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Abstract: <p>When a system interacts with an environment with which it isinitially uncorrelated, its evolution is described by a completely positive
map. The common wisdom in the field of quantum information theory, however, is that when the system is initially correlated with the
environment, the map describing its evolution may fail to be completely positive. This has motivated many researchers to try and characterize this
putatively more general sort of dynamics, and even the textbook of Nielsen and Chuang suggests that "It is an interesting problem for further
research to study quantum information processing beyond the quantum operations formalism.” This talk will demonstrate that this common wisdom
ismistaken. The error can be traced to the standard argument for how the evolution map ought to be defined in such circumstances. One can show
that anomolous dynamics would arise even in completely classical examples if one were to follow the prescription of the standard argument. The
framework of classical causal models specifies how dynamics ought to be defined in such circumstances, and</p>

<p>the quantum analogue of this framework provides the correct definition of the quantum evolution map, which is found to be always completely
positive.</p>

<p>Joint work with David Schmid</p>
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Quantum state evolution is typically represented by a
completely positive (CP) map

Eal-a): L(Ha) = L(HAa) E

Ea®idp Is positivity preserving

PAB

PAB = 0 = 5‘.1 & idg([)‘,lg) >0
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Quantum state evolution is typically represented by a
completely positive (CP) map

Eal-a) t L(Ha) = L(HAa) E

Ea®idp Is positivity preserving

PAB

PAB = [ =% E‘.l X idB(P;lB) >0

Axiomatic justification: Justification by dilation:

Every map could be £ | = U
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But what if the system and environment are initially correlated?

Common wisdom: the evolution map
need not be CP in this case

“a quantum system which interacts with
the degrees of freedom used to prepare
that system after the preparation is
complete will in general suffer a dynamics
which is not adequately described within
the quantum operations formalism”

---Nielsen and Chuang, Sec. 8.5
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Presumably significant for practical quantum applications

"It is an interesting problem for further research to study quantum
information processing beyond the quantum operations formalism."

---Nielsen and Chuang, Sec. 8.5

Presumably significant for guantum foundations as well
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"It is an interesting problem for further research to study quantum
information processing beyond the quantum operations formalism."

---Nielsen and Chuang, Sec. 8.5

Presumably significant for guantum foundations as well
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This talk:
The common wisdom is mistaken
Not an interesting problem for further research
No foundational significance
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The starting point of the standard argument

T ps, = tre(ps,E)

0S, = tl‘E(Ule(ﬂSLE)Ug*IE)
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The starting point of the standard argument

T ps, = tre(ps,E)

0S, = t-l‘E(USIE(PSlE)U;E)

The single input-output pair
R = {(ps,:ps.)}

constrains the map, i.e.,

55':3|5'1 {psl] = PS5
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The standard argument

So T
Us,E
Sh F
i
{{rgE 1},

Tom stana angaman
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The standard argument
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K=k p(fﬁ)

k
= tr(pd,7)

k)
= trg(Us, Eﬁgl U

Input—output relation
(7F)
= {(p5", P&}k

Evolution map

.7 k) k
Vi k: Esys, [pé{ | = ﬂfg?' :
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The starting point of the standard argument

T ps, = tre(ps, k)

0S, = t.l‘E(Ule(pSLE)Ug*lE)
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The standard argument

Pirsa: 18050065

K=k p(,rﬁ)

k
= trp(pd, )

- 1k)
g (Us, UL

Input—output relation
(JF)
= {(p5", P&}k

Evolution map

. A l..’{
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The standard argument
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Input-output relation

(n,m) (n,m)
(ﬂ\:: m ,U;; m )}

682|SL

g S o (1,2) (1,2)
31—{,’5] s Ps, ) (Ps s Ps, )i

N

£s,181  €sy18

Evolution Map
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The standard argument

The focus of most previous work:

Given {pgl bl }.-jA:

when is the map CP forall Ug, g ?

No matter how the variation is achieved
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Problematic consequences of
the standard argument
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Example 1:
Failure of complete positivity
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Pi

IIIII

K I

: 18050065

S L
{[¥j0), V1) }
vIN-Luders

|

—5(100) +[11))

J=3,K=1:

(41)
Ps,.E =

= [V51)(¥j1ls, ® [¥51){|[¥51|E
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Pi

IIIII

K I

: 18050065

('.1 / r :
e = Vi) (¥ils, ® Wh)(|vH e
{|¥j0), |¥j1)}
vIN-Luders
+ [11))

R = {|[¥;1) (W15, [T W hs.) )

The evolution map is the transpose, which is not CP
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Problematic implication of the failure of complete positivity

The only way to avoid nonCP maps leading to negative
probabilities is to limit the scope of bipartite input states on

which they act.

Page 22/75
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Problematic implication of the failure of complete positivity

The only way to avoid nonCP maps leading to negative
probabilities is to limit the scope of bipartite input states on
which they act.

BUT, given that an evolution process is autonomous from the
process that prepares its input state, how can we justify such a
limitation of scope?
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3 J=0:10) (0]5, ®[0) (0]
J=1: [4) (+ls, ® 1) (1] 5
X
0)
% ={(/0)(0]s,10)(0]s,),

(1) (Hlsys [1){1Ls,) ;
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3 J=0:10) (0]5, ®[0) (0]
J=1: [4) (+ls, ® 1) (1] 5
X
0)
% ={(/0)(0]s,10)(0]s,),

(1) (Hlsys [1){1Ls,) ;
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Problematic implications of the failure of linearity:

Evolution is a kind of data processing and should not be able to
increase the information content of a system!
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(10)5,10)E + [1)s,[1) E)
(10)s, D) E + [1)s,|0)E)

|
— O

&
|
N .
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(10)5,10)E + [1)s, 1) E)
(105, 1)E+11)s5,10)E)

~

T

=i CD
N bl*‘

R = {(%Hs“ 0)00]s2 ) (5Ls: 1)(1ls,)}
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b' = g"z T ;S‘} -
2 T T 2 B
X H—r+ 2 S [ $1E
\Ll/
3 ho E
i S E S ) 1
K T : 51 E ,
{|¥j0), 1)} - z i
vN-Luders H X D T
| l I L (100} \ (7, k 1
%HUU}%—“I}I 0) 0) V'E(' “(L +“l)} {{ﬂ‘nE }J'
e] -] 1[]'
Transformation Transformation ——

on system and on system alone

environment
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Two kinds of distinctions:

Measurements
on system
Transformations
on system and
environment
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Pathologies of the standard argument are generic

Measurements
on system

Transformations
on system and
environment
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Classical preliminaries
Quantum state PS5, Classical statistical state 175,

CP map 5SQ|5'1 (Psl) Stochastic map Ps.,|5‘1 (Psl)

Ls,)s, (Ps,) ZPw Ps,
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CP map 882|81 (105'1 )

Notational conventions:

P4(a) denotes probability that A = a

(>_aPaB)(a,b) := >, Pagp(a.b)
PB)(u.h') = Pa(a)Pp(0)
&&&&& = Py pla,b)Pp(b)

Bins Pj(a) =1,
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Classical preliminaries

Quantum state /S, Classical statistical state PSL

['s,1s,(Ps,)

lab] means P4 p(a,b) =1

Stochastic map F5.7|5'1 (Psl)

ZPL,,MPS
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Quantum state .S,

cPmap Es,|s, (Ps,)

Notational conventions:
P4(a) denotes probability that A = a
(>_4 PaB)(a,b) := >, Pag(a,b)
PB)(“~ b) := Pa(a)Pp(b)
“““““““““““““ = Pajp(a.b)Ps(b)

Mlns Pa(a) =1,

l[ab] means P4 p(a,b) =1
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Classical preliminaries

I's,1s,(Ps;)

/|

Classical statistical state PSL

Stochastic map P59|5‘1 (PSI)

ZPt”hlP‘?l
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The standard argument in the classical sphere

Pirsa: 18050065 Page 36/75



The standard argument in the classical sphere
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k
J=jK=k: Py
( k) p! k
J ZE J
A 1k
PUY = 5, (P PS'%)
Input-output relation
& 1k 9k
% = {(P{", P{")}

constrains the evolution map

Vi k: Tgys, [PSF] = PG
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0]+ [1])s, 5 (2] + Bz

—

O] + [2_)515([1_ + [3])E

L
|
o
>~
|
pnd
bo | = B = B =

i I Jd=3. K =1
{2,3}7,{1,3}7,{1,2}?

prepare complement

1([00] + [11] + [22] + [33])

o
_f,_
w
|
—
i
+
o

r-j

Page 38/75

Pirsa: 18050065



2T 1 1
J=1K=1: ((0]+[1])s,5([2] + [3)E
. 1 1
]f[ S, 7 J=2K=1 ‘12(0 +[2)¢,-1%([1 + 3]k
{2,3}7,4{1,3}7, {1,2}7 -
prepare complement
| 1 1
R={(= 2|+ [3])s,
T TT— (G0 + ()5, 5 (2] + 3)s,)
l 1
(5(0] + 2])s,, 5([1] +13])s2)
1 1
(501 + B)s, 5 (1] + 2)s,))

This defines a linear map but it is not stochastic
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L/

0]

Map that increases distinguishability = nonlinear
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0]

0]z + |

E T

0
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([0]s, (0] + [1]s, [1E)

A many-to-one relation does not define a map

irsa: 18050065
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No one has seen fit to suggest that classical evolution may not be
described by a stochastic when there are initial system-environment

correlations
Why not?

Because classically, no one endorses the standard argument as a
means of determining the evolution map
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The framework of
classical causal models
and the do-calculus

See: J. Pearl, Causality
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Causal model

Recovery

Treatment
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Parameters:
Prirc Pric Pa

Standard conditional

Prim = Z PrircPa|T

G
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Causal model

Recovery

Treatment

Pirsa: 18050065

Parameters:
Prirc Pric Pg

Standard conditional

Prir = Y  PrircPeor
G

“Do conditional”
Priaor = »  PrircPa
G

Counterfactual
causal model

Recovery

|

Treatment
(Assigned)

Treatment
(Preferred)

Gender
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Causal model

Recovery

Treatment

Pirsa: 18050065

Inference map

Lpir( Z Prir(-T

Prir = Z PRlTGPG|T
G

Counterfactual
causal model

Recovery

|

Treatment
(Assigned)

Treatment
(Preferred)

Gender
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Causal model

Recovery

Treatment

Pirsa: 18050065

Parameters:
Prira Pric Paq

Standard conditional

Prir = Y  PrircPor
G

“Do conditional”
Priaor = »  PrircPa
G

Counterfactual
causal model

Recovery

|

Treatment
(Assigned)

Treatment
(Preferred)

Gender
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Evolution map versus inference map

Circuit Inference map Counterfactual
of interest Ts,s,(5,) = ZPSJLS (-s,) Circuit
i - Sy -
So
PSE‘Sl ZP&) | S EPE\EM F T
S
S E
Evolution map 18,
Fb |(Iub z Pb \dubl O 1) PS1E

Ps,|dos, = E P52|5'1EPE
E
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The mistaken assumptions of the
standard argument
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The starting idea of the standard argument in the classical sphere

PSl — ZE PSLE
Ps, =) g Fs,e'5,E(Ps,E)

The single input-output pair
R = {(Ps,, Ps,)}

constrains the evolution map, i.e.,

Ls,5,Ps,] = Ps,
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Classical probability theory dictates that

= s, Ps,
Therefore
o Ps, =T's,s5,(Ps,)
where
L's,)8,( ZPS 15, (*s1)
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Classical probability theory dictates that

= s, Ps,
Therefore
5 Ps, =I's,|5,(Ps,)
where
I's,15,(°s:) ZPS 15, (+51)

The single input-output pair puts a constraint
on the inference map, not the evolution map!

ke is akin to confusing causation and correlation
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The mistake of inadvertently introducing
variability in the inference map

irsa: 18050065 Page 54/75



Circuit

The evolution map and the inference map

of interest

.151.‘ )

“=

+

Fs E

E

Pirsa: 18050065

Inference map
Fb‘:lﬁl ( 'Sy ) — Z PS!\Sl ( '5'1)

S
Ps, 15, = E Ps, s, EPE|s,
E

Evolution map
['s,1dos; (Ps,) = D _ Ps,jdos, Ps,

S1
Pg,|dos, = E Ps,|s,ePE
E

Both can be
inferred from a
description of
the circuit
elements.
No need for
variation in the
input state!
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What formula relates P51|_1K to PSzIJK?
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What formula relates P51|JK to PS'ZIJI{?

Pg, 1k = E Pg,15,EPE|5, 7k Ps, 10K

S, E
(Jk) (Jk (Jk)
SO PSQ F \.51(P )
where
(k) -
FSL|5‘1 ('-5'1) — Z P.Sg]b'lEPELS‘l.I:j[{:A-('5‘1)
S| E
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What formula relates P51|JK to PSZIJK?

Ps,1ik = ) _ Ps,15,EPE|s, 7k Ps,| 1K
S1E

So P(]A) F(ﬂl) (P(JM)

S5|S,
where
(k) A
F32|51 ('b‘l) — Z PSg|SlEPE]SL.I:jK:A-('Sl)
S, E

The inference map itself varies with J and K!
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We have:

1 (1,1) (1,1y p(1,2) t1,2) (n,m) (n,m)
R = {(PSI 'RL-‘;E ).(PSI 'Pfﬂ'j )<P“"1 'P‘j'.) )}

=

. N

(1.1) (1,2) (n,m)
r82|Sl FSB|S'1 FS-_;|S'1

Whereas the standard argument presumes:
" (1,1) (1.1 (1,2) £1.2) (n,m) (n,m)
R={(P5,” P5," ), (Ps,”, Pg,”),...(Ps,™, P5;™)}

-y -

S -

I'silsi L'sals: I's,18,

This is what leads to the pathologies!
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Inference maps
(0)

FS»_}‘SL('SI) _— [O}Sg
(1)

stml ("s,) = [1]s,

Evolution map
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Inference maps

) Evolution maps

Pirsa: 18050065 Page 64/75



When does a single input-output pair constrain the evolution map?

Inference map
Fsal (80 ) = ZPSQ\SL( 'S1)

Ps,15, = Z Psq\q ePEg|s,

Evolution map
FSg\cloSl (Psl,) = E PS;\(:loSl PSI

Ps,|dos, = E Ps,\s,EPE
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When does a single input-output pair constrain the evolution map?

Inference map

5 4 I, ( ZP€ 5, ( 81

Fle P;Sglsl = Z ‘PSE‘SlE‘PE‘Sl
S E E

Evolution map
FS:\CIOSI (Pbl) o E PSg\ctloSl PS[

E

Pirsa: 18050065

When
Pgs, = Pg

Or equivalently

Ps.gp = Ps, ® Pg

Only when there are
no system-
environment
correlations!
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Because classical statistical states and stochastic maps
are special cases of quantum states and CP maps
(when everything is diagonal in some fixed basis), the
mistakes of the standard argument in the classical
sphere are mistakes in the quantum sphere as well.
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The correct definition of the quantum
evolution map
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So ‘T‘E' So ‘T‘E’
Recall 7
Fs,E'S,\E I's,E'|S,E
S, £ Classical evolution map S, E
[s,1d0s,(5,) = D _ Fs,p15,5( s, ® Pr) T
E o

Ps. E Ps g
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52 'T'E ’

Recall

Classical evolution map

[s,1d08,(5,) = D _ Fs,m5,5( s, ® Pr)
E‘f

Us,E'5,E

S1 , E

L
st cd it o
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=
-
T
e

—r

Quantum evolution map

= S->|doS; ('Sl) = trg (Z/{Sg Ef|,5‘1£‘('31 & PE))

e
[ e
=

S5 -T—E’

I's,E'\S.E

S E
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Can one define a quantum inference map?
(i.e., for general quantum circuits,
not just those in the classical subtheory)
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When does a single input-output pair constrain the evolution map?

Quantum evolution map

Es,|dos, (+5,) = trer (Us, 5115, E(s, @ PE))
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When does a single input-output pair constrain the evolution map?

So TE’
Us, k15, E _
: - Quantum evolution map
1 / . :
55"_}|(1051 ('Sl ) = t]:]—:“:' (uSQE"LS‘lE('Sl ‘5’ {)E))
PS,E

Input-output pairs are: ps, = tre(ps, )
pPs, = g (Us-g E"\SlE(p&En
e € PSy = 5.92\d¢-)51 (ps,) = tre (Zf{s2 E’\S\E‘(.ﬁﬁ'l & f)E))

BN 05, E = ps, @ PE
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Summary

The correct definition of a quantum evolution map is the quantum analogue
of a do-conditional in causal modeling, and is always completely positive

The standard argument for how to define an evolution map in the presence of

initial system-environment correlations made two distinct mistakes, which can

be stated as follows in the classical subtheory:

1. The types of constraints it appealed to were not constraints on an
evolution map, but only on an inference map

2. In a misguided attempt to introduce variability in the input state, it
inadvertently introduced variability in the inference map itself, then

_ fit a single map to the relation defined by the input-output pairs
= Hifferent maps

Pirsa: 18050065
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Looking forward

Is there a sensible notion of an inference map in quantum theory?
What are the quantum analogues of other concepts and techniques from

classical causal models?
How to experimentally determine the guantum evolution map given limited

experimental control?
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