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Part 1: the standard cosmological model
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All current data can be fit by a 6-parameter cosmological model!

pa=(2.56+0.04) x 1047 GeV* Dark energy density (c.c.)

Qp, = 0.0486 + 0.0007 Baryonic®™) matter abundance
Q.=0.267 + 0.009 Cold dark matter abundance

A2 =(2.11 +£0.05)x 107 Initial power spectrum amplitude
ns = 0.967 + 0.004 Spectral index

t=0.058+£0.012 CMB optical depth

baryonic matter 5%

dark
ENED
27%

dark energy
68%

™) “Baryons” = protons + neutrons + electrons(!)
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Ingredients in the standard cosmological model:

+ Background metric is FRW

+ Expansion history is ACDM

+ Initial perturbations are Gaussian random

+ Initial perturbations are scalar adiabatic

« Power spectrum of 1nitial perturbations is a
power law: (k°/27%)P(k) = AZ(k/ko)™ ™!

In the next few slides, we’ll describe these ingredients at an
informal level, just to set the stage. (Focus of these lectures 1s
data analysis and statistics, theory lectures are next week!)
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“Background metric 1s FRW?”

The expansion of the universe 1s described by a function a(t),
such that a=0 at the big bang, and a=1 today. (a = “scale factor™)

Formal meaning: metric is ds’ = -dt* + a(t)* dx?

Intuitive meaning: if points x, x’ are separated by distance D
today, then their separation at time t is a(t)D.
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“Expansion history 1s ACDM”

Energy densities evolve with scale factor a(t):

Pde = constant dark energy (assuming it is a c.c.!)
iy R T : !
Pm X a(t) nonrelativistic matter (dark + baryonic)
Praqa < a(t)”* relativistic particles (photons, neutrinos)
baryonic baryonic baryonic

matter 5%

matter 5% matter 5%
dark

energy 7%

dark
matter
27%

radiation
74%

dark energy
68%

+ radiation + radiation
9x10° 8 x 104

=1 a=0.33 a=10"
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“Expansion history is ACDM”

Scale factor a(t) evolves via Friedmann equation
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The expansion history is parameterized by the first three parameters
in the standard model (pa, Qb, 2¢).

pa=(2.56 £ 0.04) x 1047 GeV* Dark energy density (c.c.)

Q= 0.0486 + 0.0007 Baryonic matter abundance

Q= 0.267 £ 0.009 Cold dark matter abundance

A2 =(2.11 £0.05) x 10 [nitial power spectrum amplitude
ns = 0.967 + 0.004 Spectral index

T=0.058+£0.012 CMB optical depth

So far, we have not talked about perturbations. The next two
parameters (A¢?, ns) specify the initial perturbations.
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[nitial conditions: at early times, the FRW metric has small
perturbations.

92

ds® = —dt? + a,(t)z(‘i‘z(("")d:irj:“

The field {(x) is called the “adiabatic curvature™ or the “initial
curvature”. This is a random field whose statistics can be described
informally by the following statements:

., . . 3 ¥ _wi?-. "";’,_.ﬁ“l-'
« Initial perturbations are self- &N e
similar (no preferred scale) s A e

« Almost scale-invariant, small _
trend toward more power on W gl ¥ ey i

large scales. B, B 5

rw".-.L & o S *&’:'

+ Characteristic size of WO e it
fluctuations is Az ~ (5 x 105) B g LR
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[nitial conditions: at early times, the FRW metric has small
perturbations.

ds® = —dt? + (?,(t)zf““z“('r)d:rz

More formally, {(x) is a Gaussian random field with the following
power spectrum Py(k). (This will be defined precisely later!)

k3 k -
—— P-(k) = A“ J '
oz Lek) = Ag (0.05 h Mptl)

with free parameters

o

A2 =(2.11£0.05)x 10  Initial power spectrum amplitude
ns = 0.967 + 0.004 Spectral index
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“Initial perturbations are scalar adiabatic”.

- “Scalar” means that there are no gravity wave perturbations
in the initial metric. (Some models of inflation predict this,
but so far it has not been observed.)

ds® = —dt® + a(t)?e* @ (§;; + h’\@)

absent

* “Adiabatic” is more technical. It means that the C field also
completely determines the perturbations in the stress-energy
tensor, by a universal set of rules which will be explained
later!

o, 1) = p(t) (1+ 2¢(x)
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The statistics of the initial perturbations are parameterized by
parameters (A¢?, ns) below.

par =(2.56 +0.04) x 1047 GeV* Dark energy density (c.c.)

Qp, = 0.0486 + 0.0007 Baryonic matter abundance

Q= 0.267 £ 0.009 Cold dark matter abundance

A =(2.11£0.05) x 10 Initial power spectrum amplitude
ns = 0.967 + 0.004 Spectral index

1=0.058 +£0.012 CMB optical depth

The final parameter T is an astrophysical nuisance parameter which
we define for completeness.
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[onization history of the universe

Xe(t) = electron 1onization fraction

= probability that a random electron in the universe 1s 1onized
(rather than being part of an atom)

1.0
i z=1100:
! “recombination”
0.8 - i (CMB 1s formed)
[
x
&
= 0.6 1
® | z=7:
p= i “reionization”
(=] 1 ~
= , i (stars form)
c
=}
0.2 1
“dark ages”
0.0 1
Time
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[onization history of the universe

T = CMB optical depth

= probability that a CMB photon emitted at z~1100 scatters from
an electron at low redshift, before being observed at z=0.

Astrophysical nuisance parameter: T affects the CMB power
spectrum.

When fitting cosmological parameters from the CMB, we need to
include T 1n the fit, and account for uncertainty in T when assigning
errors to other parameters.
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Standard model of cosmology:

Background metric 1s FRW

Expansion history is ACDM

Initial perturbations are Gaussian random
Initial perturbations are scalar adiabatic
Power spectrum of initial perturbations is a
power law: (k°/27%)P(k) = AZ(k/ko)™ !

Six parameters:
pA=(2.56 £0.04) x 1047 GeV* Dark energy density (c.c.)

Q, = 0.0486 + 0.0007 Baryonic®™) matter abundance
Q=0.267 + 0.009 Cold dark matter abundance

A2 =(2.11 £0.05) x 10 Initial power spectrum amplitude
ns = 0.967 + 0.004 Spectral index

t=0.058 £0.012 CMB optical depth

™) “Baryons™ = protons + neutrons + electrons(!)
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o C(z)
£, : : ',,J

High-z

The standard cosmological model specifies the perturbations at very
carly times (high-z). They are fairly simple, and parameterized by a

Gaussian random field {(x) with a featureless power spectrum.
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2=1100

High-z
The standard cosmological model specifies the perturbations at very
carly times (high-z). They are fairly simple, and parameterized by a
Gaussian random field {(x) with a featureless power spectrum.

As time evolves, the perturbations become more complex. By the
time the CMB is formed (z=1100), a lot of physics has been
“imprinted” on the power spectrum.

‘ f." la"

i | | '”." \-\ / .\
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2=1100
High-z
The standard cosmological model specifies the perturbations at very
carly times (high-z). They are fairly simple, and parameterized by a
Gaussian random field {(x) with a featureless power spectrum.
As time evolves, the perturbations become more complex. By the

time the CMB is formed (z=1100), a lot of physics has been
“imprinted” on the power spectrum.

At late times (z~1), nonlinear effects are important and the
perturbations are very non-Gaussian.
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inflation?
cyclic universe¢? ———— C(I,) 5 —
something else? S A3

o z=1100 z~1
High-z

The standard cosmological model specifies the perturbations at very
carly times (high-z). They are fairly simple, and parameterized by a
Gaussian random field {(x) with a featureless power spectrum.

As time evolves, the perturbations become more complex. By the
time the CMB is formed (z=1100), a lot of physics has been
“imprinted” on the power spectrum.

At late times (z~1), nonlinear effects are important and the
perturbations are very non-Gaussian.

There are also models for the “early universe”, a hypothetical phase
preceding the radiation-dominated part of the expansion, which try
to explain where the Gaussian field C came from.
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inflation?
cyclic universe¢? —— C(L) -
something else? 5 3

ta

H-igh-z
In each of these three stages, different physics is important:

 Early universe: Quantum mechanics in expanding spacetime
generates Gaussian perturbations from vacuum

« Formation of the CMB: Linear perturbation theory in a
plasma with multiple components (dark matter, baryons,
photons, neutrinos) + metric degrees of freedom

 Late times: Gravitational N-body physics. Messy
astrophysics! (galaxy formation, star formation, ...)
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s R

Cosmological constant pa
Baryon abundance 2y,

Fundamental | park matter abundance Q. ~ Data
physics analysis

Initial amplitude A¢?
Spectral index ng
CMB optical depth 1

- %

Challenge for observers: which model fits the data?

~1930: Expanding universe
1965: Big bang (discovery of CMB)
~1970: Dark matter
1992: Gaussian, nearly scale-invariant perturbations (COBE)
1998: Cosmological constant
2006: Deviation from scale invariance (ns < 1)
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Cosmological constant pa
Baryon abundance €2y

K un;lamcntal Dark matter abundance Q. D ?ta.
PRYSICS Initial amplitude A¢? andlysts
Spectral index ns
CMB optical depth 1
L ~—_—

/UNDEH CONSTHUC TION
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s R

Cosmological constant pa

Baryon abundance €2y
Data
analysis

Fundamental
physics

Dark matter abundance €2.

— —p

Initial amplitude A¢?
Spectral index ns
CMB optical depth 1

-

Challenge for theorists: explain this model at a fundamental level

- What i1s dark matter?

« Why 1s the cosmological constant so fine-tuned?
(if late-time accelerated expansion is indeed a c.c.!)

* What physics is responsible for generating the initial
Gaussian, nearly scale invariant fluctuations?
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Cosmological observables (such as the CMB power spectrum)
are sensitive to cosmological parameters, and can jointly constrain
multiple parameters.

f
+TE+EE 8

0.7% S
BN lensing
6000 BN lensing+BAOQ 64
—_— Qn=0.68 =
- 5 0.60
5000 4 0;\ =(.53 "
a F
- 52
-4 . 0.4s |
3 4000 ’ “
E 4 44
< 30001 | 030 ©
2 JI L L il
- | 0.30 0.45 0.60 0.7%
+ 20001 | i
- | )
| | A\ Fig 26. Constraints in the £,-9Q, plane from the Planck
1000 \,.— 5 TT+lowP data [:nmlpll‘:s; colour-coded b)‘ the value of Hp) and
\ Planck TT,TE,EE +lowP (solid contours). The geometric degen
e eracy between 2, and £2, is parially broken because of the ef-
0 T T T fect of lensing on the temperature and polanzation power spec
0 500 1000 1500 2000 tra. These limits are improved significantly by the inclusion

/ of the Planck lensing reconstruction (blue contours) and BAO
(solid red contours). The red contours tightly constrain the ge-

ometry of our Universe to be nearly flat.
Planck 2015
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Cosmology 1s largely concerned with looking for extensions of
the 6-parameter standard model.

 Non-Gaussian 1nitial conditions
- Non-minimal neutrino mass
- Extra neutrino species or other light relics
* Interacting dark matter
 Nonzero spatial curvature
- Cosmological gravity waves
+ many others!

The standard model includes ingredients which were originally
surprises (dark matter, cosmological constant, quantum
mechanically generated perturbations).

Will we find new surprises?
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Part 2: random variables and fields
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The standard model of cosmology 1s a probabilistic model.

For example, it can predict the probability of a given CMB
realization occurring, but not the specific realization.

In this part of the lectures, we’ll build up some machinery for
working with random variables and fields.
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Physicist’s definition of a one-dimensional random variable X:
anything with a probability distribution function (PDF) p(x).

The meaning of p(x) is “probability per unit x”.

Here 1s an arbitrarily chosen example.

3.0

2.9

2.0 4

1.0 1

0.5 1

T T T T T T A
-1.00 -0.75 -050 -0.25 0.00 0.25 0.50 0.75 1.00
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Histogram of 10° random samples in 30 bins, compared to the
continuous PDF. The probability for the random variable X to
be in bin [a,b] 1s: :

Prob (a <X < b) - / dz p(z)

J

D
OC

Note that the PDF must satisfy [f drp(zr) =1

3.0

2.9

2.0 4

—
—
S
o
23
|

1.0

""1‘00 -0.75 -050 -0.25 0.00 0.25 0.50 0.75 1.00
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Four X’s added together: Y = X1+ Xa + X5+ X4

+ X3+ X4

X
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Five X’s added together: Y = X1+ Xo + X3+ X4+ X5

3.0 0.25 1

0.20 1
"
"
04 i
U 1]
| ] 0.15 4
13
; 0.10
10

0.054

0.0 0.00 +
-1.00 -0.75 -0.50 —0.25 0.00 0.25 0.50 0.75 1.00 4 ¥, o 2 4

X Y=X;+X2+ X3+ Xg+ X5
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Twenty X’s added together: Y = 220 X;

i=1
In the next few slides, we’ll explain where the limiting PDF

p(z) = - Ee“”“/ 20" comes from (including factors of 20, 7).

0.0
-1.00 -0.75 -0.50 —0.25 0.00 0.25 0.50 0.75 1.00
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Central limit theorem: the sum of a large number of independent,
identically distributed random variables has a PDF which is
approximately Gaussian. (Proof omitted!)

The Gaussian PDF is defined by:

o(z) = 1 , (x — T)?
plz) = J2oo? exp 52

and has two parameters: a mean ¥ and a width o.

Pirsa: 18070010 Page 34/73



Some definitions: the mean and variance of a random variable X
are defined by:

X =(X) [ mean ]

Vm"(X):<X2> _<X> | variance |
= ((X — X)?)

v/ Var(X) can be interpreted as the “typical” size of fluctuations
around the mean.
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Example: For the Gaussian

, ] | (;’I: — ;‘?.7)2
])(;’1_-‘) = ﬁ exp *T
2Ta~ ~

a short calculation shows:

(OO
Mean = / g% plylE =%

— 00

Variance = / dz p(z) (2% = T°) = o*°

— 0
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Example 2: for the PDF p(z) = + 7= considered previously,

Na=10

Var(X) = (X — YOF)
Next let’s calculate mean and variance of ¥ = Z\: s
where the X’s are assumed to be independent samples.

3.0 r

2.5i

)
)
P op@)=

2.0
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Properties of expectation values:

(X £ X') = (X) £ (X'}
(cX) = c(X) if ¢ 1s a constant (not a random variable)
(XX = (X)(X') if X, X’ are independent random variables
(not true 1n general!)

O ~ b N >
Now we can calculate mean and variance of ¥ = > ." X,

Y=V X, =0

Var(Y) = ((Y )>
=<(Z )?)

:@,X +Z,#}XY‘)
= DX+ 2 (Xa)(X)
=N (3)
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. L : v xr N
This calculation gives the mean and varianceof ¥ = > . | X :

Y =0 Var(Y)=N/2 (for all N)

In general, the mean and variance do not determine the PDF p(x).
However, for a Gaussian PDF they do!

B #(j(m:l')"}/ZGB .

1
Pla) = s = N

e~ /N (for N>> 1)
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Multivariate random variables: let’s generalize to the case of N
random variables (X1, ..., Xn) which are not assumed independent.

The PDF becomes a function of N variables p(xi,...,xn), and
represents “probability per unit N-volume”.

Example: a multivariate Gaussian (X, X2) with a correlation
between X and X»>. (To be defined precisely in a few slides!)

10 +

9 4

8

'l B

6 4

Pirsa: 18070010 Page 40/73



Pirsa: 18070010

Example: p(x1,22) =

2 ¢ 2 2 -
%( (VT3 + x5 — 1) ifzy,20>0
0

otherwise

Just to show an extreme case where the variables xi, x> are
very non-independent!

1.0 1

0.8

0.6 A

0.4 A

0.2

0.0 A

0.0 0.2 0.4 0.6 0.8 1.0
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