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Abstract: <p>When a system interacts with an environment with which it isinitially uncorrelated, its evolution is described by a completely positive
map. The common wisdom in the field of quantum information theory, however, is that when the system is initially correlated with the
environment, the map describing its evolution may fail to be completely positive. This has motivated many researchers to try and characterize this
putatively more general sort of dynamics, and even the textbook of Nielsen and Chuang suggests that "It is an interesting problem for further
research to study quantum information processing beyond the quantum operations formalism.” This talk will demonstrate that this common wisdom
ismistaken. The error can be traced to the standard argument for how the evolution map ought to be defined in such circumstances. One can show
that anomolous dynamics would arise even in completely classical examples if one were to follow the prescription of the standard argument. The
framework of classical causal models specifies how dynamics ought to be defined in such circumstances, and</p>

<p>the quantum analogue of this framework provides the correct definition of the quantum evolution map, which is found to be always completely
positive.</p>

<p>Joint work with David Schmid</p>
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Quantum state evolution is typically represented by a
completely positive (CP) map

Eal-a): L(Ha) = L(HAa) £

A ®idp IS positivity preserving

PAB

PAB = 0 — E.—‘i X idB(;’),\B) =)
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Quantum state evolution is typically represented by a

completely positive (CP) map

cal~a) i L{Ha)—> L(Ha)

Ea®idp Is positivity preserving

pap =0 — E4 8 idB(j)‘,-lg) =

Axiomatic justification:
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PAB

Justification by dilation:
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But what if the system and environment are initially correlated?

Common wisdom: the evolution map
need not be CP in this case

“a quantum system which interacts with
the degrees of freedom used to prepare
that system after the preparation is
complete will in general suffer a dynamics
which is not adequately described within
the quantum operations formalism”

---Nielsen and Chuang, Sec. 8.5
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Presumably significant for practical quantum applications

"It is an interesting problem for further research to study quantum
information processing beyond the quantum operations formalism."

---Nielsen and Chuang, Sec. 8.5

Presumably significant for quantum foundations as well

4 ity s | LT e s b S nEmE=san of
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Presumably significant for practical quantum applications

"It is an interesting problem for further research to study quantum
information processing beyond the quantum operations formalism."

---Nielsen and Chuang, Sec. 8.5

Presumably significant for guantum foundations as well
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This talk:
The common wisdom is mistaken
Not an interesting problem for further research
No foundational significance
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The starting point of the standard argument

T ps, = tre(ps.E)

0S, = trE(Ule(ple)U;lE)
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The starting point of the standard argument

T ps, = tre(ps.E)

PS, = t-I‘E(USIE(PSlE)Ug‘lE)

The single input-output pair
R = {(ps,:Ps.)}
constrains the map, i.e.,

Es,15,1Ps.] = ps,
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The standard argument

So T
Us, E
S E
i
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Trmstsnemrt gl
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The standard argument
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k
J=jK=k: pS o
1k
— tl‘E(st 1«1)

k)
= tTE(USlEPgl U

Input-output relation
(7k)  (jk)
{(ﬂé’} PS’J )}Jk

Evolution map

- k i,k
vk Eas p™] =gl
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The starting point of the standard argument

So

Us, E
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ps, = tre(ps.E)

ps, = tre(Us,£(ps, )

Us, &)
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The standard argument
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; k
i K=k: pg o
&
= tl‘E(st 1_«%)

5)
, Ftre(UsE Pg EU

Input-output relation
(7k)
= {(p5", pL)

Evolution map

, k
Vik:  Esys,lpe] = pi"
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The standard argument
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Input-output relation

(1,1

S | {11 (1,2) {1:2) (n,m) (ri,m)
R = 1(,”5] s Ps, }.{pSl »Pg, -]""(n’-’.ﬁ', . Pg, )}

U U
Esyls,  €syls €3, |8,

Evolution Map
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The standard argument

The focus of most previous work:

1k
Given {p' 1} ik

when is the map CP forall Ug, g ?

No matter how the variation is achieved
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Problematic consequences of
the standard argument
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Example 1:
Failure of complete positivity
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‘H ;{1> |l;1 }
vIN-Luders

Jd=3K =11
(1)

P & = V1) (Yj1ls,

= {|¥j1)(¥j1ls,,

GJ1><I

® [P 1|51 &

S2)};

The evolution map is the transpose, which is not CP
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Problematic implication of the failure of complete positivity

The only way to avoid nonCP maps leading to negative
probabilities is to limit the scope of bipartite input states on

which they act.

Page 22/75
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Problematic implication of the failure of complete positivity

The only way to avoid nonCP maps leading to negative
probabilities is to limit the scope of bipartite input states on
which they act.

BUT, given that an evolution process is autonomous from the
process that prepares its input state, how can we justify such a
limitation of scope?
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= J=0: 10) (0|, ®|0) (0|5
J=1": ‘+> <+‘51 & ‘1> <1|E
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E J=0:10)(0]g, ®0) (0|
J=1:|+)(+|s, ® 1) (1]
X
0)
R ={(|0){0]s,, |0)(0]s,),

(1) (Hlsps [1){1]s,) ;
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E J=0:10)(0]g, ®0) (0|
J=1:|+)(+|s, ® 1) (1]
X
0)
R ={(|0){0]s,, |0)(0]s,),

(1) (Hlsps [1){1]s,) ;
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Problematic implications of the failure of linearity:

Evolution is a kind of data processing and should not be able to
increase the information content of a system!
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51005, 100 e + [1)s,|1) )
51005, 1) e+ |1)s5,[0) E)

—
|
—

~

H

_
5\* &lH

R = {(31s,. 0)(0ls,). (315, 1) (1]5,)}
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Two kinds of distinctions:

Measurements

on system

Transformations ]
on system and

environment
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Pathologies of the standard argument are generic

Measurements
on system

Transformations
on system and
environment
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Classical preliminaries
Quantum state /S, Classical statistical state PSl
CP map gsg|5'1 (PSl ) Stochastic map P5.7|5'1 (Psl )

Ls,)s, (Psy) ZPH 51 Ps,
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Notational conventions:

Ps(a) denotes probability that A = a
(>_4PaB)(a.b) :==>_, Pap(a,b)

(P4 ® Pp)(a,b) := Pa(a)Pp(b)

il P, ;(a.b)Pp(b)

e T Lt | szt Ty 4 Th 5

Touss -‘_.—'-E”'\.‘\-"I

Mns Py(a) =1
lab] means P4 p(a.b) =1
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Classical preliminaries

Quantum state FS; Classical statistical state PSl
CP map SSQ|SI (PSl ) Stochastic map 1_‘5.2|5'1 (Psl )
Ls,)5, (Ps, ) ZPH,M,PB
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Quantum state /2S5,

CP map 882|Sl (105'1)

Notational conventions:

P4(a) denotes probability that A = a

(>_ 4 Pap)(a,b) :=>__ Papla.b)
(P4 & PB){H.I'})J = Pala)Ppg(b)

it e ;= Pap(a.b)Pg(b)
is Eala)= 1,

lab] means P4 p(a.b) =1
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Classical preliminaries

I's,18,(Ps;)

/|

Classical statistical state PSl

Stochastic map P5.2|5'1 (PSI)

ZPH 15, Ps,

31+ 302
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The standard argument in the classical sphere
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iiiii

The standard argument in the classical sphere

: 18050065

J=4K =hs P¥s

(ﬂx) ZE (JA
SQ E SIE SlE

Input-output relation
1 (Jk) p(ik)
R={(Pg, s Ps, )}i

constrains the evolution map

Vi, k: Tg,s, [P = PGH
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S5 T
| . 1 ..
Sl =12 3([0 -I—[l)g,-l;{__.f.‘_—i—_._i);
J=2F 1 l([()+[2) 1(1+5}
= & Hh = o\l S15 E
K| 1 “ . .
1 i "
Jd=3K=1: 5“‘0 +[3)5'13(_1 + 2] g
{2.3}7, {1,3}72, {1,2}? - -
prepare complement
[
$([00] + [11] + [22] + [33])
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K|
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{2,3}7,{1,3}7.{1,2}?

prepare complement

$([00] + [11] + [22] + [33])

o =1 K
J=2 K
J=3. K

(3
(;

b | = DD | =

0

([0] + [2])s,

([0] + [3])s.

o —
5
|
—
I

This defines a linear map but it is not stochastic
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P
\L/

0]

(0] + s, 5 (1] + [2)s,)}

Map that increases distinguishability = nonlinear
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0]z + |

U r +

0
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([0]s, (0] + [1]s, [V E)

A many-to-one relation does not define a map
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No one has seen fit to suggest that classical evolution may not be
described by a stochastic when there are initial system-environment
correlations

Why not?

Because classically, no one endorses the standard argument as a
means of determining the evolution map

frv i ksl oy bt T e e
e e
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The framework of
classical causal models
and the do-calculus

See: J. Pearl, Causality
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Causal model

Recovery

Treatment
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Parameters:
Prirc Pric Pc

Standard conditional

PriT = E PrircPa|T
G

T
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Causal model

Recovery

Treatment
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Parameters:

Prirac Pric Pa

Standard conditional

PriT = Z PrircPa|T
G

“Do conditional”
Priaor = »  PrircPa
G

Counterfactual
causal model

Recovery

|

Treatment
(Assigned)

Treatment
(Preferred)

Gender
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Causal model

Recovery

Treatment
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Inference map

Lrir( Z Prir(-r

Prir = Z PRlTGPGIT
G

“'DO mapf’
CRjdor(-1) = ) Pridor (1)
7

Priaor = Y PrircPc
GI'

Counterfactual
causal model

Recovery

|

Treatment
(Assigned)

Treatment
(Preferred)

Gender
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Causal model

Recovery

Treatment

Pirsa: 18050065

Parameters:
Prirac Pric Pc

Standard conditional

PriT = Z PrircFPa|r
G

“Do conditional”
Ppiaor = »  PrircPa
G

Counterfactual
causal model

Recovery

|

Treatment
(Assigned)

Treatment
(Preferred)

Gender
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Evolution map versus inference map

Circuit Inference map Counterfactual
ofinterest Csy1s,(-s0) = ) Psys,(-s1) Circuit
2 S, ) n
S,
P.S-_]‘.S‘l Z P("' |:,"1FPF‘-E‘?1 F T
51
S E
Evolution map —;_SI
Fb |dub1 51 ZPHﬂdubl 51) PSlE
S1

P5'2|(10$1 = E PS_‘Jlle'PE
E
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The mistaken assumptions of the
standard argument
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The starting idea of the standard argument in the classical sphere

PSl —_ ZE Ple
Ps, =) p Fs,p5,E(Ps,E)

The single input-output pair
R = {(Psl‘PSQ)}

constrains the evolution map, i.e.,

Ls,5,[Ps,] = Ps,
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Classical probability theory dictates that

- ZPS \51P51

Therefore

ij_rbf)

(Ps,)

where

I's,s,( ZPS 15, (-s1)
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Classical probability theory dictates that

= Z Ps,|s, Ps,

Therefore

5 Pg, =T's,|5,(Ps,)
where

I's,|s,( ZPS 151 (-5,

The single input-output pair puts a constraint
on the inference map, not the evolution map!

ke is akin to confusing causation and correlation
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The mistake of inadvertently introducing
variability in the inference map
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The evolution map and the inference map

Circuit
of interest

Pirsa: 18050065

Inference map
I's,i5,( "51) = Z Pg,s,( -s,)

Ps, 15, = Zpb 15, EPE|s,

Evolution map
FSg\cloSl (Pgl) — Z P |clob1P.51

Pg.|dos; = E Pg,5,ePE

Both can be
inferred from a
description of
the circuit
elements.
No need for
variation in the
input state!
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What formula relates PSllJK to PSEIJ}{?
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What formula relates P5‘1|j[{ to P52|JK?

Ps,1ik = Y Ps,15,6Prs, 7k Ps, |7k
$1E

(k) _ jk
so P =T3,5,(Ps)”)

S2|S)
where
(Jk) R _
]‘_‘S._}|Sl (.Sl) o Z ‘P.Sg]5‘1EPE\LLZ;l.I:jf{:i\'(_.fjl)
S1E
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What formula relates P51|JK to PSQIJK?

Ps, 17k = E Pg,|5,EPE|s, 7Kk Ps,|7K
S.E

k 1k
So Pé;‘ ) F(J ) (P(J ))

S2|S1
where
(Jk) N
Lg's, (-s.) = D Ps,1s,6Pg|s,0=jk=k("s,)
S, FE

The inference map itself varies with J and K!
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We have:

) {(P (1.1) RH 1] (P((‘TE} PLEZ)) o (P‘;:H”)- Pi:;rr:))}
(1.1) (1,2) (n,m)
rSLlsl FS'JlSl FS'_3|51

Whereas the standard argument presumes:

1 (1:1) (1.1 (1,2) il2 (n.m) (n,m),
91:{(_}351 .st ).(1’35.l : Pe )(P‘n .PS-: )}

Sa

P . Mt

Ps,isn Lsyysy I's,|s,

This is what leads to the pathologies!
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Inference maps
(0)

Fbrg‘Sl(Sl) — [0}5’2
(1)

FSQ‘SL (.Sl) — {]‘}Sg

Evolution map
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L/
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(7) -
r.‘;zlSl (.Sl) — 052-(51@31)(5’1)

Inference maps

> ) Evolution maps
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When does a single input-output pair constrain the evolution map?

Inference map

r‘5'2|‘-, ZP5 \% 'S )

Pg,|5, = ZPS s,ePE|s,

Evolution map
r.S'-_:\c.loSl (P5'1 ) — E , PS;;MTIDSl IDS]

Ps,|dos, = E Ps,|s,EPE
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When does a single input-output pair constrain the evolution map?

Inference map

F,1s, ( ZPS EAE-Y

Pg,s, = ZPS s, EPE|s,

Evolution map
F.S':z\do.‘_"?l (PS'I ) — E : PS:&“dDSl P)Sl

Ps,|dos, = E Ps,|s,EPE

Pirsa: 18050065

When
Pg|s, = Pg

Or equivalently

Ps.p = Ps, ® Pg

Only when there are
no system-
environment
correlations!
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Because classical statistical states and stochastic maps
are special cases of quantum states and CP maps
(when everything is diagonal in some fixed basis), the
mistakes of the standard argument in the classical
sphere are mistakes in the quantum sphere as well.
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The correct definition of the quantum
evolution map
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Recall ;
I's,E'|S:
Classical evolution map S, 5
]'—‘--f';’l'.!|‘-i'u-'-5‘1 ( "9 ) - Z F"“_: E’|S, F:( S o2 PE) _;_S.
E/ 1]
Ps E
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Fs, RS, E

Ps. E

So 'T'E !
Us, k'8, E
91 , E

Chmata! s -Hiwi s
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Recall
Classical evolution map

Ls,ldosi(*5,) = ) _ Fs,e15,6( s, ® Pr)
E‘.F

Quantum evolution map

B s, 1dos, ('s,) = trer (Us,pr15,E('s, ® pPE))

59 ‘T‘E d

Us, k'8, E
S E
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Can one define a quantum inference map?
(i.e., for general quantum circuits,
not just those in the classical subtheory)
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When does a single input-output pair constrain the evolution map?

So TE’

Quantum evolution map
Ess1dos, (s,) = trer (Us, 5115, E (s, @ PE))
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When does a single input-output pair constrain the evolution map?

Ss 'I_'E’
Us,E'18,E |
- = Quantum evolution map
Es,1dos; (+5:) = trer (Us, 55, E(-5, ® PE))
PS,E

Input-output pairs are: ps, = tre(ps, k)
ps, = tre (Us, g5, E(Ps.E))
slemmmtame 15, = £5,]dos, (ps,) = tre/ (Us, /15,8(ps, ® pE))

ra G

N ps,E = ps, ® pE
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Summary

The correct definition of a quantum evolution map is the quantum analogue
of a do-conditional in causal modeling, and is always completely positive

The standard argument for how to define an evolution map in the presence of

initial system-environment correlations made two distinct mistakes, which can

be stated as follows in the classical subtheory:

1. The types of constraints it appealed to were not constraints on an
evolution map, but only on an inference map

2. In a misguided attempt to introduce variability in the input state, it
inadvertently introduced variability in the inference map itself, then

W fit a single map to the relation defined by the input-output pairs
== Jifferent maps

Pirsa: 18050065
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Looking forward

Is there a sensible notion of an inference map in quantum theory?
What are the quantum analogues of other concepts and techniques from

classical causal models?
How to experimentally determine the guantum evolution map given limited

experimental control?
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