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Anisotropies

After monopole and dipole are removed, the microwave sky
reveals small anisotropies.
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Anisotropies

Only the correlation functions can be predicted by theory

(AT(R)AT (7)) |
(AT (R) [Q(7") + iU (R')]) ,

(Q(n) +iU(n)] [Q(R) +iUR)])

([Q(R) + iU (A)] [Q(R) — iU (R)])

b

R

as well as higher n-point functions
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Anisotropies

For data analysis and comparison with theory, it is more
convenient to use multipole coefficients

AT em = / d*n Y, (R) AT (R)
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Anisotropies

For data analysis and comparison with theory, it is more
convenient to use multipole coefficients

AT em = / d*n Y, (R) AT (R)

Af ¢m — ((TL Pem + (}-’*Pj.é.’ —m)/ 2

[((? Pt{m — a}ré’ —-m)/ 2

ap.¢m

under parity ag.¢m — (*]_)éaE,R m “gradient”

) ] F N 1]
AB.¢m — _(—‘1) aApB . ¢m “curl
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Anisotropies

The correlations are then encoded in the angular power
spectra

. * _ Y
<‘Lr, ‘,E T (;”CZ—'.| ¢ m’ > - (’er i ‘1f(5f€f é'n'l"}rn;l y
* .
<QfT, tmaE ¢ m > = CrE i dper 0 mm’

) K - N N
<(1'E,€ mAE ¢ m > e pﬁ] E,Eéﬂf’ 0 mm’

-

§ o
<(1B,é‘ map g ) = CBB 00w Omm’

.

For Gaussian fluctuations these contain all the information,

for non-Gaussian fluctuations we would need higher n-point
functions
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Anisotropies
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Newtonian warm-up

Equations of motion for fluid in the Newtonian theory

op

EJrVo(pV) =0

ov 1

— +(v-V)v=—-Vp—-Vo
ot 1o

Vip = 4nGp

Consider perturbations in a fluid at rest with constant
density and pressure

p(t,x) =p+ dp(t,x)

p(t,x) = p+ dp(t, x)

v(t,x) = dv(t,x)
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Newtonian warm-up

Equations of motion for perturbations to linear order

95, o
(;;’ 45V - 6v =0
98

= -2V -V
ot 0

V2p = 4nGép

or combining the first two

op — c2V*0p — 4rGpép = 0
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Newtonian warm-up

Translational invariance suggests to Fourier transform
Ipk + ka"zc?pk — 4 Gpdp = 0

so the dispersion relation is
) ) ) ) -
w? = cik® —4AnGp

¢ Sound waves on small scales

* Instability to gravitational collapse on large scales
(Jeans instability)

In FLRWV, the growth becomes linear rather than
exponential, but the basic picture remains.
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General Relativity - Part Il

We saw that the line element and stress tensor in the FLRW
universe are described by

D) 9 2 10
ds* = —dt* + a“dzx

T = pdt® + a*pdz®

To describe the anisotropies, we must consider small
perturbations around the FLRWV background

dSB = (—] -t h‘()())dt?‘ + 2[?‘()-,5(]515(}3;11,?'" + ((12(5‘.,;..,; -+ h-:,',j)d.‘_lf'j'd:lf‘j

T=(p+ 0To0)dt* + 28Ty dtdxt + ((_1,.2[35.,-_._.,- -+ (5T,;J-)(_l::l::""d::fr'j
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General Relativity - Part Il

Under an infinitesimal coordinate transformation

aft — a4 €' (x)

the perturbations transform

86(]
Ahgg = —2-—
100 oL

(")E..,' (360 9 (,.i',»

T ‘ T i - [
ot oxt a
(")E i (‘)F g ) .
Ah” = — T ‘—}— -+ 2(],—(1,«6()
- oad ot

Ah(]?‘_ =

We can use and choice of coordinates (or gauge) that is
convenient
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General Relativity - Part Il

In synchronous gauge

2
“ —

ds® = —dt* + ((‘1.2(5,1_,- + h; Hdx'da?

8T = dpdt* — 2(p + p)dudtdz’ + (u."z((s'p 8ij + i) + phij) da'da?

We can decompose the perturbations into scalar, vector, and
tensor perturbations.

(S'u — f)( (S u + (5'-11, }r
- “(Ad ), ( - vV ¢ vV T
hij = a®(Ady; +0;0;B + 0,C; + 0;C;] + hy;)

AN S .- / ,- Vs
Tij = didj ™ + (),'.TI'._} -+ dj T['} -+ T[';I;
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General Relativity - Part Il

In synchronous gauge

2
“~ —

ds® = —dt* + ((‘1.2(5,1_,- + h; Hdx' da?

8T = dpdt* — 2(p + p)dudtdz’ + (az(dp 8ij + i) + phij) da'da?

We can decompose the perturbations into scalar, vector, and
tensor perturbations.

cu e C ), ou + du }

2/ 45 . a9 S -
hij =a”(Ad;; + 0,0,B + 0,C Y+ 9,CY + hi‘.}_)
mij = 00,7 + oY + Oy} + 7))

Rotational invariance of the background imply that these do
not mix and we can study one at a time.
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General Relativity - Part Il

Equations of motion for scalar modes

Einstein equations

YA+ 3%A+ SVEB = 87Gép (00)
a= a a
A =81G (P + p)du (0i)

lv‘dklei_‘lg—v B 20928 — snGop
2 a a 2a )
(ij)

A+ a’B + 3aaB = 16nGa37®
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General Relativity - Part Il

Equations of motion for scalar modes

Energy and momentum conservation

3a . \V&

0p+ — (0p + op) + —; [(p +p)ou + (.l.(},.ﬂ‘q]
a a2

1 . . |
+ ;(ﬂ+p) (3A+WB) =0

5 & 1 0, o
op + Vir® + —(— [a‘% (P +1_))5u} =0
a3 Ot

Similarly for vectors and tensors
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Equations of motion

Consider the universe at a time early enough for rapid
thermalization, not so early that other degrees of freedom
appear in the plasma

6 x 10°K < T < 10°K
In ACDM

Y dark matter

% .
cosmological

constant
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Equations of motion

How do we describe the various components?

Electrons and protons elastically scatter very efficiently.
They can be described as one “baryon” fluid.

For cold dark matter a “hydrodynamic” description is also
sufficient because it is extremely non-relativistic, i.e.“dust”.

Neutrinos free-stream, leading to anisotropic stress.
They are usually described by a Boltzmann hierarchy.

If we are interested in the polarization of photons we have
to keep track of it and describe them by a Boltzmann
hierarchy.
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Equations of motion

Toy example:

Perturbations in a thermal gas of massless particles

Instead of keeping track of the trajectories of all particles,
we will describe it by the phase space density

n(Z, P t) = 8(F — . (1)d(F — p(t))
Since = -
ax, A dp,
= p, and = ()
a dt
it satisfies a collisionless Boltzmann equation
on
— =—p-Vn
or !
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Equations of motion

Toy example:

Temperature perturbations are related to intensity
perturbations by

]f v N
: AT (R)

d'l 0

A differential measurement sensitive to all frequencies
probes

Al,(n) =

oo o0

AAT (1 _
/ dvAI(h) = 48T(1) / dvi,

. 0 .
0 0

This makes it natural to define the “temperature” anisotropy

1 podp

A ;'_—_f’1 n) = — [ : 55' i:—.f'.. P
(2, p) T (277)3(”(1 »p)
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Equations of motion

Toy example:
It satisfies
OAT (T, p,t)
ot

Translational invariance suggests to look for solutions

+p-VAp(Z,p,t) =0

4 d’q 07
Ap(Z,p,t) = /(‘)Tr):% a(q)Ar(q, p, t)e' ™"

q-p

‘)A ’ "1- .

( T(;jf i) + iqulAp(q, pu,t) =0
ot

(Of course, the solution to this equation is trivial, but let’s keep going)
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Equations of motion

Toy example:

The temperature anisotropies at the origin at some time ¢
are

AT (n 1 _

if we expand
Ar(q, psto) = Z(—f-)ﬁ(% + 1) Pe(p1) Are(q, to)
12

we find the multipole coefficients

f . (i 3 q / ok f oA /
N e (Y, (@) Ar.e(g, to)

AT ¢m — T
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AT (n 1 _
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Equations of motion

Toy example:

This suggests to derive equations directly for

Ar.e(q,to)

These equations are called the Boltzmann hierarchy

In our toy example

q
20+ 1

Ar(q.t) + (4 DATe(g,1) = (A7 (q,0)] = 0

Analogous equations can be derived for the polarization
anisotropy.
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Equations of motion

Beyond the toy example
For interacting particles one finds

IANT(q, 1, t) . , , ; , _ ,
E)jz athZ gy (q, i, t) = —wAp(q, p, t) +wkF [Apo(g,t), Apo(q,t),t

with formal solution

A1 (g, p.t) = Ap(q, p ti)e "I em@li=t)
f'
Fw /rltﬁ iqu(t=t") g—w(t tj)F[AT.n(qﬁ ), Ara(q,t),t]
i
Since only low multipoles appear in the collision terms,

one can solve a truncation of the hierarchy and obtain the
higher multipoles through this “line-of-sight integration™
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Equations of motion

Beyond the toy example

The same derivation generalizes to a general spacetime
In this case define the phase space density
n(x',pi,t) = Z S(x' — ()0 (pi — pir(t))
.

The definition of momentum and the geodesic equation imply

dx'  p' dp;  p*p' Ogw
dt — p° dt — 2p°0 Oz

on  pF on 1 pFpt dgFt on

and

— - : : =
ot pVoxk 2 pb dx™ Ip,,

Derivation of the Boltzmann hierarchy as before but more
tedious.
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Equations of motion
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Equations of motion

Photons
M q ,. oA (S)
A {, l) m [({ 1 )A[ f—}—l ((11 ) 1(‘.{.3.’[1,{_-_ 1 (fj, /):l
_ 1 2
= —&:’r(f)-i W t) — “L;fst 0+ 2¢°B, (gfsf:n T ‘Sf'z)
Q) . 1 . 4 ¢ 3 .
i'"w,».;3-(,{?())(5;-',” 1 Ew,.ﬂm# : q%wvh'ubth',l
AS) q ) A (S) 3
ApdeD+ 5Ty [+ DARY, 1 (a,) = AFY (1)
_ _ | _ X l
= w(:(l_.)ﬂf,',,[t(q, L) l_)wf_._(l)ﬂ(q, t) ((5;:'!() | V)hp_‘g)

with source function

= A+ AR+ A%)
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Equations of motion

Photons
m q : A
A {, l) m [({ 1 )A[ f—}—l ((11 ) 1(‘.{.3.’[1,{_-_ 1 (fj, /):l
- 1 2
= —&:’r(f)-i W t) — “L;fst 0o+ ufi B (55.‘"() = 15 fs.u)
TS 1 . 4 ¢ A .
i'"w,».;3-(,{?())(5;-',” + Ew,.ﬂm# : q:__fl&-’ph“bth,l

- (S, j (S )
Apelat)+, a(26+ 1) [( DAL 41 (1) —M(ﬁﬁw(q-f)]

_ _ | : [
= w(,(l_.)ﬂf,',,[t(q, L) l_)w,.._(l)ﬂ(q, t) ((5;:'!() | V)hp_‘g)

with source function

A (S) A (S)
II = Ai’,n || A(/z

Polarization sourced by temperature quadrupole
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Equations of motion

Photons
The components of the stress tensor can be written as
\ — (H)
0pyg = PATY,
: Py (A(S) L A(S)
(‘1).}_.{‘, — _; (;’A-(!»‘“ | ‘Af(fw;’) ,
. 3a (s
Oy = ——;3,(,’?? :
4 q )
¢’rs, = ﬁA‘[’) .

At early times when Compton scattering is efficient
Apy—0 for £>2
Ap‘g — 0

The Boltzmann hierarchy reduces to the equations of
hydrodynamics
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Equations of motion

Photons
m q : A
A {, l) m [({ 1 )A[ f—}—l ((11 ) 1(‘.{.3.’[1,{_-_ 1 (fj, /):l
- 1 2
= —&:’r(f)-i W t) — “L;fst 0o+ ufi B (55.‘"() = 15 fs.u)
TS 1 . 4 ¢ A .
i'"w,».;3-(,{?())(5;-',” + Ew,.ﬂm# : q:__fl&-’ph“bth,l

- (S, j (S )
Apelat)+, a(26+ 1) [( DAL 41 (1) —M(ﬁﬁw(q-f)]

_ _ | : [
= w(,(l_.)ﬂf,',,[t(q, L) l_)w,.._(l)ﬂ(q, t) ((5;:'!() | V)hp_‘g)

with source function

A (S) A (S)
II = Ai’,n || A(/z

Polarization sourced by temperature quadrupole
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Equations of motion

Photons
The components of the stress tensor can be written as
\ — (H)
0pyg = PATY,
: Py (A(S) L A(S)
(‘1).}_.{‘, — _; (;’A-(!»‘“ | ‘Af(fw;’) ,
. 3a (s
Oy = ——;3,(,’?? :
4 q )
¢’rs, = ﬁA‘[’) .

At early times when Compton scattering is efficient
Apy—0 for £>2
Ap‘g — 0

The Boltzmann hierarchy reduces to the equations of
hydrodynamics
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Equations of motion

Neutrinos
A (0, 6) + — | (C+ DAY, (0,0) = 045 1 (4,0)] =
AT a0+ 1) L TR T

[ . t)

. b (1. 2
- 2;'1{}()[‘() F 2(‘{“5,! (g(’p\u — ]—r(\!:‘g)

Baryons

Energy conservation

Ja (]2_ ) | o
0pPpq :()p;,q — ;P(ﬁ’“-bq | T)/i);} (J;—lq —q Bq) — ()

Momentum conservation

.. 4 p., _ - 3a (S)
DUy, , “we(t DUy, A (gt =0
r(.‘;,Jrspb _()(rtt;,Jr%lq 11(({_ )
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Equations of motion

Dark Matter

. 3a . 1 /. o -
0Py + 7(’)[)”1 + 5/)(-:; (ds’\q — q“Bq) =0

Scalar metric perturbations

q° a - o i . (S — (s
LA+= (34, = ¢*B,) = 87G (pg+ dpge + 7,000 + 7,45

ot .
a~ a

a

Q ! — -/ (H)' (]Jf (S} f
A, =8n1G (Ph" Up g — &/)“r"A"f‘,l (q,1) — -(_I-IJHAM’I (q, l))
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Initial Conditions

What remains is the choice of initial conditions

H 1
IIT/U

A 4

Ayoc a

All modes are “outside the horizon” at early times.

q
- < H
a
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Initial Conditions

At early times the Boltzmann hierarchy for photons
reduces to the equations of hydrodynamics

This suggests we can look for a solution of the form

4op.  4op,

AP = AL)
A

Afjbl} X A(,H? = 31(5-5_.'_1_”, = A(lh}
’ ‘ a

These are adiabatic initial conditions
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Initial Conditions

These are the equations and initial conditions used by the
Boltzmann codes such as CAMB or CLASS.

With the solution at hand, one computes
() o [ 8 omaa A
(#m—ﬂﬂf/mqwmh’mAwwmﬂ

or directly

O
4

(S) 22 . 2 A (S)
(Yf,” — 'rr)ln) / q*dqg ’A,(‘,'jy(q, to)

similarly for polarization and tensor contribution

e
s \x\f
1™ CLASS

the Cosmic Linear Anisotropy Solving System

Code for Anisotropies in the Microwave Background

by Antony Lewis and Anthony Challinor
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Cosmological Parameters

By performing a likelihood analysis, one arrives at

Parameter Planck alone
Quh? ... 0.02237 + 0.00015
Qh* . ... ... .. 0.1200 + 0.0012
1000yc . ....... 1.04092 + 0.00031
ST T 0.0544 + 0.0073
In(10'°Ay) .. .... 3.044 + 0.014
g oo eeee e 0.9649 + 0.0042

(Planck Collaboration 1807.06205)

Pirsa: 18070037 Page 45/102



More on temperature anisotropies

Recall that the temperature anisotropy is given by

AT(n) 1 - .
ﬂ() - = 4.&’1‘(:15 = O, *'N.,ll-())

where A (7, p, to) satisfies a Boltzmann equation.

We looked for solutions of the form

g d:‘}q
. (27.[.)3

Aq (T, p,t) = A(DAT(q, 1, t)e'TE

and expanded A (q, u, t) in terms of Legendre polynomials

Ar(gpt) =) (=) (20+ 1)Pe(p)Are(a,t)
(
to arrive at the Boltzmann hierarchy.
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More on temperature anisotropies

For scalar perturbations

. (S), q A (S)
A&Sf)(q’() + ) {U + ])ASHHA((] t) - (7"35'%.3—1(%75)]

a(2¢ 4+ 1

,. (S, . o - ] 2
= *LU,-.([.)A,E.:}((}, L) — 2_4-4.,-,()(-'1(} +2¢° B, (35(1() — MJ;.;,E

4 q

1
_lr_w('Aj ()5! 0+ ——We H(sé 2 — 3 We (S“bq‘sé 1
a

10

q .- A (S)
ARYa 0 + ory [ DARY 1 (0,0) — (AR)(a.1)

a(2¢ +
A (S) 1 1
= —we(t)Ap (g, 1) + -i)w,-,(t)ﬂ(q,f) de.o + é; 9

Let’s undo the Iast step and consider the equation
satisfied by A (q 1, t)
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More on temperature anisotropies

A( (q, i, t) + '”( )A( (q, ju, t) = —w(:(l.)A%lg)(q,;.L, t)
1

+w,_A§’?_’l:)) q,t) — Qw,__Plg(;_f.)ﬂ(qJ)

+ ”’(f’l’)’w ()0up o(t) — 2A4(t) + 262128, (1)
- qp (S,
AR @) +i s A (0. g0.1) = A (0.,

()1~ p)T{g,

with source function

_ (" (:5) (5)
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More on temperature anisotropies

The formal solution obtained by line-of-sight integration

to

0 ot ! ot
) 0 H 0
A,E,‘?)(q,/.z.,tg) = /dt exp [iqﬂ./ (. e / dt'w,(t")
. Jt (I(/ ) Jt

t

X {u [A‘,"({ = 5 P2(1)T(q, 1) = 2a°() By (1) — 2a(t)a(t) By(1)

+4ipg ((S'u.q(f.)/u.(?‘.) + u(f)l.')’q(t)/‘.«?) ]

dt

)

(2‘4;,(1.) +2a2(t) By (t) + zuu.)a(z.)B,,(/)) }

shows that the temperature perturbations consist of two
contributions

(AT(ﬂ.))m - (AT(.’)))(H} N ( ATW)LH)
To To  /pss Ty ] sw
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More on temperature anisotropies

T'\ (S) . .3 _
(A, 1(::)) _ / f] q. o (q)
To LSS - (2m)° |

to

v ) (,{,,,f o
X /(H. exp —-zﬁr],u,/ _ exp —/ dt'w.(t') | we(t)
i Jia(t’) J1

ty o

=

1 (s 1 1, 1
x [;A%Tﬁ,(q. 1) = SP2(I(a ) = Sa* (OB, (1) = Sa(t)a(r) By (1)

+ij1q ((5":1..(;(1'.)/11,(1'.) + r'r,(f.)]'f,f(f.)/‘B) ]
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More on temperature anisotropies

AT(ﬂ)) : / dq @
e - Y ( . ol

To ),¢s J (2m)3 & Last scattering probability

to ;

y / " , / O dt’
It exp | —iqu :
i ( : : Je a(t’)
t

l . (s (. L, 1 L
X [—IA{]H(},(q, t) — g.f‘g(;l-)ll(q, t) — 5(12 (t)B,(t) — Sf'J,U)('J,(f')lgq(f-)

=

+ijiq ((5":1..(,(1'.)/11,(1'.) + r‘r,(f)1§,_f(f.)/2) ]
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More on temperature anisotropies

0+ 1)Cp 27 uK?]

5000
4000

3000

2000

1000

ok

10

S0

100

500 1000
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More on temperature anisotropies

AT(R)\ s
( a ) / (@)
o ) s J (2m)°
to
v ) (f,,,f o - _
X /(H. exp —-zﬁr],u,/ _ exp —/ dt’ w.(t') | we(t)
v Jia(t’) Jt
t

S 1 1 2
AL (a,t) — —PUQHmf)——u(ﬂHAﬂ Salt)a(t) By(1

-k

Intrinsic density fluctuation and
gravitational redshifting

+ifiq (m:q t)/a(t) + a( ])’,I(f)/)) ]
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More on temperature anisotropies
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More on temperature anisotropies

Integrated Sachs-Wolfe effect

(Aﬂﬁ))m ! / P9 @
_ = —= — (g
Ty ISW 2/ (2m)?

to
/. it . /.rl] " /.tn Hf rf,)
X L CX] 114 - XTI LWl L
| at exp !(]/1' t (L(?_”) exp /. ( LL(_( 7
t
X—d : (/) 3(/)8 (/) (/)([)H (/)
i (Aq )+ a”(1L)Bg(t) +all)a(t) By (1 )

This contribution can be generated even in the absence
of free electrons.
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More on temperature anisotropies
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More on temperature anisotropies

During matter domination the gravitational potential
does not evolve

d

T (Aq(/) + (z,z(l.)B(]({.) + (7_,('/_)(1('[)3(1([)) _ 0

The integrated Sachs-Wolfe effect has two
contributions

early contribution:

During recombination radiation is not yet
completely negligible.

late contribution:

At late times dark energy becomes important
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More on temperature anisotropies

Recombination vs late time contributions
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More on temperature anisotropies

Recombination vs late time contributions

0+ 1)Cp 27 uK?]

5000

2000

1000

0

4000}

3000 F

(&

..AT .
suppression from
reionization

late ISW

e

/

S 10 S0

100

500 1000

Page 59/102



More on temperature anisotropies

Much of this can be understood analytically. Let us focus on
the dominant Sachs-Wolfe and Doppler contributions

AT(n) ) (S) / By
T = ——(q)
( To Jpss J (27)° (

to

v 1o (fff o
X /(H. exp -'13(/;1,/ : exp / dt'w.(t') | we(t)
. Jia(t) J ' '

by

1 (s 1 1, . 1 .
X []AEI:(},(Q, ) = g P21 (g,1) = 5@ () By () — Sa(t)a(t) By(t)

i i

+ifiq (c‘iu..q(f)/u,(f) + r‘r,(f)l?(f(f)/iz) ]

and as a first approximation set P(t) ~ d(t — t).
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More on temperature anisotropies

After neglecting contributions from polarization and anisotropic
stress

AT (5 CBa
( (”)) — f q.{ (_l__((ﬂ{_’.'t(]-rl'f‘]..
Ty Lss J (2m) '

.

1 (s, 1, _ | -
x [ 1A 0 1n) = 5aP(t)By(tn) — Saltn)altr) By(tr)

= ~

Fpiq (:ﬁuq(l.;l_)/a(l.;,) I u.(l.h)_l_'?,l(l.b)/iii) ]
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More on temperature anisotropies

The multipole coefficients are

() g [ e
{'I’"I‘,(z"n,-, — AT (-.-)_ﬂ;;‘-‘-(‘z) ('_"rr:,(q)

X K;l&f(f?i))((}n/-h) .{-*,fl&(f-/d-)BdUL) ._j,”-(’-L-)”-UL)Bq(’-h)))-Nr(ﬁ""'h)

+iq (Suq(te) /alts) +a(ts) By(t1)/2) .f;(qm]

The behavior of the spherical Bessel functions for ¢ > 1 implies
that the dominant contributions arises from wave numbers

qri ~ 14
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More on temperature anisotropies

For the adiabatic solution, modes are frozen outside the
horizon. So the behavior of modes will be very different for

q , q
<1 or > 1
a LH L > a L[[ L

H A
q/a

A 4

Arec a
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More on temperature anisotropies

Where does the transition happen?

q ¢ ¢

_—

(ZL_HL. (?,LTL_H_L 60

contribution predominantly from modes
still frozen during recombination

/> 60 contribution predominantly from modes
a inside the horizon during recombination

Pirsa: 18070037 Page 65/102



More on temperature anisotropies

For the frozen long modes we can write the multipole
coefficients in terms of the curvature perturbation

, [ d%q _ 1.
a(fsl) m ~ 47”! / (iﬂ) ((f)}f m( ) [5.7‘(’((]7'14)]

and for a scale-invariant® primordial power spectrum

((¢+1)Cy
2T

2
o 1() AB

This is sometimes referred to as the Sachs-Wolfe plateau

(*) it can also be evaluated for the LCDM power law spectrum
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More on temperature anisotropies

At leading order, the Boltzmann hierarchy reduces to the
hydrodynamics, and the solutions are sound waves.
The Sachs-Wolfe contribution takes the form

) —amit [ TRy @
("’.I'J%"m.. - ’ ' (-2'71')3 Wq) Y pm\4q

3. : b} l . . .
X [5 T(q_)h I — (]. n R;J_)l/"l ("‘()S((N's_) ._“_-((17.1*)

with 3 o .
R=-— baryon loading
4 p,
- /'”‘ dt (comoving)
' o a(t)y/3(1+ R(t)) sound horizon

T(q) transfer function
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More on temperature anisotropies

There are two effects we have ignored in this approximation.

|. The solutions oscillate around last scattering and the finite
width of the last scattering surface leads to damping.

2.The mean free path of the photons becomes comparable to
the momentum of the modes for large ¢ which leads to Silk
damping.

(5) . y J (_P(] /P Y”k .
('7"1',!5"”:.. — aT ' (2'71')3 "((D“f*m(q)

e .f'n“' I(q,t)dt

8 {STW)H’J (1+ Rp)W/4 cos(grs) | jelqry)

-
R
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More on temperature anisotropies

Including the Doppler contribution

() o [ dPa
””I',f’ m 47”" (2'7{')3 R((T)}f ".'n,(q)

3 ('-1_1;:1’1‘01,!)(“. : B
Bl (L+ Ry )/ cos(qrs) | je(qre)

3J_.f'l:'!"|'(r;\f)d! o |
& sin(qrs) | de(gre)

(1+ Ry )/

* Since the integral is dominated by ¢ ~ ¢/r, , the peak
positions are set by § = r, /r;, which e.g. probes curvature.

* Since R o (), the relative height of the peaks is a sensitive
probe of the baryon abundance.

* The damping scale probes the mean free path of the photons
and thus, for example, the Helium abundance.
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From eV to Inflation

2
TO

5 [dk o '
Ok =773 [ Ek®)| [ ms® b ith(ro )
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More on temperature anisotropies

Including the Doppler contribution

() o [ dPa
””I',f’ m 47”" (2'7{')3 R((T)}f ".'n,(q)

3 ('-1_1;:1’1‘01,!)(“. : B
Bl (L+ Ry )/ cos(qrs) | je(qre)

3J_.f'l:'!"|'(r;\f)d! o |
& sin(qrs) | de(gre)

(1+ Ry )/

* Since the integral is dominated by ¢ ~ ¢/r, , the peak
positions are set by § = r, /r;, which e.g. probes curvature.

* Since R o (), the relative height of the peaks is a sensitive
probe of the baryon abundance.

* The damping scale probes the mean free path of the photons
and thus, for example, the Helium abundance.
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From eV to Inflation

2
TO

5 [dk o '
Ok =773 [ Ek®)| [ ms® b ith(ro )
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From eV to Inflation

Initial Conditions Late time evolution

\ / O\

o(k(To — 7))

Qv

+(9) _. 2
C XX 0~ ATy

/

Physics of Recombination

Geometry
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From eV to Inflation

So far, these are initial conditions for the system of
equations that governs the evolution of the universe from

around few keV to the present

In this limit, the system has 5 solutions that do not decay,
one “adiabatic” solution and 4 “isocurvagure” solutions. 4,

Experimentally, only the adiabatic solution seems excited for
which R is constant.

Page 74/102
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From eV to Inflation

What generated these perturbations?

H 4

!1' fff (l

-

.: -
e a

To generate the perturbations causally, they cannot have been
outside the horizon very early on, requiring a phase with

d k
i (“ 7 ) (inflation or bounce)
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Inflation

Inflation, a phase of nearly exponential expansion, was
proposed as a solution to the horizon, flatness, monopole

problem.
Horizon problem
, /'f" dt n /fL
d, = a a alt)
h o ¢ aiexp(H(t —t;)) " b, alt)

This becomes

ar, agp 6?N
— 7 + dh.
apg Ay H

dp, =

and d;, > d, for sufficiently large N = H(t, — t;)
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Inflation

Inflation and the horizon problem

Today

causally connected Last Scattering Surface

DA A

Big Bang Surface
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Inflation

We know that vacuum energy gives rise to exponential

expansion, but we need this period to end. So we need a
clock

. | 1 _ _ _
5= [ vads [ 59" 000, W”]

In FLRW

' ‘ L5 I ] - 9 ] ) ) y 7
S = /dtd‘{;zr a’(t) [9¢)” - 53 (Vo) =V (ﬁf))]
| 2 2a

with equation of motion

N )
p+3Hp— —=Vp+V'(p) =0
a=

Page 78/102



Pirsa: 18070037

Inflation

For a homogeneous field in and FLRW spacetime the
equation of motion becomes

(/) -+ 3H(£) + V() =0

For the field equations we also need the energy density

and pressure 3
p= >+ V(gp)

*

p=¢° — V()

So the equations of motion can be taken as
H? = SZG;‘)

(/) + :iH(i) -+ I—-"’d((ﬂ)) = ()
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Inflation

Recall that we are interested in nearly exponential
expansion or nearly constant H

H
172 < 1
With
H = —47Gd?
This becomes
(ﬂ)"3

» <
62+ V()

or

(f_.):‘)" < V(¢)

In this case p = —p as desired.
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Inflation

For a homogeneous field in and FLRW spacetime the
equation of motion becomes

(/) -+ 3H(£) + V() =0

For the field equations we also need the energy density

and pressure 3
p= >+ V(gp)

*

p=¢° — V()

So the equations of motion can be taken as
H? = SZG;‘)

(/) + :iH(i) -+ I—-"’d((ﬂ)) = ()
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Inflation

If we want this to be an extended period, we also want

;

(i)H

H —
OHH|

< 1

The equations of motion are then

B 81
3

A
HM

V((/))
3H(i) + I-’"Y,((ﬂ)) =0

This is referred to as single-field slow-roll inflation.
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Inflation
Slow roll parameters
H H
H? 2HH

€ =

It is also convenient to introduce

] V'’
€y = -
160G \ 'V

1 I* "
8nG' 'V

Qv

Ny =

In the slow-roll approximation

€~ €y 5 ~ —MNv — €y
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Inflation

The inflaton is a quantum field and fluctuates

The claim is that the quantum fluctuations in this
field are the source of primordial perturbations

oo H(S(j)q
g = .

b

To compute the spectrum, we canonically quantize

The quadratic action for the fluctuations schematically is

2 20° 2

. 1. 1 B o
S = /(lf(l';ilf (,L‘%(t) lvrﬁ(f)“)‘ ~ 5 (V{ﬁ(ﬂ))z - Ol-f'T”(<ﬂ))r5(i)‘2
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Inflation

As usual, we expand the field in creation annihilation
operators

7 i.‘%
dp(t,x) = il

] @ny

[&bq (t)e' T a(q) + h.c.]

so that the mode functions obey

2
rﬁu(.ﬂ; + 3H(5(i) -+ g;grsi(ﬂ) ~ ()
a~“

Oscillatory at early times, constant at late times.
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Inflation

For

[a(q).a’(d")] = (27)d(q — )
the field then obeys canonical commutation relations if at
early times the positive frequency modes approach
t

60 (1) — 1 , / dt’
ot ————exp | —¢ ,
“Paln a(t)\/2q ol q, a(t’)

b

and it is typically assumed that the modes are in the
Bunch-Davies state

a(q)[0) =0

Page 87/102



Pirsa: 18070037

Inflation

lgnoring slow-roll corrections, we can give the mode
function in terms of elementary functions

, ES L '-Z: ] Py
: i1 | iq/aH
g f{({) \/ 2(] (q al ) ¢

This has the correct limit at early times, and approaches

, 1 H
S ¢ t A
(¢1( ) — \/2(]3/2

at late times so
H‘B HZ

.2 o
=2 2¢°
b 1

Ryl -
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Inflation

This formula remains correct if we keep the slow-roll
corrections provided we evaluate it at horizon crossing

H? H*?

g“ 2q3
) q=aH

R,|1* —

Frequently one uses A%(q) defined by
A% (9)

2)
T 12 _ o 27R
‘ R'(I ‘ =27 (}3

Explicitly in terms of slow-roll parameters

ne—1
9 9 q '
Ak(@) = Ak(a) ()
. s
with

ne =1—4e, — 20,
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B-mode search

Just like the inflaton, the graviton fluctuates. The
corresponding power spectrum is

=—

A measurement of the tensor contribution would provide a

direct measurement of the expansion rate of the universe
during inflation, as well as the energy scale

. roy1/4
V' = 106 x 10 GeV' ()
wt = OO G 01

with r=
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B-mode search

In addition to the density perturbations, inflation also
predicts a nearly scale invariant spectrum of gravitational
waves

ey q - AT AT
Ard@ O+ cori (+ DALY 0, 0) ~ (AT (a.)]

= (—:2’1,'1,(1) Fwe(W(q,1)) de0 — we()AL] (4,1

AT q
AT)(g,t) + ——
A R TCTEy

= —w. ()W (q,t)deo — w,(f)j(,f{)(q t)

Y AT) ) AT)
[(f. + ])A(}’,m (g, t) — f’AE,)J{, I((/,?‘.)}

with
. B 1 (1), 1 (1), 3 (1),
U(g,t) = EA‘!“U((]? t)+ Ay (g, t) + T{)-_\,“1 (g, 1)

f
:j - (’[1) ) (i N (’[1) ) : < (’[1)
- r]Al,,!{'](q, t) + TAI',Q(‘J* t) — T‘()AP"& (q,1)
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B-mode search
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Tensor-to-scalar ratio (rp.002)

0.20

r

0.1

0.10

0.05

0.00

B-mode search

TT,TE,EE+lowE+lensing
TT,TE.EE+lowE+lensing
+BK14

I'T, TE.EE + lowE 4 lensing
+BK14+BAO

Natural inflation
Hilltop quartic model
o attractors
Power-law inflation
R? inflation

V x o?

V x gt/

Vo g

V x ¢/

Low scale SB SUSY
N.=50

N.=60

0.94

\
\
\ =]
\
( \ ==
\
\ —
Y \
4 \
\
. .
\ —_—
\ ——
\
& —
\ D —
\ —
\
5 —
\ @
\
\ ®
\
0.96 (.98 1.00

Primordial tilt (n,)

r < 0.064 at 95% CL

Page 93/102



B-mode search
Stage lll: now-2020

POLARBEAR/
Simons Array

SPTPOIISPT3C - -

"
T, —

c!'- =
BICEP/Keck ’ SPlDEB ‘ /

d -
I
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B-mode search
Stage III.5: soon-2020

/SIMons Array (=~
- .“7_.“"‘ " v _d-_._, r

Al
i

- ! -
freeeee AMONS > ) FRINCETON

] 5 HEISING SIMON @;::' %I)(\nn vl,m‘.““::.\_ S | M O NS
BERK AR 4
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B-mode search
Stage IV: 2020-2030

CMB-S4 . '

Next Generation CMB Experiment

Potentially Space Missions

LiteBIRD, PIXIE
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B-mode search

CMB-S4 would detect r=0.01 at high significance

CMB-S4 Science Book (http://www.cmbsd.org)

0.1F [ CMB-S4 .
BK14/Planck

003 F Vo(I- (r/J/M)ﬂ .

001 Vo tanh” (/M) 1
h —_— ¢’ 47< N, <57

0.003 F — W A7<N.<5T A
. ’um/_a(pzm 47< N, <57

0.001 p Higgs N, =57 T

R* N, =50
3104 : | : . . . . ‘l S
0.955 0.960 0.965 0970 0975 0.980 0985 0.990 0.995 1.00

n
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B-mode search

Potential of a future space mission

Y = — Y 1 Y T T T T
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003 F /i/\% BK14/Planck ]
. Vol 1- (p/M)Y)
001 F \’”f” — 1-};['.11111:(:/),1'&!_3 N
~ — ngb’! 47< N, <57
LI - T
0003 F By | N
< "wl‘ — g7 47< N, <57
Higgs N, =57
0.001 F R’ N, =50 ]
3107 .
1 'l 1 [l 1 L L L L L
0955 0960 0965 0970 0975 0980 0985 0990 0.995 1.00
ng

Pirsa: 18070037 Page 98/102



Beyond B-modes

* The CMB provides a unique opportunity to study
the physics of the universe

* at the time when Hydrogen forms
* through lensing at much later times

* and at much earlier times when the
perturbations were generated

e Polarization measurements on small scales can
provide tight constraints on light relics, neutrinos, ...
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Beyond the CMB

* Galaxy redshift surveys similarly provide a wealth of
information about our universe
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Beyond the CMB

* Some of the biggest questions remain
* How was the baryon asymmetry generated!?
* What is dark matter?

* What is dark energy?

* How were the primordial fluctuations
generated!

* Many new experiments are beginning to take data
and will perhaps shed more light
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Thank you
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