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Bootstrapping
Scattering Amplitudes

Joao Penedones

L

ECOLE POLYTECHNIQUE
FEDERALE DE LAUSANNE

S-matrix Bootstrap I: QFT in AdS [arXiv:1607.06109]

S-matrix Bootstrap |l: two-dimensional amplitudes [arXiv:1607.06110]
S-matrix Bootstrap lll: higher dimensional amplitudes [arXiv:1708.06765]
S-matrix Bootstrap IV: multiple amplitudes [work in progress]

with A. Homrich, M. Paulos, J. Toledo, B. Van Rees, P. Vieira

Perimeter Institute, 20th of June, 2018
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Maximum cubic coupling
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Maximum cubic coupling

Vs(dm? — s) + /m2(4m?2 — m?)
Vvs(dm? — s) — /mZ(4dm? — m?)
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Numerical approach
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Numerical approach

p(s)
2 2
~ g 9p !
Ansatz: | S...(s.t) = AL + E Clab) P2 Py
. b D 7 4 s i - b y
eat($, 1) s—m? t—m? (ab)Ps Pt

) a,b=0
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Numerical approach

p(s)
) 2
= ) 9 i
Ansatz. S, (s, t) = A — E ¢ o
" wlorp . F, " b {)' ')
eat (5, 1) S — mﬁ = ?'n,f (ab)Ps Pt

a,b=0

Crossing symmetry and analyticity are automatic.
Unitarity gives quadratic constraints:

<1, s > 4m*

Sezt(s,4m?* — s) |2
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Numerical approach

Ansatz: 92 gi Z
. ~ . — b ‘}b . a h
br_—':rt("’a f) = 5 =) ) 5 (’(ub)ps Pt
S — my t — my,
a.b=0

Crossing symmetry and analyticity are automatic.
Unitarity gives quadratic constraints:

|S,.:,.,(s, 4m? — s)|2 <1 s > dm?

b}

Truncate to finite number of variables and quadratic constraints

a+b< N, l ‘

2 at s = 81.89.,..... S ]
{.‘/h ) "((:b)} Ly =2 e

Pirsa: 18060040 Page 19/39



Numerical approach
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Numerical approach

Ansatz: g? it
’ Qy . = b b [ a
bc:rt("’u t) - 2 -+ ) T § (’(ub)p.:pt’
S = my t—my
a.b=0

Crossing symmetry and analyticity are automatic.

Unitarity gives quadratic constraints:
~y 2 4
|.S,.;,‘,(s, 4m? — s)| <1 s > dm?

1

Truncate to finite number of variables and quadratic constraints

a+ b < Nnax i 't

2 at § = §1.89,....,. S ]
{‘(jhn ('((1’))} ] .3 .\,

[Simmons-Duffin "I 5]

Use semidefinite programming (SDPB) to maximize ¢;, subject to
these constraints. This reproduces the analytic solution as N,,,.x — o
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2 to 2 Scattering Amplitude
(Ps, PalS|P1, P2) = 1 + i(2m)4 16 D (py + po = p3 = pg) T (s,t, 1)

Crossing symmetry & Analyticity:

9 95 95 Z b

. 1 C

T(.S, t, u) — Sy : o X(abce) /)( Pt Pu
S=my T- ’m, (R mb

a.b.e=0
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2 to 2 Scattering Amplitude
{P3: Pa|S|P1,p2) = 1 4 fl(sz)‘“ld“““(l’l tp2 —pa—pa) T (s, L, )

Crossing symmetry & Analyticity:

2

2 2

9y 9i 9 b

T(b‘,f-,u) _— : 3 : 5 + . % E 0‘{;;1,(,-)/)_(:{);_/)5
S —my L —my u = my

a.b.e=0
Partial waves: Gegenbauer polynomial
T = cosl
iy, =2 . ]
s —4m*) 2 9y d=3 _(, -
Se(s) =1+ ;'( e ) / dz(l — x°) 2 P,-l “(.r) T(s,t,u)|, , -3 (o —am3)
A i L i =

14r ,
]

Unitarity: |Se(s)]” <1, s>4m2. £=0,24,..
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2 to 2 Scattering Amplitude
{P3, P4|S|P1,p2) = 1 4 5(21*7)‘“15“““(1’1 tp2 = ps —pa) LT (s, t,u)

Crossing symmetry & Analyticity:

2 2 2
_ 9i 9i 9 Z v b e
T(b‘,f-,u) = : 3 : 5 =t . % 0‘{ab{,-)/)f...{);_l).,,
S —my L —my u—my
, 2 2 a,b,e=0
Partial waves: Gegenbauer polynomial

T = cost

.
/ dx(] —Arz)uihfﬁJ'Lr)7Ts.!_u]L 1T (o am?)
J - o ” )

d

(s — 4m?) T

.S','(.'\'\] — l . f

14

Unitarity: [Si(s)]° <1,  s>4m?, £=0,2,4,... lya

. . . 2
—> Quadratic constraints on the variables {9;,, ﬂ'(um)}

a+b+c <N

= TInax
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Maximal cubic coupling in 3+1 QFT
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Maximal quartic coupling

l 4
e lig=f=u= 3m“)

Ansatz with no poles. Maximize A =

' 0_0 0_0
(cg. mnm —mw)
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Maximal quartic coupling

Improved ansatz with threshold bound state:

| | 1 , X
Tisdt,u)=2 - | ) } Ol abe) P PP | i
(!}\ = l {,u o= l Z L ll . /f" :

e — 1
!’ 4 a.b.c=0)

y - -
+ D -+ <
a ) { = \ max
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Maximal quartic coupling

l rm l ‘
Ansatz with no poles. Maximize A = (s =t=u=-m*)

. 327 3
((\.g. 'JT“]T“ N Tr”ﬂ_ll) !

[Lopez, Mennessier '77]
[Auberson et al '78]
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Maximal quartic coupling

_ Ps
Improved ansatz with threshold bound state: -

| | 1 , x
T(s,t,u) =3 - | ) | OLaber s Pe P |
(!u - ] Pu— 1 Z ashPartiy

Pf N l f a.b.ce=0)
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No particle production?

2

|.‘7‘{)(H) -
1.000

0.998 |
0.996 -
0.994 -
0.992 -
0.990

0.988

Pirsa: 18060040 Page 30/39



Multiple Amplitudes
Bootstrap 1n 2D QFT
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2 to 2 Scattering Amplitudes

Example: two stable particles Zy symmetry : -+
1 1 2 2 2 2
my + mo

21

I 1 1 1 2 & 719
my &
M . N 2
aximize = gi19
d(
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2 to 2 Scattering Amplitudes

Example: two stable particles Zp symmetry : —  +
1 1 2 2 2 2
my + mo

2m

1 11 1 2 $ 112
m, &
aximize = g1
1l

Unitarity: |5 1—11]° + [S11o22]° < 1

Not zero in optimal solution
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Extended Unitarity

Analyticity:
’_‘;l
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ms

Zo symmetry : —

my + meo
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Extended Unitarity

5 Zio symietry : — 4
Analyticity:
il

my + me
® [N —

. : ; o
-m.‘j dm3 4m; 2m
| WD)
my &
- .t . R 2 ~ 2 -
Unitarity: [S22-11]" + [S22520]° < 1

s > 4ms
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Extended Unitarity

Zio symietry : - 4+
Analyticity:
S I
my + mo
o, 2 2 2m
m5  4my 4m; <770
| WD)
mi &

Unitarity: [S22—u1l +

s > 4m?
? 1 1
TP
Extended Unltarlty AMmThy_,20 = 2211 —
lmI < s < 4m? 5 2\/""("" —4my)

Pirsa: 18060040 Page 36/39



Extended Unitarity

Zo symmetry : e
Analyticity:
ikl
my + ms
° B 2m
'm.‘j —lm‘,‘ -'lrn§ - 1
& 1Mo
my &
2 -
Unitarity: [S22—11]° + [S22-522]" < 1
s > 4ms
l |
T3 414 \2
Extended Unltarlty 2ImTho_ 90 = —
lmI < s < 4m? 5 2\/""("" —4my)
G222
3-state Potts model saturates the bound form2 = m; and ” = -1
Y112
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Outlook

e Anomalous thresholds (Landau diagrams)

* Particles with spin (internal and external)

[He, Irrgang, Kruczenski ‘| 8]

* Particles with flavour (global symmetries)  [Cordova Vieira'i8]
[Paulos, Zheng ' | 8]

* Massless particles!’

e Connect with conformal bootstrap for D>2

e Other interesting questions? Maximize particle production?
Resonances’ [Doroud, Elias Miro '18]

* Can we input UV data about the QFT? Hard scattering?
Form factors?
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