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Abstract: <p>Suppose the eigenvalue distributions of two matrices $M_1$ and $M_2% are known. What is the eigenvalue distribution of the sum
$M_1+M_23$? This problem has a rich pure mathematics history dating back to H. Weyl& nbsp;(1912)& nbsp;with many applications in various
fields. Free probability theory (FPT) answers this question under certain conditions, which often involves some degree of randomness (disorder).
We will describe FPT and show examples of its powers for the qualitative understanding (often approximations) of physical quantities such as
density of states, and gapped vs. gapless phases of some Floquet systems. These physical quantities are often hard to compute exactly. Nevertheless,
using FPT and other ideas from random matrix theory excellent approximations can be obtained. Besides the applications presented, we believe the
techniques will find new applications in new contexts.</p>
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Eigenvalues of Sums of Hermitian Matrices

Problem

We have the eigenvalues of Hermitian matrices A and B.
Find the eigenvalues of

In this talk matrices are mx m

Ramis Movassagh

Pirsa: 18050013 Page 4/69



Eigenvalues of Sums of Hermitian Matrices

Motivation

Many problems in application are of such

@ Schrodinger Operator: —V?2 + V/ (x)
[ quantum chemistry, material science |

@ Lattice problems

. 1D . :
H =Y cij>Hij = Lk odd Hk k11 + Lk even Hk ki1
[ Condensed matter and quantum info science |

@ Anderson model: L | diag(¢, €m)

Q@ Noisy systems M | E, where E is a random matrix
(communication, engineering)

etc. etc.

Ramis Movassagh
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Eigenvalues of Sums of Hermitian Matrices

Previous works

Posing the problem : 1912 H. Weyl , Math. Ann. 71 (1912),
Given the eigenvalues of two m x m Hermitian matrices, how does
one determine all the possible set of the eigenvalues of the sum?
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Pirsa: 18050013 Page 6/69



Eigenvalues of Sums of Hermitian Matrices

Problem: What are the eigenvalues of A4 B 7

Problem: Suppose we have the eigenvalues of A and B. Find the
eigenvalue distribution of:

A+ B Q, 'NaQa+ Q' NeQp
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Eigenvalues of Sums of Hermitian Matrices

Previous works

Posing the problem : 1912 H. Weyl , Math. Ann. 71 (1912),
Given the eigenvalues of two m x m Hermitian matrices, how does
one determine all the possible set of the eigenvalues of the sum?

A. Horn's conjecture : A. Horn, Pacific J. Math, 12 (1962)
Conjectured a (over-complete) set of recursive inequalities for
Eigenvalues of sums of Hermitian matrices

A. Horn's theorem : A, A, Klyachko, Selecta Math, (N.S.) 4 no. 3,
419-445 (1998)
Klyachko proved it.

A. Knudsen and 1. lao: Soc, 48, no. 2, 1/5-186. (2001)
More practical proof based on Honey-combs and Schubert
Calculus, Notices Amer. Math.

Despite the great success, there are not many results that enable
drawing a picture ! The bounds in particular are not good for
very sparse matrices
(e.g., those that model local interactions on lattices) .

Ramis Movassagh
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Eigenvalues of Sums of Hermitian Matrices

Problem: What are the eigenvalues of A+ B 7

Problem: Suppose we have the eigenvalues of A and B. Find the
eigenvalue distribution of:

A+ B QA]/\/\Q/\ F Qg Ae Qe
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Eigenvalues of Sums of Hermitian Matrices

Problem: What are the eigenvalues of M 7

Problem: Suppose we have the eigenvalues of A and B. Find the
eigenvalue distribution of:

A+ B Q, 'NaQa+ Q' N Qp
M = M+ Q'NgQs.

Ap = (Iiﬁ?,(l] Ao
Apg = diag(tq, to
Qs = QRQAI Is the main source of difficulty.

Impossible to answer without a knowledge of eigenvectors.

Ramis Movassagh
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Eigenvalues of Sums of Hermitian Matrices

Goal

Assuming (strongest needed) :
A or Ag are independent and random. Qs is random and
permutation invariant [But not necessarily Haar|.

Draw : On a computer the eigenvalue distribution (density) of:

M =N+ Q, 'NpQs,

Ramis Movassagh
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Eigenvalues of Sums of Hermitian Matrices

Problem: What are the eigenvalues of A+ B 7

Problem: Suppose we have the eigenvalues of A and B. Find the
eigenvalue distribution of:

A+ B Q,'"AQa+ Qp' A Qs
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Eigenvalues of Sums of Hermitian Matrices

Problem: What are the eigenvalues of M 7

Problem: Suppose we have the eigenvalues of A and B. Find the
eigenvalue distribution of:

A+ B Q, '"AaQa+ Qg'Ae Qe
M = Ajp+ Qs_lAHQ»-

AA = (“Hg(l]_ " lp
Ag = diag(y, 2
Qs = Qp QA' is the main source of difficulty.

Impossible to answer without a knowledge of eigenvectors.
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Eigenvalues of Sums of Hermitian Matrices

Goal

Assuming (strongest needed) :
A or Ag are independent and random. Q; is random and
permutation invariant [But not necessarily Haar|.

Draw : On a computer the eigenvalue distribution (density) of:

M= Ax+ Q; 'NpQs,
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Eigenvalues of Sums of Hermitian Matrices

Goal

Assuming (strongest needed) :
Aa or Ag are independent and random. Qs is random and
permutation invariant |[But not necessarily Haar|.

Draw : On a computer the eigenvalue distribution (density) of:

M= A+ Q, 'NgQs,

Ramis Movassagh

Pirsa: 18050013 Page 15/69



Eigenvalues of Sums of Hermitian Matrices

The [}-Orthogonal Group

o(fm?) O(Bm*)

M =A +IT"'A Il M=A +0"'A0 M, =A +Q7'AQ

‘h'_. :(/v;,:l(/“h‘ (l\’ -/ (l\’jl =t/\’_‘EF(/\'H

Classical: “"Commuting” Free: “"Haar” Eigenvectors
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Eigenvalues of Sums of Hermitian Matrices

The [}-Orthogonal Group

o(fm?) O(Bm*)

M =A +IT"'A Il M=A +0"'A0 M, =A +Q7'AQ

(/\"_ :(/v;,:l(/“}{ (/‘. (l‘r[ =‘/V-‘EF(/VH

Classical: “"Commuting” Free: "Haar” Eigenvectors
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Eigenvalues of Sums of Hermitian Matrices

Conventional Probability Theory

Commuting random variables

ab = bha

Classical independence implies

<:‘)m5/)> =)

where, Od =a <u>

Consider: 4+ /)

Densities are NOT additive:
* Log-characteristics are additive |

Ramis Movassagh

Free Probability Theory (FPT)

Generalizes to non-Commuting random variables

AB = BA

Free independence implies *

p(0408) =0,

D. Voleuleseu

where, OA < A "l A)

- | _
gl A)=— ETlrl A
I( ) dim(A) 4]

* | am over-simplifying the free condition,

Consider: , + h’

Densities are NOT additive:
* R-Transforms are additive !
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Eigenvalues of Sums of Hermitian Matrices

Free probability technology

1) Input to the theory are the Cauchy transforms of the densities: (5 (2)

| 5 '
(/(2)= Jt-/\- ACI
2mi~, Z2-x
2) R-Transforms: RI(Z) , RHIZL

R(Gi(z)) =z
(r(2)

1) R-Transform Is additive (key property!). Good practice to let W = (1(:)

Hrm“"] - R (w)+ R (w).

4) Having the R-Transform of the sum, we undo the steps to obtain the density

| .
Zali ' (w)=R(w)+ - w—('.‘(_'J—J f--"“(‘) dy
W v U l(w)=2x

5) Invert using Plemel]-Solkhotsky formula to obtain the of the sum:;

/

] .
_ M,I.\}*;limu(lm(tii:i)'

Reference: RM-, A. Edelman, arXiv (2017)

Ramis Movassagh
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Applications

Applications

e Anderson model (in any dimension)
e Driven Floquet systems with disorder

@ Spin chains (more complicated, requires more than just FPT)
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Eigenvalues of Sums of Hermitian Matrices

Free probability technology

1) Input to the theory are the Cauchy transforms of the densities: (5 (2)

| 5 '
(/(2)= Jt-/\- ACI
2mi~, Z2-x
2) R-Transforms: RI(Z) , RHIZL

R(Gi(z)) =z
(r(2)

1) R-Transform Is additive (key property!). Good practice to let W = (1(:)

Hrm“"] - R (w)+ R (w).

4) Having the R-Transform of the sum, we undo the steps to obtain the density

| .
Zali ' (w)=R(w)+ - w—('.‘(_'J—J f--"“(‘) dy
W v U l(w)=2x

5) Invert using Plemel]-Solkhotsky formula to obtain the of the sum:;

/

] .
_ M,I.\}*;limu(lm(tii:i)'

Reference: RM-, A. Edelman, arXiv (2017)
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Applications

Applications

e Anderson model (in any dimension)
e Driven Floquet systems with disorder

@ Spin chains (more complicated, requires more than just FPT)
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Applications

Anderson’'s Model

week ending
PRL 109, 036403 (2012) PHYSICAL REVIEW LETTERS 20 JULY 2012

Error Analysis of Free Probability Approximations to the Density of States of Disordered Systems
Biahao Chen ((PEATE)),” Erie Hontz,' Jeremy Moix,” Matthew Welborn,” and Troy Van Voorhis'

Deparmment of Chemisiry, Massachisens Instinwe of Technelogy, 77 Massachusens Avenue, Cambridge, Massachusens 02139, USA

Alberto Sudres
Departamenta de Ingenteria Informatica, Fscuela Politdenica Supevior, Universidad Auranoma de Madrid

Cruddid Ungversitaria de Cantoblunco, Calle Franciweo Tomay v Valiente, 11 E-28049 Maadrid, Spiin

Ramis Movassagh™® and Alan Edelman

Depariment of Mathematios, Massachuseity Instituie of Technology, 77 Massachusetls Avenue, Cambridyge, Massachuseiis 02139, {/SA
(Recelved 29 February 20120 published 17 July 200 2)

heoretical studies of locabization, anommalows diffosion and ergechicnty breaking regquire solving th
clectronic structure of disordered systems. We use free probability to approximate the ensemble-avernged
density of states without exact dingonalization, We present an emor analysis that quantifies the aceuriey
using a generalized moment expansion, wlowing us to distinguish between dillerent approximations, We
lentily an approxumation Uat s accurate to the erghth moment across all nomse strengths, and contrast this
with perturbation theory and isotropic entanglement theory

DO 1O TOVPhysBevl e, 1090 eedi) PACS numbs
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Applications

Anderson's model

S AN+ 1]+ i+ 1)}

— —

J J
J
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Applications

Anderson’'s model
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Applications

Anderson’'s model
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Applications

Anderson’'s model: prl 2012

20 0 : : ' 0

o/J =01 o/J=1 a/J=10

Disorder: low moderate high

Exact diagonalization

Free probability theory

Perturbation theory: Reference Hopping

Perturbation theory: Reference disorder

Ramis Movassagh
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Applications

Anderson’'s model

Ii{h)(r FL 4[4 1) (]} 4 tt‘,|f}(;’]
f=1 1

-

&1 J J
13 J
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Applications

Anderson’'s model: prl 2012

20 0 . \ : 0

o/J =01 ol/J=1 a/J =10

Disorder: low moderate high

Exact diagonalization

Free probability theory

Perturbation theory: Reference Hopping

Perturbation theory: Reference disorder
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Applications

Anderson’'s model: It should really be free

p=1 # Samples=100000
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Applications

Anderson’'s model: prl 2012

20 0 . \ : 0

o/J =01 ol/J=1 a/J =10

Disorder: low moderate high

Exact diagonalization

Free probability theory

Perturbation theory: Reference Hopping

Perturbation theory: Reference disorder
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Applications

Floquet Driven systems

H(ty=H +V(1) V(t+T)y=V (1)

H“ . Clean systems e.g., Kitaev chain, or BHZ model
Oles Shtanko

V(r): Periodic driving

Joint work with Oles Shtanko: arXiv [Cond-Mat] 1803.08519

Ramis Movassagh
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Applications

Floquet Driven systems

H(ty=H +V(1) V(t+T)y=V (1)

H“ . Clean systems e.g., Kitaev chain, or BHZ model
Oles Shtanko

V(r): Periodic driving

By Floquet-Block Theorem: Total time evolution at / = nr is:
¥

Floquet Hamiltonian: [/ = exp(-itl], )= '/'L'xp(—fft/l'fl(!'))

0

Joint work with Oles Shtanko: arXiv [Cond-Mat] 1803.08519

Ramis Movassagh
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Applications

Disordered Floquet Driven systems

H(t)ys I +V(r)+dV V(t+t)=l (1)

ol Disorder (can even be a diagonal random matrix)
Density

Induces disorder in the Floquet Hamiltonian

lel

H, = H, + 0V, o, = Y ol " 5

L 3
Ay ) Energy

Joint work with Oles Shtanko: arXiv [Cond-Mat] 1803.08519

Ramis Movassagh
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Applications

Disordered Floquet Driven systems

H(t)ys I +V(r)+dV V(t+t)=l (1)

ol Disorder (can even be a diagonal random matrix)
Density

Induces disorder in the Floquet Hamiltonian

| , SN o=y ol ! Y
Il ;-'”;'*‘“:- -5 2‘ (T I

lel

L 3
Energy

ldea: Make the effective model

H =11, + M M :

A 2A . Energy

Joint work with Oles Shtanko: arXiv [Cond-Mat] 1803.08519

Ramis Movassagh
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Applications

Disordered Floquet Driven systems

H(t)ys I +V(r)+dV V(t+t)=l (1)

ol Disorder (can even be a diagonal random matrix)
Density

Induces disorder in the Floquet Hamiltonian

lel

H, = H, + 0V, o, = Y ol " 5

L 3
Ay ) Energy

Joint work with Oles Shtanko: arXiv [Cond-Mat] 1803.08519
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Applications

Universal Features: Analytically computed

The Gap as a function of disorder:

/2
/% -

A

A(A)=A, |l —(JT[)“—%——J

Energy /A0

A= {/-((5[": )

0.5 1.0
Parameter A/A¢

Ramis Movassagh
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Applications

Universal Features: Analytically computed

The Gap as a function of disorder:

/2
/% -

A

A(A)=A, |l —(er“)L—J

Energy /A0

A= q-((‘)'l',_?)

1.0
Parameter A/A¢

The critical disorder strength:

A =\A, /np,

Topological /

Trivial

Disorder

Ramis Movassagh
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Applications

Universal Features: Analytically computed

The Gap as a function of disorder:

/2
/% -

A

A(A)=A, |l —(er“)L—J

Energy /A0

A= q-((‘)'l',_?)

1.0
Parameter A/A¢

The critical disorder strength:

A =\A, /np,

For narrow bandgap: )t' >> A,

Topological /

Trivial

A~(A-A) —=vzal/2
Dicorder Critical Exponents .

Ramis Movassagh
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Applications

Kitaev chain

5 DOS per unit cell

0.5 -
00 02 04 06 08 1.0
Disorder W

H(t)=Y, [La(la|r)(r+al+h.c.)+Mr)(r|+fa,©(t)|r)(r|]

My=iDo, | Jo, My=(u{h)o,. ©(t) sgn(sin(2nt/1))

Ramis Movassagh
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Applications

Bernevig-Hughes-Zhang (BHZ)Hamiltonian

=
-y
»))
.
W
c
L
W
4s]
3
O

. P ———— e g~

0.9 4 -
00 02 04 06 0.8

Disorder W

H(t)=Y [Lal(lalr)(rt+a|+h.c)+Me)(r|+fo.O(t)|r)(r|]

[vy=—i%0¢y,+B0, M=h+(n—-4B)o,.

Ramis Movassagh
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Applications

Conclusions: Free Probability Theory

@ Approximates (ull.en very ac.(-mat.ely) the spectrum of a wide

range of models
e Non-Perturbative. Not many such techniques.
@ The technique has been distilled out for applications
References:

@ O. Shtanko, RM-, arXiv (2018)

@ RM-, A. Edelman, arXiv (2017)

@ RM- with (lot of MIT Chemists), PRL (2011)

Q@ RM-, A. Edelman, PRL (2010)
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Applications

What if matrices are close to commuting?

The [3-Orthogonal Group

o(fm?) A(Bm?)

M =A +II"A Il

(/!'r = (/\'_‘ W (/\’H

Ramis Movassagh
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Applications

What if matrices are close to commuting?

The [3-Orthogonal Group

o(fm?) A(Bm?)

M =A +II"A Il

(/!'r = (/\'_‘ W (/\’H

p=0
dv = /).r/\"j + (1= /))(/\“
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Applications

What if matrices are close to commuting?

The [3-Orthogonal Group

o(fm?) A(Bm?)

M =A +II"A Il

(/!'r = (/\'_‘ W (/\’H

p=0
dv = /).r/\"j + (1= /))(/\“

P -Jll ml(|q‘|')}

Ramis Movassagh
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Applications

Local terms: Wishart matrices

N=5, d=2, r=4, lrials=500000

Isotropic Approximation

Classical Approximation

20 30
Eigenvalue

= |sotroplc Entanglement (IE)

40

RM-, A Edelman (PRL 2010)

Ramis Movassagh
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Applications

The action starts at the fourth moment

(Theoem

(The Matching Three Moments Theorem) The first three
moments of the structured, free (iso) and classical sums are equal.

0 [M+Q Q)" =0 [+ QMNsQs]“ = @ [Aa+N"2AgN",

k={1,2,3)

where

ol = %n?;n-[.]

Ramis Movassagh
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Applications

The Departure Theorem

The Departure Theorem

me= LE{Tr AL +4ARQ Ap Q14N Q TAZQ14AAQ AL Q12(AQ 'AsQ)" HAY)
{ h Rl - - - . 2
Ma ’}’UL{ lr‘/\?‘ +4Ai()" 1/\5(‘)" +4A:IQ-~ IAF:Q-. 44AAQ» 1/\?1()-. 1 2(’\/\0- 1ABQA) t A?J }

my=LE{ T AL 4NN A4 4AZN AR ML 4A AN AR 11+ 2( AT ‘A,,n)’u\‘;,.]}

m

Ue{Q,Q.N}:
A +ANUTA U+ AN UTAU +4A U7AU +2(A UTA UY + A

['he Fourth moment is where they differ.

Ramis Movassagh
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Applications

The (amazing) key theorem

Defining p by matching fourth moments (or kurtosis):

my — My

C f
!?74 1774

ma = pmy + (1= p)m§ = p

Ramis Movassagh
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Applications

Density of states from localization

Inverse Participation Ratio : Localization

m
L 2 |u | =] Eigenvectors are normalized
1
n

i /=l

m

1 Al | i 1
—_ Z|””| < mcL “H”| ] IPR: measure of localization

m

1, .

- 1.1, ..,1
‘ 1] \m( ’ Dislocalized
ml “u”| -

w=(0,.,0,10,. .,0) Localized

Ramis Movassagh
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Applications

What if matrices are close to commuting?

The [3-Orthogonal Group

o(fm?) A(pm?)

M =A +IT"A Il

(/!'r = (/\'_‘ w (/\’H

p=0
dv = /){l\'j + (1= /)')(/\‘{

P -Jll ml(|r/‘|')}

Ramis Movassagh
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Applications

Density of states from localization

Inverse Participation Ratio : Localization

Eigenvectors are normalized

m

I ! ‘ 4
— 2|H”| < mcL |u”| IPR: measure of localization

m <2

Ramis Movassagh
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Applications

What if matrices are close to commuting?

The [3-Orthogonal Group

o(fm*) A(pm*)

M =A +II"A Il

(/1'r = (/\'_‘ W (/\’H

p=0
dv = f)c/\‘j + (1= /)')(/\‘{

P -Jll ml(|r1‘||)}

Ramis Movassagh
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Applications

Density of states from localization

Inverse Participation Ratio : Localization

Eigenvectors are normalized

|
u, | ] IPR: measure of localization

il m

I <A A l
"”[_22, H_J| ]-— u=——11...1) Dislocalized
m | m

I HI‘
m| — Z

i |
: u”| ]-m[— - i=(0...0.10...0) Localized
m i, =1 J

m

Ramis Movassagh
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Applications

Local terms: Wishart matrices

N=b5, d=2, r=4, trials=500000
|
Isotroplc Approximation

™ Isotropic Entanglement (IE)

Classical Approximation

| l |
20 30 40
Eigenvalue

RM-, A Edelman (PRL 2010)

Ramis Movassagh
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Applications

The action starts at the fourth moment

(The Matching Three Moments Theorem) The first three
moments of the structured, free (iso) and classical sums are equal.

0 [A+Q Q) = ¢ [Aa+ Q7 AsQs)“ = ¢ [Aa+ N~ AgN]"

where

0[] - ETr|.]

m

Ramis Movassagh
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Applications

The Departure Theorem

The Departure Theorem

meye ,[,F{T.‘A;-M\;Q '"NgQHANQ A2 Q+4AAQ AL Q+2(AaQ 'AHQ)21/\“;‘
{ 3 | - - 2
mg— LE{Tr|A§+4A3Q, PAp Q, +403 Q, "N Qu+4AAQ, *AL Q. +2(AaQ, TN Q. ) +A} | |

my=LE{Tr| A4 +4A3 N1 AL 1+4AF NP AZ N+ 4A AN PAL N4 2( A ‘A,,n)’m;]}

m

'he Fourth moment is where they differ.

Ramis Movassagh
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Applications

The Departure Theorem

The Departure Theorem

mye= LE{Tr| A4 +4A3Q " Ag Q+4AZ QAL Q+4AQ 'AL Q+2(AQ 'Ag @) +AY | |

m

m{ ,‘”w:{'n[/\j“ AN Q, 1A Q,+8A3 Q, AR Q, +4AAQ, A} Q. +2(AaQ, N5 Q,)’ /\}‘{‘ }

mg=) IEC{'l'I P\ﬁ FAAZTT PG AAZNT TAZ N 1 4ALN TARN 1 2(AaD 1!\5[1)2 * AM }

n

| ) p -l ! 2rr-1 217 r=1 11y 1=1 Iya |
A, +4N UTA U AN UTAU +4A U /\Hlf+2(/\_l(f AUY +A;

The Fourth moment is where they differ.

Ramis Movassagh

Pirsa: 18050013 Page 58/69



Applications

The (amazing) key theorem

Defining p by matching fourth moments (or kurtosis):

c
’ : mg§ — my
ma = pmy+(1—p)my = p= ————=
m;—m
4 4

Ramis Movassagh
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Applications

The (amazing) key theorem

Defining p by matching fourth moments (or kurtosis):

c
, : mg§ — my
ma = pmy+(1—p)my = p= ———=
m;—m
4 4
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Applications

The (amazing) key theorem

Denote by: U = IQ Q1

:Ilzlri(Aqll‘A u) (AU AU ) ' {)h‘,(/\l,',){l mi:||n” "}

Only the crossing partitions survive

Two Extreme Cases

Classical : P = () !:'II T, I '- ’L {1 mlill:r_f I"J} -0

o | q 1 B+2 J gL (m=1)p
Free (iso): P !'llq”l l m\mfi+2, Al]-mlj[w”l]' Cmpe2 !

Ramis Movassagh
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Applications

The (amazing) key theorem

Defining p by matching fourth moments (or kurtosis):

c
’ : mg§ — my
ma = pmy+(1—p)my = p= ———=
m; —m
4 4
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Applications

The (amazing) key theorem

Denote by: U =1{0Q,,0}

l/‘."/'rl[(z\“u A1) - (AU 'A};(-'):]l—":(/\x)":(AH){I—m,‘-h”w ‘”

m

Only the crossing partitions survive

Two Extreme Cases

Classical: p =0 Eflx,1]- ’:, {l-mk[!;r,f l‘]}_n

m

Free(iso): p=1  E[lg1'|- ’[ bt f1-mEig, 1]} =" .

mpi+2, mp+2
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Applications

Structured as a convex combination of classical and iso

Theorem

(universality) p is independent of the eigenvalues and is given by

m§—mq {1-=mE(|qs|*)}
ms—mi  {1-mE(|q|*)}

» {1-mE (|as*) },
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Applications

Structured as a convex combination of classical and iso

In conclusion:

© Either the free probability answer provides a good
approximation, or

@ The p—weighted convex combination of free and classical
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Applications

Structured as a convex combination of classical and iso

(Slider Theorem) 0 < p < 1.

Since by normality of eigenvectors ¥, |gL|? = 1, we have that

0<Y™, |gi* <1. Now mE(|qs|*) = m(L L™, |qL|%). So we

have that 0 < 1 —mE (|gs|*) < 1. []
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Applications

Structured as a convex combination of classical and iso

In conclusion:

© Either the free probability answer provides a good
approximation, or

@ The p—weighted convex combination of free and classical
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Applications

Local terms: Wishart matrices

N=5, d=2, r=4, lrials=500000

Isotropic Approximation

Classical Approximation

20 30
Eigenvalue

= |sotroplc Entanglement (IE)

40

RM-, A Edelman (PRL 2010)
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Applications

Thank you
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