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Abstract: Microcanonical thermodynamics studies the operations that can be performed on systems with well-defined energy. So far, this aj
has been applied to classical and quantum systems. Here we extend it to arbitrary physical theories, proposing two requirements for the deve
of a general microcanonical framework. We then formulate three resource theories, corresponding to three different choices of basic operati
focus on a class of physical theories, called sharp theories with purification, where these three sets of operations exhibit remarkable prope
these theories, a necessary condition for thermodynamic transitions is given by a suitable majorisation criterion. This becomes a sufficient cc
in all three resource theories if and only if the dynamics allowed by the theory satisfy a condition that we call "unrestricted reversibility". Unde
condition, we derive a duality between the resource theory of microcanonical thermodynamics and the resource theory of pure bi
entanglement.
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Introduction

@ Work in collaboration with Giulio Chiribella

[Chiribella & CMS "17]
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Introduction

@ Work in collaboration with Giulio Chiribella

[Chiribella & CMS '17]

@ Part of a project on the informational foundations of
thermodynamics.

@ We work in general physical theories.

This allows us to capture the informational and operational
aspects of thermodynamics.
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Resource theories: an agent-based approach

@ We have a set of resources, and transformations between
them.
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Resource theories: an agent-based approach

@ We have a set of resources, and transformations between
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@ Similarly some transformations are free, i.e. easy to
implement by some agent.
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Resource theories: an agent-based approach

@ We have a set of resources, and transformations between
them.

@ Some resources come for free, others are costly.

@ Similarly some transformations are free, i.e. easy to
implement by some agent.

@ Free operations give a preorder on resources: A more
: free
valuable than B if A — B.

This preorder yields the allowed thermodynamic transitions.
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Resource theories: an agent-based approach

@ We have a set of resources, and transformations between
them.

@ Some resources come for free, others are costly.

@ Similarly some transformations are free, i.e. easy to
implement by some agent.

@ Free operations give a preorder on resources: A more
. free
valuable than B if A — B.

This is very useful for describing microscopic thermodynamics.
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How to address general physical theories

@ We use OPTs, a variant of GPTs based on circuits
[Chiribella et al., Hardy].

s A’
P
L B B :

@ p is a state
@ A and B are transformations

@ a and b are effects
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How to address general physical theories

@ We use OPTs, a variant of GPTs based on circuits
[Chiribella et al., Hardy].

[“ A A A
P
B B

@ p Is a state
@ A and B are transformations

@ a and b are effects

A circuit with no external wires represents a (joint) probability.

Carlo Maria Scandolo Microcanonical thermodynamics in general physical theories

Pirsa: 18040091 Page 14/124



Linear structure & purity

@ Probabilities induce sums for transformations.
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Linear structure & purity

@ Probabilities induce sums for transformations.

@ We define real vector spaces spanned by states and
effects. We assume they're finite-dimensional.
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Linear structure & purity

@ Probabilities induce sums for transformations.

@ We define real vector spaces spanned by states and
effects. We assume they're finite-dimensional.

@ We can define coarse-graining and purity through sums.

A transformation 7T is pure if T = Y., 7; implies T; = p;T ,
where {p;} is a probability distribution.
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Outline

@ Microcanonical thermodynamics
@ General setting
@ Resource theories

© Sharp theories with purification
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Microcanonical thermodynamics

Section 1

Microcanonical thermodynamics
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Microcanonical thermodynamics General setting
Resocurce theories

Microcanonical thermodynamics

@ It's the simplest instance of thermodynamics.
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Microcanonical thermodynamics
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@ It describes systems with fixed energy (macroscopic
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Microcanonical thermodynamics General setting
Rescurce theories

Microcanonical thermodynamics

@ It's the simplest instance of thermodynamics.

@ It describes systems with fixed energy (macroscopic
constraint).

Equal a priori probability postulate

All microstates compatible with the macroscopic constraint are
equally probable.

So far studied only in classical and quantum theory, we want
to extend it to arbitrary physical theories.
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Microcanonical thermodynamics General setting
Resource theories

Fixing the energy: guiding principle

@ How do we fix the energy in GPTs?
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Fixing the energy: guiding principle

@ How do we fix the energy in GPTs?

@ We don't know even what energy is. ..
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Microcanonical thermodynamics General setting
Resource theories

Fixing the energy: guiding principle

@ How do we fix the energy in GPTs?
@ We don't know even what energy is. . .

@ Luckily we needn’'t know in detail!
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Fixing the energy: guiding principle

@ How do we fix the energy in GPTs?
@ We don't know even what energy is.. .

@ Luckily we needn’'t know in detail!

In quantum theory the states in the eigenspace with energy E
are those that PgpPg = p, with Pg projector on E.
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Microcanonical thermodynamics General setting

Resource theories

Fixing the energy: guiding principle

@ How do we fix the energy in GPTs?
@ We don't know even what energy is.. .

@ Luckily we needn’'t know in detail!

In quantum theory the states in the eigenspace with energy E
are those that PepPg = p, with Pg projector on E.

It's just a linear constraint on the state space.
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Microcanonical thermodynamics General setting
Resource theories

Fixing the energy in GPTs

@ The allowed states satisfy some linear constraint
£{p)=0.
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Microcanonical thermodynamics General setting
Resource theories

Fixing the energy in GPTs

@ The allowed states satisfy some linear constraint
£4p) =10

@ The allowed transformations map allowed states to
allowed states.
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Microcanonical thermodynamics General setting
Resocurce theories

Fixing the energy in GPTs

@ The allowed states satisfy some linear constraint
L£Lp)=0.

@ The allowed transformations map allowed states to
allowed states.

@ The allowed effects are all effects.
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Microcanonical thermodynamics General setting
Resource theories

Fixing the energy in GPTs

@ The allowed states satisfy some linear constraint
£4p)==0.

@ The allowed transformations map allowed states to
allowed states.

@ The allowed effects are all effects.

Composition of constrained systems

The constraints must be applied to each system individually
even after they're composed.
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Microcanonical thermodynamics General setting
Resource theories

Fixing the energy in GPTs

@ The allowed states satisfy some linear constraint
£4p) =0

@ The allowed transformations map allowed states to
allowed states.

@ The allowed effects are all effects.

Composition of constrained systems

The constraints must be applied to each system individually
even after they're composed.

{ (LA ® 1) (paB)
(Za ® L) (pas)

The energy of the two individual systems stays fixed.
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Microcanonical thermodynamics General setting
Resource theories

Equal a priori probability postulate

@ Now restricted systems behave as “normal” systems.
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Resource theories

Equal a priori probability postulate

@ Now restricted systems behave as “normal” systems.
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Microcanonical thermodynamics General setting
Resource theories

Equal a priori probability postulate

@ Now restricted systems behave as “normal” systems.
@ We can forget about the restriction to study them.

@ Let's move to the equal a priori probability postulate.

Microstates = deterministic pure states

Microcanonical state

Ideally

e = [wa

Y deterministic pure.
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Microcanonical thermodynamics General setting
Resource theories

Some technical aspects

We want y to be invariant under reversible dynamics
(equilibrium state).
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Microcanonical thermodynamics General setting
Resource theories

Some technical aspects

We want y to be invariant under reversible dynamics
(equilibrium state).

Reversible channels
U : A — B is reversible if and only if there exists
U :B—= Asuchthat U U =T, andUU™ = T3.

Carlo Maria Scandolo Microcanonical thermodynamics in general physical theories

Pirsa: 18040091 Page 40/124



Microcanonical thermodynamics General setting
Resource theories

Some technical aspects

We want y to be invariant under reversible dynamics
(equilibrium state).

Reversible channels

U : A — B is reversible if and only if there exists
U':B— Asuchthat U U =T, and UU = T.

We take di to be an invariant probability measure (cf.
measurable dynamical systems).
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Microcanonical thermodynamics General setting
Resource theories

Some technical aspects

We want x to be invariant under reversible dynamics
(equilibrium state).

Reversible channels

U : A — B is reversible if and only if there exists
U1:B—>Asuchthat U =T, and U™ =T}

We take di to be an invariant probability measure (cf.
measurable dynamical systems).

It must exist and it must be unique!
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Microcanonical thermodynamics General setting

Resource theories

Some technical aspects

We want y to be invariant under reversible dynamics
(equilibrium state).

Reversible channels

U : A — B is reversible if and only if there exists
U':B— Asuchthat U 'U =T, and UU™ = T.

We take dv’ to be an invariant probability measure (cf.
measurable dynamical systems).

It must exist and it must be unique!

It exists in finite dimension, it's inherited from the Haar

measure of the group of reversible channels
[Chiribella & CMS '17].
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Microcanonical thermodynamics General setting

Uniqueness of the invariant probability measure

[Chiribella & CMS '17]

The invariant probability measure is unique if and only if the
action of reversible channels on deterministic pure states is
transitive.
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Microcanonical thermodynamics General setting
Resource theories

Uniqueness of the invariant probability measure

[Chiribella & CMS "17]

The invariant probability measure is unique if and only if the
action of reversible channels on deterministic pure states is

transitive.

For every pair v, 1/’ there exists a reversible channel ¢/ such
that ¢ = U.
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Microcanonical thermodynamics General setting
Resource theories

Uniqueness of the invariant probability measure

[Chiribella & CMS "17]

Theorem
The invariant probability measure is unique if and only if the
action of reversible channels on deterministic pure states is

transitive.
For every pair v, 1’ there exists a reversible channel U/ such
that ¥ = U.

Examples

Microcanonical thermodynamics in general physical theories
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Microcanonical thermodynamics General setting
Resource theories

A few thoughts

@ In textbooks, the equal a priori probability postulate is
justified by the fact that the dynamic is chaotic. . .
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Microcanonical thermodynamics General setting

Resource theories

A few thoughts

@ In textbooks, the equal a priori probability postulate is
justified by the fact that the dynamic is chaotic. . .

@ and starting from a microstate one visits all microstates.
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Microcanonical thermodynamics General setting
Resource theories

A few thoughts

@ In textbooks, the equal a priori probability postulate is
justified by the fact that the dynamic is chaotic. . .

@ and starting from a microstate one visits all microstates.

But this is exactly the transitivity condition!
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Microcanonical thermodynamics General setting
Resource theories

Approaching the equilibrium

It's always possible to reach the equilibrium through random
fluctuations.
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It's always possible to reach the equilibrium through random
fluctuations.

@ Indeed, take the transformation 7 = [U dU (dU
normalized Haar measure)
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Microcanonical thermodynamics General setting
Resource theories

Approaching the equilibrium

It's always possible to reach the equilibrium through random
fluctuations.

@ Indeed, take the transformation 7 = [U dU (dU
normalized Haar measure)

Ty = / . U dU = / Ydy = y.

@ In finite dimension the integral can be replaced with a
finite convex combination

i Z P,Z/f ,"(,/,'.‘

Carlo Maria Scandolo Microcanonical thermodynamics in general physical theories

Page 52/124



Microcanonical thermodynamics General setting
r Resource theories

Approaching the equilibrium

It's always possible to reach the equilibrium through random
fluctuations.

@ Indeed, take the transformation 7 = [U dU (dU
normalized Haar measure)

TU’! — / Z,{U’_x dU = / .U’__, (1'1;‘!.’ = .

@ In finite dimension the integral can be replaced with a
finite convex combination

X =) _ pildi)

Random reversible (RaRe) evolution.
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Microcanonical thermodynamics General setting

Resource theories

Composing microcanonical systems

Since microcanonical states are provided “for free”, it's natural
to impose the following requirement:

The product of two microcanonical states is the
microcanonical states of the composite system

XAB = XA ® XB
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Microcanonical thermodynamics General setting
Resource theories

Composing microcanonical systems

Since microcanonical states are provided “for free”, it's natural
to impose the following requirement:

The product of two microcanonical states is the
microcanonical states of the composite system

XAB = XA @ XB

If the parts are in equilibrium, the whole is in equilibrium.
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