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Part 3: forecasting and the Fisher matrix
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By my estimation, there are ~100 cosmology papers per year which
are mainly concerned with computing a “Fisher matrix” Fap.

What is the Fisher matrix and why is it so widespread?
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Motivating example: forecasting parameter sensitivity of the CMB

0.7% 68
6000 -
—— Q) =0.68 60
- 0.60
5000 1 =053 w
é z
~ 52
v | 0.45
3 4000 m
E I
= 3000 A | 0.30 0
2 I‘I I 1
~ | 0.30 0.45 0.60 0.7%
+ 2000 | P
1/ v Fig 26. Constraints in the £,-€Q, plane from the Planck
1000 4 \‘,.. TT+lowP data (samples; colour-coded by the value of Hyp) and
\_ Planck TT,TE.EE +lowP (solid contours). The geometric degen
— eracy between (1, and £, Is partially broken because of the ef-
0 T T T fect of lensing on the temperature and polarization power spec
0 500 1000 1500 2000 tra. These limits are improved significantly by the inclusion

of the Planck lensing reconstruction (blue contours) and BAO
(solid red contours). The red contours tighily constrain the ge-

ometry of our Universe to be nearly flat.
Planck 2015

/

Pirsa: 18070002 Page 4/27



Abstract setup:

“model parameters” {6°} [ p(d|0) “data” d
e.g. Pa, Qu, Qc, A, ng, T e.g. CMB multipoles aim

The data d 1s a random variable whose probability distribution
depends on the model parameters 62

p(d|@) = conditional probability distribution of data d,
given model parameters 0
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“model parameters” {6} p(d|9_) “data” d
e.g. Pa, b, Qc, AP, N5, T e.g. CMB multipoles aim

We might be interested 1n:

1. Simulation. Given a model 62, how do we simulate a random
data realization d? (i.e. sample the conditional PDF p(d|0))

2. Analysis. Given a data realization d, what are the constraints
(say at 95% CL) on the model space 6*?

3. Forecasting. Given a rough fiducial guess B4 for the true
model, what constraints on the model space do we expect to
obtain, for a “typical” realization of the data?

The Fisher matrix is a tool for forecasting (#3).
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“model parameters” {6} p(d|9_) “data” d
e.g. Pa, b, Qc, AP, N5, T e.g. CMB multipoles aim

General definition of the Fisher matrix (to be motivated later!)

9% log p(d|0)
E:Lb - = a2 -
o6 0gb y

where the expectation value 1s taken over random realizations of the
data d, for a preferred fiducial choice of model parameters 61gd

The Fisher matrix depends on the fiducial model 614, but does not
require a preferred realization of the data d (just the probability
distribution p(d|0)).
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“model parameters” {6} p(d|9_) “data” d
e.g. Pa, b, Qc, AP, N5, T e.g. CMB multipoles aim

[nterpretation: the Fisher matrix Fap 1s the forecasted inverse
covariance matrix of the model constraints obtained from a
“typical” realization of the data.
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Toy example: linear regression

Fitting a line y=Ax+b through points (Xi,yi) with error bars Gi.
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The following scatterplot shows the result of repeating the linear
regression 100 times. (Detail: the y-values were randomized, but
xi and o; were held fixed throughout.)
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Let’s compute the Fisher matrix for the model parameters
(0',6%) = (A,b), and compare with this plot.
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“model parameters” {6} p(d|9_) “data” d
A,b y-values yi

First we need to write down the conditional likelihood p(d|9).
Given (61,6%) = (A,b), the PDF of an individual data value vy is
a Gaussian with mean (Ax;+b) and variance G;*:

- : (y: — A, — b)?
Pul) = (2ro2)i/2 P (_ 202

1

1 , ( (yi —(?”;fu,(m))z)
= exp | —

(27'r0,'f)]/2 Z(rf

. . . . X
introducing the two-vector notation f,(z) = ( | )
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“model parameters” {6} p(d|9_) “data” d
A,b y-values yi

The conditional likelthood p(d|0) is obtained by multiplying the
PDEF’s for each individual data value yi.

o 1 o (i =0 fa(xi))?
p(d|f) = H (2ro )i/ exp (— 5072

1

folx) = ( i )

9% log p(d|0) >
1

(A

Now we can compute the Fisher matrix Fy, = — < 504 b
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: ] (yi — ()””.fu,(if-'-::))g
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0% log p(d|0)
06 06Y ;

— 1 y(° 2 J‘ , NV (o 2
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In this example, the expectation value <>y 1s trivial, and the Fisher
matrix does not depend on a choice of fiducial model Osd = (Afid, brid).
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Comparison between Fisher matrix and Monte Carlo scatterplot.
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“model parameters” {6} p(d|9_) “data” d
A,b y-values yi
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A cosmological example. In general, the Fisher matrix 1s not
expected to agree precisely with the Monte Carlo scatterplot. In
particular, the contours of the scatterplot need not be ellipses.
However, the Fisher matrix is usually easy to compute, and is
usually a good approximation.
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Example: supernova (not CMB) Fisher matrix from Wolz et al 1205.3984
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