynamics resources, such as work. A fundamental
remaining open question is whether the laws of guantum mechanics and thermodynamics allow the existence a "coherence distillation machine", i.e.
a machine that, by possibly consuming work, obtains pure coherent states from mixed states, at a nonzero rate. This question is related to another
fundamental question: Starting from many copies of noisy quantum clocks which are (approximately) synchronized with a reference clock, can we
distill synchronized clocks in pure states, at a non-zero rate? In this paper we study quantities called "coherence cost" and "distillable coherence”,
which determine the rate of conversion of coherence in a standard pure state to general mixed states, and vice versa, in the context of quantum
thermodynamics. We find that the coherence cost of any state (pure or mixed) is determined by its Quantum Fisher Information (QFI), thereby
revealing a novel operational interpretation of this central quantity of quantum metrology. On the other hand, we show that, surprisingly, distillable
coherence is zero for typical (full-rank) mixed states. Hence, we establish the impossibility of coherence distillation machines in quantum
thermodynamics, which can be compared with the impossibility of perpetual motion machines or cloning machines. To establish this result, we
introduce a new additive quantifier of coherence, called the "purity of coherence”, and argue that its relation with QFI is analogous to the relation
between the free and total energies in thermodynamics.</p>
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A hypothetical "Coherence
Distillation Machine” for distilling
coherence with respect to the
energy eigenbasis: It consumes
work and obtains pure coherent
states from mixed states at a non-
zero rate, or equivalently, purifies
quantum clocks.

Is this hypothetical machine
consistent with the laws of
quantum mechanics and
thermodynamics?
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. Three Equivalent Definitions of Tl operations

Pure States Transformations in the iid regime

. Quantum Fisher Information (QFI)

- A new property + Proof of Toth-Petz conjecture

Coherence Formation

Coherence Distillation (iid, beyond iid)
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Quantum Clocks

« A quantum clock is characterized by its Hamiltonian and
state.

p, H

« By definition, state of a clock is time-dependent and
therefore is defined relative to a reference clock.

Ht

The state of clock at e—tHE 5ot
an arbitrary time ¢ " pe

« n copies of a clock with state 2 and Hamiltonian H

n / / o /
State p®n Hamiltonian Z [®0-1) o g @ [®n-i-1)

g=1 Composite Non-interacting systems
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» We focus on the systems with periodic
dynamics, whose period is equal to a fixed
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Clocks with equal periods

(but arbitrary) parameter 7.

Example:
Two-level clock H = o,

Harmonic Oscillator with frequency 7
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Manipulation of Quantum Clocks

Resource Theoretic Approach
Completely Positive Trace-Preserving maps

The set of all operations which can be implemented without
knowing the current time according to the reference clock.

\-/?t € R,VU e—’l:Hnult gTI(O.) e'l:Huutt — gTI (G—LHmtO_eLHmt)

Time-translationally Invariant (T1) operations

Examples:

1) Implementing energy-conserving unitaries
2) Preparing incoherent states
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Quantum Clock Distillation
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Coherence Distillation
with thermal operations and unlimited input work
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Work ==§>[ Coherence Distillation Machine ]
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Manipulation of Coherence
in Quantum Thermodynamics

Thermal Operations
Athm(p) - TrBU(P & '}’/3) Ut

Energy Conserving unitary [Ua Htol] =0

Energy Eigenstate

’-------nﬁ

Thermal State B Energy-Conserving Unitary

Ht()t — _HS®.IB+I,S®HB

Janzing et al. (2000), Brandao et al (2013), Horodecki-Oppenheim (2013)

Work (Free energy) and coherence are distinct resources.
Lostaglio-Jennings-Rudolph (2015)
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Thermal Operations + Arbitrary Amount of Work <4=ssssp TI| Operations
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Covariant Steinspring Dilation theorem

Any Tl operation can be implemented by an i %i
energy-conserving unitary that couples the : Energy Eigenstate [
system to an auxiliary system in an energy |\ CELERD) g
eigenstate. : )
Ll T T T TTTTTTYT
Energy-Conserving Unitary
En(o) = TraxU(o @ |E) <E|aux)UT Hiow = Hg @ Lyx + 15 @ Hyux

i. Energy-conserving unitary [U, Hy] =0

ii. Energy Eigenstate | F) ux Haie| B i = F B
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Coherence Distillation
with thermal operations and unlimited input work

Y

Work ==§>[ Coherence Distillation Machine ]
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Beyond Thermal Operations

\ /
_____________ s e s s i

Operations which do not generate
] coherence themselves !

__________________________
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Completely Incoherence-Preserving operations

Definition

An operation acting on system S is completely incoherence-
preserving, if for any auxiliary closed system A, it maps
incoherent states of SA (relative to the total Hamiltonian) to
incoherent states of SA.

]Ilul = 115‘ & qux + 15‘ ® ]-[uux
Eg ® T 4 : Incoherent States of SA — Incoherent States of SA

Proposition:

Completely Incoherence-Preserving operation <= TI| operation

IM, arXiv:1805.01989 (See version 2)
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Coherence Distillation with
“completely incoherence-preserving operations”

\ /
_____________ Ty
I Completely incoherence-preserving ! ,
' operation ]
_____________ o=

/ \
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Coherence Distillation with
“completely incoherence-preserving operations”

\ /

R e et 'D' ———————————— \
| Arbitrary Tl operation i
I ———— Poomecsssas /
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Three Equivalent Definitions

IM, arXiv:1805.01989

I) Invariance under time translations

Vit S R,V(T (:1_*r""}'-{(1l.lltL ng(o.) ﬁ'?;Hnult — gT[ ((:,_*"’I:Hintga?:Hint)

Il) Covariant Steinspring Dilation R,

Energy Eigenstate
(Battery)

Thermal Operations + Arbitrary Amount of Work Arbitrary Tl Operations

____________________

Energy-Conserving Unitary

lll) Completely Incoherence-Preserving :
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Pure State Transformations (iid regime)

Vi () = (g{)‘HﬂU}) — <1ja|HWJ>2 Energy variance

Theorem

State ¢y and Hamiltonian H; === State ¢); and Hamiltonian H5

Assume they have the same period. Then the optimal rate of

transformation is B Vi, (¥1)
P Vi, (W2)
Vi (¢ < ®[Rn
(i) Ban,gil; — /QM ck. I/,W asn—o00, € >0
’ Vi, (41)
R> = = asn — 0o, €40
(ii) Vi, (42) _

+ Based on Schuch-Verstraete-Cirac (2004), Gour-Spekkens (2008)
« Convergence in I, —norm (or fidelity) + converse bound: IM, arXiv:1805.01989 (2018)

Pirsa: 18080022 Page 19/41




In the iid regime all oscillators (with the same R
frequency) in pure states are equivalent
77[)2_1 H2

resources, i.e. by adding or absorbing

sufficient amount of energy their coherence Yy, Hy

content (or equivalently, their information |

content about time) can be converted from R-1
one form to another, in a reversible fashion. ’

V 1

c-bit (clock-bit, coherence-bit) ps H R = _le(fdl)
"Hg(lrz"‘?)

0) + |1 m T
|q)>c~bil = % Hepit = ;Uz Vet = 7_2
) 2 k7
Vi (1/) - 7" X VH ({/) Rate of interconversion to the c-bit
Ve-bit T

What is the physical significance of energy variance? Vu(v) = (Y|H?y) — (|H |¢)?
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Quantum Fisher Information (QFI)

The family of states {( —vIIt 7Ht}

parametrized by t Spectral Decomposition £ = ZI Pl (W]

(p; — pr)? ,
Z : (35 | H [y} |2

m P; + Pk
d? .
Second derivative Fu(p) = —¢ ‘2 ; (p_,e“impe"“m)
of fidelity dt t=0
Cramer-Rao bound At x Fr(p) > 1
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Quantum Fisher Information (QFI)

(i) Faithful: It is zero iff state is incoherent, i.e. diagonal in the energy eigenbasis.

(ii) Monotone: Under Tl operations Fyy (gTI (P)) < FH(P)
(iii) Additive: For composite non-interacting systems with uncorrelated states
Fr,(p1®@p2) = Fr,(p1)+ Fu,(p2) Hg = Hh@I+ 1 @ H;
(iv) Convex:
Fy(pp+ (1 —p)o) < pFu(p)+ (1 —p)Fu(o) 0<p<l1

Any function which is monotone under Tl operations and vanishes on
incoherent states is called a measure of asymmetry (relative to the time-
translation symmetry).
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Interpreting the pure state iid case
in terms of QF]

Pure States Fy(y) = 4Vy (Y) Vi () = (Y| H?|y) — (Y|Hp)?
In the asymptotic regime, a coherent pure
state can be transformed to any other pure m . ¢ ¢ ¢
state with the same period, with any rate IQ ' i e—— | '
which is consistent with the monotonicity - p—
of QFI.

¢ ®

Conjecture: The rate of transformations for
general systems is determined by the ratio
of their QFI.
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Coherence Formation
(Operational Interpretation of QFI)

// / /'/ //
/, / V.
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Cost of preparing a single copy

Consider a purification of a density operator of a closed system, with a purifying
system, which itself is a closed system with arbitrary Hamiltonian.

QVVV@ Purifying
Tra(|Pp)(Pplsa) =p system

Hg H,
Hl()l — HS X IA —+ [S X Hl S A

Considering all such purifications and all Hamiltonians H 4, what is the minimum
possible energy variance of the purifying state (with respect to the total Hamiltonian)?

T - !
1 (I)m%lA Fu,(®,) = @1{11%14 Vi, (®,) = EF Hs(P)

P

IM, arXiv: quant-ph/1805.01989
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QFI is the convex roof of variance

A simple proof of Toth-Petz conjecture

{1111(;1 Z pEVH QS& = Fy (p) First, proven by Yu (2013)
Pi i} .
Ensemble of pure Convexity = Fu.(p) < Y piFu.(¢i)
e P X pild) ] = 2
Fu(p) = min Fpy, (P)) o9 Tra(1®p)(®plsa) = p
oD - H
oo Hs  Ha Ho=Hs® 14+ Is® Ha
State QFI
Optimal Purification 1P,)sa Fr,(|P){®P|sa) = Fus(p)
Measure the purifying system _ Fr,(o0sa) = Fus(p)
A in its energy eigen-basis. OgA = Zpk"rfk> (Mk|s ® |Ek){Ex|a _ Zl”kFHq("'lk)
Discard the purifying system P Fr.(p)
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Formation: iid regime gi || == =
Coherence Cost

. ; - R[Rn] TI € :
Definition:  C''(p) = inf R : @ffbfn " IS p® asn — 00,6 — 0

Theorem: C;’,?(p) = f;:;(p) = (21)2 x Fr(p) An operational interpretation of QFI
; . c-bit s

It does not follow from the purification result.
IM, arXiv:1805.01989
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Formation: iid regime A araly
Coherence Cost % %
) Upperbound ((p) < Fu(p) L d
" Fe bit
Follows from Toth-Petz-Yu's theorem + Standard typicality arguments
Fru(p) = mlqbn Zp Fr(¢i) =4 x {mm Zp,Vu ¢i) Coherence of Formation
pz ‘L Pi ¢

ii) Lower bound

In general, pLX)[Rn] — O’®n — R = M IM, arXiv: 1805.01989
FIIin (p)
F T
Therefore ') = ; () = { ZW) x Fr(p) An operational interpretation of QFI
c-bit
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Cost of preparing a single copy

Consider a purification of a density operator of a closed system, with a purifying
system, which itself is a closed system with arbitrary Hamiltonian.

Purifying
SA) =g — W system

Hs H 4

Tra(|®,) (P,

Hoy = He @ I4+1g®@ Hy

Considering all such purifications and all Hamiltonians H 4, what is the minimum
possible energy variance of the purifying state (with respect to the total Hamiltonian)?

1 1
dapit, (80 = JU, Vit (B0) = 3 )

By discarding the purifying system, QFI does not decrease, even though the
discarded system contains non-zero QFI, and the process is irreversible.

IM, arXiv: quant-ph/1805.01989
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Coherence Formation
An operational Interpretation of QFI

VY, /7 /
// /// ‘//
J// F 4 . v e . /
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Coherence Distillation

(&
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Purity of Coherence
and

The Unreachability of Pure Coherence
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Purity of Coherence

Definition: Py(p) = TI‘(.szHp_l) - TI‘(;OHQ)

Py — P;
L g ‘_J 7
9 : Spectral Decomposition

if sup(HpH) C sup(p), and Py (p) = oo otherwise.

Second derivative of the Petz relative entropy (a = 2).

Similar to QFI

(i) Faithful: It is zero iff state is incoherent, i.e. diagonal in the energy eigenbasis.
(ii) Monotone: Under Tl operations

(iii) Additive: For composite non-interacting systems with uncorrelated states

(iv) Convex

However, for pure states QFI reduces to the energy variance, whereas the purity of
coherence is 00 unless the state is an energy eigenstate, in which case it is zero.
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Comparison with QFI Pu(p) = TW(Hs Hp™) ~ Tr(pi?)

2 2

pk — D 9

=> = [(yul|H|ys)|
ik i

Pr(p) = Fu(p)

oy o N P pe)”
Fr(p) =2 ———" |(;|Hlpx)]
J.k

Fu(p) Pj + Pk
H\p
Pu(p) = | -
1 (p) 2[1 — Tr(p?)] Qubits
Pr(p) I E'rr (Ymax) o
— =1+4+0(e) if |p— =1 €ex1 P 5 e G [ S,
Fy (ﬁ) T (E) 1 HP d“l = E% 1 (p) 4 [l — Pmax |
. : QFI
Purity of Coherence ~ m Higher “purity of coherence” means more pure coherence.
_ _ Total energy QFI
Analogy with thermodynamics
Free energy Purity of coherence

Pirsa: 18080022 Page 34/41



Distillation: iid regime

Distillable Coherence

Definition:  C7'(p) = sup R : p®" ~55~ &% "l as n — 00, ¢ — 0
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Distillation: iid regime

Distillable Coherence

e - on TI. €
Definition:  C(p) =sup R : p®" —~ (T)gf"] asn — 00, ¢ — 0

Theorem: For any state with bounded purity of coherence the distillable coherence
(w.r.t. Tl operations) is zero. Furthermore, for bounded Hamiltonians,

11, H] =0 <= Py(p) <oo = Cl(p)=0

11,: Projector to the support of p

In particular, distillable coherence is zero for any typical (full-rank) state.
Coherence distillation machines are impossible!

We cannot distill coherence with operations which do not generate coherence
themselves.
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Proof idea

Suppose @ L& gpf?t[if"’”] asn — oo, €—0 __ J 7

R >0

1. At the output QFI increases linearly with n.
2. Atthe same time, its purity also increases; in the limit it is a pure state!
3. Roughly speaking, QFI

Purity of Coherence ~

1 — Purity

For the desired output, the purity of coherence grows faster than linear in n.

4. Using the additivity of purity of coherence, the total purity of coherence at the input is
n X Py(p)
5. The purity of coherence is non-increasing under Tl operations.
Py(p) =occorR =0
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Coherence Distillation: Beyond iid

- ®n . The exact formula can
II%%X(@ |gT[ (P )|(]§>C‘b‘t be given in terms of H,,
n copies 7
0) +11)
= A|®) (Dfepi + (1 — A= ).y = D EID
p = A|P)(Pc-ic + ( )3 0<A<1 |B)e.bi 7
Heviy = mo. /T

He oy = mo, /7T

Py (o) , 11—\ 1

n 1T1 n > i 1 — (D& )®n.. DP)pic = — — 4+ O(—
p= —0 = Pr(p) — (PIEm(p™)|Peit 2 n 4\2 (71.3)

R T : . 111—AX 1

Optimal purification of single qubits ", P XY P .. = = N
Cirac-Ekert-Macchiavello (1999) L= (@& (p™")|P)cbi T +C (.nz)

The bound obtained from the purity of coherence is tight up to a factor 1 < H—L)\ < 2
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Summary

* Three equivalent definitions

— Invariance under time-translation

— Completely incoherence-preserving operations

— Covariant Steinspring dilation ?J s
-’

Thermal Operations + Arbitrary Amount of Work TI Operations

« QFl is the minimum energy variance of a purifying state with an
auxiliary closed system (A simple proof of Toth-Petz conjecture).

« An operational interpretation of QFI, as coherence cost. : @

Pirsa: 18080022 Page 39/41



Summary

* The unreachability of pure coherent states from mixed states in
both the single and asymptotic regimes. In some precise sense the
coherence content of a single qubit can be arbitrarily large.

» Purity of coherence gives a tight bound on the coherence distillation
in the single-shot regime.

« We cannot distill coherence with operations which do not generate
coherence themselves.

« The fact that in thermodynamics free and total energies are two
independent additive state functions, have deep consequences. The
same is expected to be true for QFI and the purity of coherence.
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Thanks for your attention.
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IM, arXiv: quant-ph/1805.01989

Pirsa: 18080022



