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Legendre transform in mechanics

* How many undergraduate math/physics majors in
audience?
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Legendre transform in mechanics

How many undergraduate math/physics majors in
audience?

Can you remember what the Legendre transform is?

Hint: Legendre transform converts between the Lagrangian
and Hamiltonian

L(q,q) <> H(q,p)
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Legendre transform in mechanics

How many undergraduate math/physics majors in
audience?

Can you remember what the Legendre transform is?

Hint: Legendre transform converts between the Lagrangian
and Hamiltonian

L(q,q) <> H(q,p)

Typical answer: H(q,p) = pq — L(q, q)

But this isn’t a mathematical function transform. Not unless
you include your secret physics knowledge:

p=0L(q,q)/0q
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Legendre transform in mechanics

* So we're defining a mathematical function transform in
terms of a weird substitution procedure...

H(q,p) = pq — L(q,q) p = 0L(q,q)/0q
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Legendre transform in mechanics

* So we're defining a mathematical function transform in
terms of a weird substitution procedure...

H(q,p) = pq — L(q,q) p = 0L(q,q)/0q

 Why is it an involution? Is it always uniquely defined?
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Legendre transform in mechanics

* So we're defining a mathematical function transform in
terms of a weird substitution procedure...

H(q,p) = pq — L(q, q) p = 0L(q,q)/0q
 Why is it an involution? Is it always uniquely defined?

e Surprise! The Lagrangian has to be convex in the
velocity ¢
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Legendre transform in mechanics

* So we're defining a mathematical function transform in
terms of a weird substitution procedure...

H(q,p) = pq — L(q, q) p = 0L(q,q)/0q
 Why is it an involution? Is it always uniquely defined?

e Surprise! The Lagrangian has to be convex in the
velocity ¢

e Hmmm...isn’t the Legendre transform also used
everywhere in thermodynamics? Is it really this ugly?
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Legendre transform in mechanics
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Let y = f(x) be a convex function, f“(x) > O.

The Legendre transformation of the function f is a new function g of a
new variable p, which is constructed in the following way (Figure 43). We
draw the graph of f in the x, y plane. Let p be a given number. Consider the

straight line y = px. We take the point x = x(p) at which the curve is farthest
from the straight line in the vertical direction: for each p the function px —
S (x) = F(p, x) has a maximum with respect to x at the point x(p). Now we
define g(p) = F(p, x(p)).

The point x(p) is defined by the extremal condition dF/ox = 0, ie.,
JS'(x) = p. Since f is convex, the point x(p) is unique.?®
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Legendre transform in mechanics

* What is the key, defining mathematical property of the
Legendre transform?
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Legendre transform in mechanics

* What is the key, defining mathematical property of the
Legendre transform?

» cf. the Fourier transform: unique expansion of arbitrary f
in eigenstates of translation operator:

f(r) — Z .f(k)c’ik:.r
k
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Legendre transform in mechanics

* What is the key, defining mathematical property of the
Legendre transform?

» cf. the Fourier transform: unique expansion of arbitrary f
in eigenstates of translation operator:

f(r) — Z .f(k)c’ik:.r
k

 Remember: this is the link between Lagrangian and
Hamiltonian mechanics, the two most important
formulations of both classical and quantum physics. This
transformation binds together the fundamental
operating system of the universe.
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Legendre transform in mechanics

» Equivalent definition: fand g are Legendre transforms of
each other iff
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Legendre transform in mechanics

» Equivalent definition: fand g are Legendre transforms of
each other iff

* Bold claim: essentially no physicist is taught this sensibly
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Legendre transform in mechanics

» Equivalent definition: fand g are Legendre transforms of
each other iff

* Bold claim: essentially no physicist is taught this sensibly

* We have no reasons to think this is an exception
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Determinants in linear algebra

* Claim: Nobody wrote a linear
algebra textbook that motivates
and defines determinants in a
sensible way until 1997.

Sheldon Axler

* Linear Algebra Done Right by Linear Algebra
Sheldon Axler Done nght

@ Springer
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Determinants in linear algebra

* No revolutionary new proofs or
ideas required

Sheldon Axler

Linear Algebra
Done Right

@ Springer
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Determinants in linear algebra

* No revolutionary new proofs or
ideas required

e Now “winning”: 300+ schools after
20+ years Sheldon Axler

Linear Algebra
Done Right
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Determinants in linear algebra

* No revolutionary new proofs or
ideas required

e Now “winning”: 300+ schools after
20+ years Sheldon Axler

e Consider: it would have been Linear Algebra

hopeless to just post a paper on Done R|ght
the arXiv and expect the to work

it’s way into the curriculum; Axler
had to write an entire new
textbook!

@ Springer
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Determinants in linear algebra

* No revolutionary new proofs or
ideas required

e Now “winning”: 300+ schools after
20+ years Sheldon Axler

e Consider: it would have been I-inear Algebra

hopeless to just post a paper on Done R|ght
the arXiv and expect the to work

it’s way into the curriculum; Axler
had to write an entire new
textbook!

* This is way too hard. We are &) Springer
ossifying
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Textbook ages

* Classical Mechanics:
* QGoldstein - 1sted. 67 years; srd ed. 17 years
¢ Landau & Lifshitz vol. 1 - 1st Russian ed. 58 years; ard ed. 42 years
¢ Arnold - 1st Russian ed. 44 years; 2nd ed. 21 years
* Quantum mechanics
* Landau & Lifshitz vol. 3 - 1st Russian ed. 60 years; 3rd ed. 41 years
e Sakurai - 33 years
¢ Shankar - 1sted. 38 years; 2nd ed. 6 years (!)
* Electromagnetism
* Qriffiths - 1sted. 37 years; athed. 1 year (!)

* Jackson - 1sted. 56 years; 3rd ed. 19 years
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* QGoldstein - 1sted. 67 years; srd ed. 17 years
¢ Landau & Lifshitz vol. 1 - 1st Russian ed. 58 years; ard ed. 42 years
¢ Arnold - 1st Russian ed. 44 years; 2nd ed. 21 years
* Quantum mechanics
* Landau & Lifshitz vol. 3 - 1st Russian ed. 60 years; 3rd ed. 41 years
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* Electromagnetism
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Textbook ages

* | am not criticizing oldness per se; newness not valuable
for its own sake; don’t fix what isn’t broke, etc.
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Textbook ages

* | am not criticizing oldness per se; newness not valuable
for its own sake; don’t fix what isn’t broke, etc.

» Key question: do you think these books are ideal?
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Textbook ages

* | am not criticizing oldness per se; newness not valuable
for its own sake; don’t fix what isn’t broke, etc.

» Key question: do you think these books are ideal?

* More physicists are being educated than ever before, and
basic physics is changing less
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Textbook ages

* | am not criticizing oldness per se; newness not valuable
for its own sake; don’t fix what isn’t broke, etc.

» Key question: do you think these books are ideal?

* More physicists are being educated than ever before, and
basic physics is changing less

* We should be investing more in carefully optimizing
pedagogical materials
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Textbook ages

* | am not criticizing oldness per se; newness not valuable
for its own sake; don’t fix what isn’t broke, etc.

» Key question: do you think these books are ideal?

* More physicists are being educated than ever before, and
basic physics is changing less

* We should be investing more in carefully optimizing
pedagogical materials

* Instead, we are allowing our researcher pipeline to
slowly decay
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Stagnation

e |f Landau & Lifshitz has a flaw, currently you can write up
some supplementary notes, or assign alternate reading
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Stagnation

e |f Landau & Lifshitz has a flaw, currently you can write up
some supplementary notes, or assign alternate reading

e But these improvements rarely propagate; people can
copy your reading list or pass around your notes, but it’s
impractical for them to improve on top of that
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Stagnation

e |f Landau & Lifshitz has a flaw, currently you can write up
some supplementary notes, or assign alternate reading

e But these improvements rarely propagate; people can
copy your reading list or pass around your notes, but it’s
impractical for them to improve on top of that

* If you want something that can propagate and displace
the single flawed section of Landau & Lifshitz, you need
to write an entire textbook net-better than Landau &

Lifshitz
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Stagnation

e |f Landau & Lifshitz has a flaw, currently you can write up
some supplementary notes, or assign alternate reading

e But these improvements rarely propagate; people can
copy your reading list or pass around your notes, but it’s
impractical for them to improve on top of that

* If you want something that can propagate and displace
the single flawed section of Landau & Lifshitz, you need
to write an entire textbook net-better than Landau &

Lifshitz

» |f your textbook is better on net, but worse in certain
parts, then teaching of those parts will get worse

Pirsa: 18030101 Page 31/72



Not just Legendre and Det

* These are elementary examples familiar to much of the
current audience
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Not just Legendre and Det

* These are elementary examples familiar to much of the
current audience

* Review articles and research articles have similar or
worse deficiencies; textbooks are just egregious
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Not just Legendre and Det

* These are elementary examples familiar to much of the
current audience

* Review articles and research articles have similar or
worse deficiencies; textbooks are just egregious

* Things get worse as things get more specialized
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Not just Legendre and Det

* These are elementary examples familiar to much of the
current audience

* Review articles and research articles have similar or
worse deficiencies; textbooks are just egregious

* Things get worse as things get more specialized

* E.g., the infinitely-repeated misconception that
“Classical sensitivity to initial conditions doesn’t extend

to quantum chaos because the Schrédinger equation is
linear”
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