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Abstract: | will discuss recent discovery that elasticity theory of a two-dimensional crystal is dual to a fracton tensor gauge theory, provic
concrete manifestation of the fracton phenomenon in an ordinary solid. The topological defects of elasticity theory map onto charges of the
gauge theory, with disclinations and dislocations corresponding to fractons and dipoles, respectively. The transverse and longitudinal pho
crystals map onto the two gapless gauge modes of the gauge theory. The restricted dynamics of fractons matches with constraints on the m
lattice defects. The duality leads to numerous predictions for phases and phase transitions of the fracton system, such as the existence
theory counterparts to the (commensurate) crystal, supersolid, hexatic, and isotropic fluid phases of elasticity theory. Extensions of this du
generalized elasticity theories provide a route to the discovery of new fracton models.
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Outline
M. Pretko and L. R., PRL2018

* New type of quantum liquids: fracfons
* Higher rank gauge theories
* Elasticity

* Duality

* Further directions
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States of quantum matter

« “conventional” ordered states, e.g., AFM, SF, ...
— Local order parameter
— Classified by broken symmetry
— Short-range entangled

— Landau theory description
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P. W. Anderson

X. G, Wen States of quantum matter

R. Laughlin

A. Kitaev

S. Sachdev

Fisher, Balents, Hermele

« “conventional” quantum Yiguid’ states, e.q., FQHE, spin ice,
toric code, ...
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— Non-local, fractionalized bulk excitations as ends of strings:
anyons - free to move but with statistical “interaction”

— Topological order with O(1) ground state degeneracy
——©
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— Gauge theory (Z,, U(1), ...) description In] 0
|

— Long-range entangled
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P. W. Anderson

X. 6. Wen States of quantum matter

R. Laughlin
A. Kitaev
S. Sachdev

« “conventional” quantum Yiguid’ states, e.q., FQHE, spin ice,
toric code, ...

— Gauge ‘rheory (Zz, U(l), ) descrip’rion Hermele, Fisher, Balents

Example: U(1) Spin Liquid

Geometric frustration
(e.g. “spin-ice rules”)

|
['f.-\/f = IF}_!.!/F,UU

String condensate (Wen) Emergent
vanishing line fension electromagnetism!
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C. Chamon, 2005
sramass oo 206 Stafes of quantum matter
J. Haah, 2011, '13
S. Bravyi, et al., 2011
B. Yoshida, 2013
S. Vijay, L. Fu, 2015, ‘16
* new class of quantum 'liquids’: Z, fractons, e.q., Haah's code,
X-cube, lattice rotors,... .
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C. C_hc;non, 2005
nramas o206 Stafes of quantum matter
S. Bravyi, et al., 2011

B. Yoshida, 2013
S. Vijay, L. Fu, 2015, ‘16

* new class of quantum 'liquids’: Z, fractons, e.q., Haah's code,
X-cube, lattice rotors,...

e, Bl 1 -
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.- l‘ . - | & @J / '_)r"' .

Fractal operator

— Non-local, fractionalized excitation

« -> at corners of extended objects: fractons - immobile in isolation

* -> at ends of undeformable string: dipoles - subdimensional

©®
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nramas o206 Stafes of quantum matter
S. Bravyi, et al., 2011

B. Yoshida, 2013
S. Vijay, L. Fu, 2015, ‘16

* new class of quantum 'liquids’: Z, fractons, e.q., Haah's code,
X-cube, lattice rotors,...
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Fractal operator

— Non-local, fractionalized excitation

* -> at corners of extended objects: fractons - immobile in isolation

* -> at ends of undeformable string: dipoles - subdimensional
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ceseanay  Topological crystal defects

a) 5 b)
» Disclination:

immobile ﬂ
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ceseanay  Topological crystal defects

a) g b)
 Disclination: .
immobile ’
$
* Dislocation climb: - %
1 M\h
constrained by = === 99QGQ ¢
v/i diffusion b
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ceseanay  Topological crystal defects

a) q b)
 Disclination:

immobile

* Dislocation climb:

constrained by
v/i diffusion

* Dislocation glide:

subdimension (d-1)
motion
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ceseanary  Topological crystal defects

1
Het = 5 Bluyg)”

a) 1 b)
 Disclination:
immobile iH
* Dislocation climb: - E
1 ﬂlh
constrained by = === 9QGQ ¢
v/i diffusion b

Dislocation glide:

subdimension (d-1)
motion
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ceseanary  Topological crystal defects

, ] . i - 1 5400 f.
Het = §B(r.ﬁ-,:.,,-)“ —_— H = 55—‘(v~’qs)~ —ip(s+2-V x b)

a) 1 b)
 Disclination:
immobile iH
e Dislocation climb: Y YYIXr %
i Mlh
constrained by
v/i diffusion b

Dislocation glide:

subdimension (d-1)
motion
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S. Vijay, et al., 2015, ‘16
M. Pretko, 2016, ‘17 Fracton developments
T. Hsieh, et al., 2017
K. Slagle, Y. B. Kim, 2017
H. Ma, et al., 2017
* ‘"gauging” global Z, subdimensional symmetry spin model
d el A= -

| li‘]* { ~ L. ™" s.Vijay, 3. Haah, L. Fu, 2016
L',':E. ‘ i u
* Coupled-layers construction / d ;/ —
>
V

* Coupled-chains construction

N\
 Parton construction ﬂ

Halasz, Hsieh, et al., 2017

Ma, Lake, Chen, Hermele, 2017

* Higher rank tensor gauge theory (); 87- E?} = py

M. Pretko, 2016
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M. Pretico, 2016, ‘17 Fractfon developments
T. Hsieh, et al., 2017

K. Slagle, Y. B. Kim, 2017

H. Ma, et Gl 2017

« ‘"gauging” global Z, subd/mensmnal symmetry spin model
Il

: . ] { [ s vijay, 3. Haah, L. Fu, 2016
* Coupled-layers consfruchon / 4 E/ —
AT

P

* Coupled-chains construction
Ma, Lake, Chen, Hermele, 2017

e Parton construction
Halasz, Hsieh, et al., 2017

* Higher rank tensor gauge theory 0,0;FE;; = pf

M. Pretko, 2016

Pirsa: 18060037 Page 19/55



Rasmussen, You,
. Xu, 2016 Tensor gauge theory

Pretko, 2016

* U(1) symmetric tensor gauge lattice rotor models

C. Xu, et al., ‘06, '10
Rasmussen, You, C. Xu, 2016
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Rasmussen, You,
C. Xu, 2016 Tensor gauge fheory

Pretko, 2016

* U(1) symmetric tensor gauge lattice rotor models

C. Xu, et al., ‘06, '10
Rasmussen, You, C. Xu, 2016

M. Pretko, 2016
* Conservation of charges and of dipoles ---> fracfon phenomenology!
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-> moving charge changes dipole moment -> forbidden by dipole conservation

-> dipole motion constrained
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Rasmussen, You,
C. Xu, 2016 Tensor gauge theory

Pretko, 2016

* U(1) symmetric tensor gauge and electric fields:
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Rasmussen, You, :
C. Xu, 2016 Tensor gauge theory 2D

Pretko, 2016

* U(1) symmetric tensor gauge and electric fields:

> H= %Ez] B+ %B-;’__B-g_ (B9, Aij] =i6P(x) B =0’ A

e
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Rasmussen, You,

C. Xu, 2016 Tensor gauge theory 2D

Pretko, 2016

* U(1) symmetric tensor gauge and electric fields:

* Gausss law: (‘)),(‘)JE” =p
* Gauge freedom: A;; — A;; + 0,0«
« Two gapless gauge modes, with: w ~ k

* Other generalizations (e.g., vector charges,... see M. Pretko)
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Pretko, 2016

Tensor gauge theory

A “hidden” extra conservation law:

Charge Conservation

Q = /dz;lrp = %(‘)jEj"‘d(L‘,'

(boundary term)
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Pretko, 2016

Tensor gauge theory

A “hidden” extra conservation law:

Charge Conservation

L) = / d’zp = % 0, B da;

(boundary term)

Total charge only changes by
particles entering/leaving the system
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Pretko, 2016

Tensor gauge theory
(9, 83' E” =p

A “hidden” extra conservation law:

Charge Conservation Dipole Conservation
Q= / dz p = % O;E"da; P = / d°z px* = jﬁ(;zti 0, E* — E'MYday,
L2 . | b
(boundary term) (boundary term)
Total charge only changes by Total dipole moment only changes by
particles entering/leaving the system particles entering/leaving the system
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_Elasﬁcify theory and defects |

* Eulerian phonons: 7= R + i(F)
A
) I~ (E)lt’j -+ ()}H,) /1 L ] 1
deformed state

B | =

° Sfrdln. "U-.,'J' =5 ((), R - 0, R - (5’.}) ~

5 . 5] ] 5.
= Bﬂ’“ = /l-('“.‘.,:_}‘)‘w + 2/\(‘“-,’,‘)“

: . I 5 &
Hamiltonian: H = 5T+ 5 Cijkittijur =

e
<
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_Elasﬁcify fh_eor_y and defects )( L / H

I

* Eulerian phonons: 7= R + (r) | \/ B \I
. l ) ]—-, ‘_) l-r 5‘ 1 ‘) {) |l\|| | "\ \\ ll‘.‘\ \«,
. Sh’dln. '“--j_'i o 9 ((' i ? " C 7 ? — K ’f) d i, (( i ‘“:"'. T J “:i) / alcl’ulrmi‘.tl :ilulc

I b ¢ ) ] 5
O sty = Oﬂ*-+-ﬂ(umd“—+‘)A(u”)“

: . 1 s
Hamiltonian: H = _7=° +

) -

Topological defects

— Disclinations: V x V0 = s4§%(F)
(bond angle: € = €;,u;; )

— Dislocations: V x Vu,; = 1,_i(\;2(..,f’) = b;(7).

- e Q0000

— Vacancies/interstitials: 06~ UU
Mg = Ny — Ny 00000
0O
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Dasgupta, Halperin

Fisher, Lee Boson-vortex duality
Superfluid ‘ Maxwell Gauge Theory (with matter)
{"T,if,: '\R fopglogical | ‘\‘\\\ \*\ ;/ , _ Gausss law:
vortices +¥ (N1  Wineng | particles ~ N4 " H.F' = p
VO €90,0;0 = p | e~ f
\':, - A }17‘ - =4~ - [ ,’ c\

Pirsa: 18060037 Page 38/55



Dasgupta, Halperin

Fisher, Lee BOSOH—VOI"feX duallf'y
Superfluid Maxwell Gauge Theory (with matter)
¢wt;(:-:“;: " topological | - \\ / ‘ . Gausss law:
: T s winding 1 N\ [ T
vortices oy (ﬁ ;I 455 % )! particles P e O,E" =p
3 :, S Al BTGP = [ ,’ 5
e T X
GOIdeone H = [(12;."] (("),‘(,\4'))2 5 ”2 | Phofon [] — /(]2:1:5 (E’Et —+ BH)
mode _ 2 -
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WPretko LR Fracton-elasticity duality
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M. Pretko, L. R.,2017 Fracton-elas fI'C‘I'fy dualify

; , 7 i |
* Elastic Lagrangian: g = ;((’_),‘u.'_)“) = ;(-”"MU-,;,N-;.-F

-1 19 ki 1 1 () =~ ~(s) o s (s)
-——-> L= > (f'f‘jm_.(_r’-’(tr — _557T'7r,- — o (Ouy + ;) + (i +uy )

-
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WPretko LR Fracton-elasticity duality

: . L el nbopcgma
* Elastic Lagrangian: = E((’ﬁ),u.’_)“ - 50”““41.;”1-#'

Lov st g g~ 4 g ij(a.x s) i (o~ )
-—=> [ = 2(_,”.:;{,0'-’0 Bl A Oty + -‘u,_gj ) + O (u; + -u.,E )

-

* Disclinations: (L-ik:f-']’g(‘:)j(‘-)_}-.(-['A_'f = ‘«(X)

+ Momentum conservation (Newton) constraint:  [0,7" — 9,0 = ()
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M. Pretko, L. R.,2017 Fracton-elastici 7")/ dualn‘y

, , L " Loamsa
* Elastic Lagrangian: L= ;(('1),‘”.’_)“’ = ;(“..”J’*‘-u.uu.,ﬁ.{.
- ij ke L g ijra ~ (s) i (= (s)
-——-=> [ = 2 (_.«”.H.cr- 0% = Smm = (Oiu; + U, ; ) + 7 0 (i + )

— -

 Disclinations:  €%€°0,0;u = s(x)

+ Momentum conservation (Newton) constraint:  [0,7" — 9,0 = ()

* Electric, magnetic fields: B' = ¢"r; EY = et*elloy,

-> Faraday law: 0, B' + ejkai"'ELf‘;": — ()
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M. Pretko, L. R.,2017

Fracfon—_elasﬁcify duc;I;fy

: . TLh e cana
* Elastic Lagrangian: & = E((’_),u.’_)“ = EC'N“-AJ“-A-F

1 e ii ket 1 ] GA 7oy ~ ~,) iy [~ -,)
-—=> [ = 2(_.4{_].:;[,0'-’0 T — ;'T['"?T,‘ — g il Dt -+ 'u,,,(-.j ) + 7O (u; + -u,E )

-

 Disclinations:  €%€°0,0;u = s(x)

+  Momentum conservation (Newton) constraint:  [0,7" — 9,0 = ()

* Electric, magnetic fields: B' = ¢"r; E¥ = e*ellay,

-> Faraday law: 0, By e‘jk;(?f"Ef;"" — (_)l

-> Gauge fields: B' = ¢;,07 A" EY = —9,AY — 8;0;¢

-2 Gauge freedom: A ij — 4,), + 0,‘_0..)‘(}? (f) — ({) + ({)t(.}f
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M. Pretko,

L B 2017 Fracfon-elasticity duality

* Elastic Lagrangian: 7 é(’f'):'ui"')z B %(_,-,-,n.-.fHII_}W{{,

 Disclinations: e*elt0;0,up = s(x)

* Electric, magnetic fields: B* = Mgy EY = e oy
B =ve;507 A¥ EY = —-8,AY — 0,0;¢
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M. Pretko,

L. R.,2017 Fracton-elasticity duality

* Elastic Lagrangian: , — é(‘;)!.,,j-)z = }_)-(_T-,;,-A-.f-“”“M

 Disclinations: e* el 0,0upe = s(x)

* Electric, magnetic fields: B* = ¥ EY = e*elloy
Bt =00 A EY = —0;A" — 0,0;¢

-> Fracton Hamiltonian: [F, Ayj] = 6@ (x)
P il
= ‘_)(Y "JAIFE..;.:’;E;.\;;? I ;B " B,,‘ -+ /)(X) 8 J 4—-‘1-,‘__:-,‘

-> Fracton charges, dipole current currents:

p=3 J9 = %4 (0,0) — 0,0y )ue = v b,
-> Gausss law, continuity:  9,0,E7 =p  9ip+ 0,0;J7 =0

-> Amperes law: g, r" 4 %((**‘-z)kul' + /%8, B) = = JU Oing + 0;J5 = —J"

Marchetti, L.R. 1998
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M. Pretko,

L. R., 2017 Fractfon-elasfticity dictionary
Fracton Disclination
0i0;EY = p Hhﬂ&@w4:e

. ® _ _ AR ’.A.g. AKX
Dipole i Dislocation g’:g:g:'é} -'gﬁ‘g.

Magnetic Field B3; | Lattice Momentum T7;

,,,,,,,,,,,,,,,,,,,,,,,,,,,

0B + €d Eg' = 0. 4 ' — 0o =0

Faraday <-> Newton
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M. Pretko,
L. R., 2017

Fractfon-elasticity dictionary

Fracton Disclination
QO EY = p (M'(-’[U,‘Qf“k; =S

Dipole Dislocation
Gauge Modes Phonons

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

Magnetic Field ; | Lattice Momentum T;

O, B' + i ES = 0. ¢ o' — 0j0” =0

Faraday <-> Newton

Page 48/55



Fracton condensaton transition 2D

Kosterlitz, Thouless

Halperin, Nelson Crystal Hexatic LI(]UId

Young | 1

7 U
2D crystal: U

unbinding of unbinding of
dislocations disclinations
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Fracton condensatfon transition 2D

Kosterlitz, Thouless
Halperin, Nelson

Young C_rYiaI Hexatic ngUId

i i > T
2D crystal: U U

unbinding of unbinding of

dislocations disclinations
Z. Zhang, M. Pretko, L. R.,2018 Fracton Digole Fracton
Insulator Condensate | Condensate
2D scalar fracton model: le w > T
unbinding of unbinding of

dipoles fractons
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Fracton condensatfon transition 2D

Kosterlitz, Thouless
Halperin, Nelson

Young C_WLal Hexatic ngUId

i i > T
2D crystal: U U

unbinding of unbinding of

dislocations disclinations
Z. Zhang, M. Pretko, L. R.,2018 Fracton Digole Fracton
Insulator | Condensate | Condensate
2D scalar fracton model: le W > T
unbinding of unbinding of
dipoles fractons

~ ] gl % 2 I 2
H _ ‘)B] (Vx-(-/))‘-' = (1" cOS ((:T(/)) _ (]h L COS (b,” o W V(/))

. [ ¥ .
n=1.2.3
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L RZOIR Fracton superfluid: supersolid
* Hybrid U(1) vector-tensor gauge duality
1

+g(B - e + Eiib) 4+ J* "'1;;.;_, -+ jﬂ”‘n

b . Lix
H==CY*E;Ey + =B*By &+ zKe.e 1 =b°

with “mutual axion” electrodynamics
-> supersolid -> fracton superfluid (mobile dipoles)

-> normal crystal -> fracton Mott insulator (confined dipoles)
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R golR Fracton superfluid: supersolid

* Hybrid U(1) vector-tensor gauge duality

/I i L3
9(?'f'-f"-‘g_i__j Eiia 25’-5,1 +oKe e 25

l(}(B - Enb) |- e]f!.lf.‘-’-lﬂ.f./ -+ .j‘”“h‘

-

with “mutual axion” electrodynamics
-> supersolid -> fracton superfluid (mobile dipoles)

-> normal crystal -> fracton Mott insulator (confined dipoles)

* Vortex condensation
-> fracton dipole dimensional confinement
-> superfluid fo Mott-insulating fracton transition
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WA Fracton superfluid: supersolid

* Hybrid U(1) vector-tensor gauge duality

| [—-— ; 1 L3
19 — _rhjkt g . . “mn T il -
H = 2(_.. E;i By + 2[3 B, + lee e + 2/)

F9(B - e + Eyb) + J* Ay, + ja,,
with “mutual axion” electrodynamics

-> supersolid -> fracton superfluid (mobile dipoles)

-> normal crystal -> fracton Mott insulator (confined dipoles)

* Vortex condensation
-> fracton dipole dimensional confinement
-> superfluid fo Mott-insulating fracton transition

* Fracton dipole condensation

-> superhexatic
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