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Abstract: <p>Recently, Roland van der Veen and myself found that there are sequences of solvable Lie algebras "converging”" to any given
semi-simple Lie algebra (such as d(2) or dl(3) or E8). Certain computations are much easier in solvable Lie algebras; in particular, using solvable
approximations we can compute in polynomial time certain projections (originally discussed by Rozansky) of the knot invariants arising from the
Chern-Simons-Witten topological quantum field theory. This provides us with the first strong knot invariants that are computable for truly large
knots.& nbsp; But sl(2) and sl(3) and similar algebras occur in physics (and in mathematics) in many other places, beyond the Chern-Simons-Witten
theory. Do solvable approximations have further applications?<br />

<br />

This is a repeat of a tak | gave in McGill University in February, 2017. A video recording, a handout, and some further links are at <a
href="http://www.math.toronto.edu/~drorbn/Talks/M cGill-1702/">McGill-1702</a></p>
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Dror Bar-Natan: Talks: McGill-1602: Joint with Roland van der Veen
What else can you do with solvable approximations?
Abstract. Recently, Roland van der Veen and myself found that |[Chern-Sii
there are sequences of solvable Lie algebras “converging” to any [R* and a
given semi-simple Lie algebra (such as s/, or sl or E8). Certain
computations are much easier in solvable Lie algebras; in particu- f
lar, using solvable approximations we can compute in polynomial
time certain projections (originally discussed by Rozansky) of the
knot invariants arising from the Chern-Simons-Witten topologi-
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What else can you do with solvable approximations?: [4/26. Elves and Invariants v Next: Experimental Analysis | 01:33)

Follows Rozan
Overbay [Ov], |

Dror Bar-Natan: Talks: GWU-1612:
5 On Elves and Invariants

Abstract. Whether or not you like the formulas on this page, they
describe the strongest truly computable knot invariant we know.

Three steps to the computation of p;:

i , ]
[. Preparation. Given K, results Knot K

| preparation
long word || simple formulas). : :
( = | P >. Celf ...elf || wo; Lo; Qo; Po)
2. Rewrite rules. Make the word sim- | rewrite rules

Nnler and the formnla<c maore comnlica- ; wn A 1
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(What else can you do with solvable approximations?: ISIZfi Experimental Analysis A

l\l\) «—

(t — 1)?w?
(w 1s the Alexander polynomial, L and Q are not interesting).

Experimental Analysis (wef/Exp). Log-log plots of computation
time (sec) vs. crossing number, for all knots with up to 12 cros-
sings (mean times) and for all torus knots with up to 48 crossings:
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Power. On the 250 knots with at most 10 crossings, the pair
(w, pp) attains 250 distinct values, while (Khovanov, HOMFLY-
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Power. On the 250 knots with at most 10 crossings, the pair
(w, p1) attains 250 distinct values, while (Khovanov, HOMFLY-
PT) attains only 249 distinct values. To 11 crossings the numbers
are (802, 788, 772) and to 12 they are (2978, 2883, 2786).
Genus. Up to 12 xings, always p; is symmetric under ¢ < ¢!
With pT denoting the positive-degree part of p;, always deg p7
2¢ — 1, where g 1s the 3-genus of K (equallity for 2530 knots).
This gives a lower bound on g in terms of p; (conjectural, but
undoubted]y true). This bound 1s often weaker than the Alexcmder

1 1 e 1 M ~ .1 1" A1 1 [ il | ®oa 1

Pirsa: 18030082 Page 6/35



What else with solvable approximations?: |7/26. Abstra

What €fsé can you do with solvable approximation:s

Abstract. Recently, Roland van der Veen and myself found that
there are sequences of solvable Lie algebras “converging” to any
ogiven semi-simple Lie algebra (such as sl, or sl3 or E8). Certain
computations are much easier in solvable Lie algebras; in particu-
lar, using solvable approximations we can compute in polynomial
time certain projections (originally discussed by Rozansky) of the
knot invariants arising from the Chern-Simons-Witten topologi-
cal quantum field theory. This provides us with the first strong
knot invariants that are computable for truly large knots.

But s/, and s/3 and similar algebras occur in physics (and in
mathematics) in many other places, beyond the Chern-Simons-
Witten theory. Do solvable approximations have further applica-

tions?
Recomposing ¢/... Half 1s enough! ¢/, & a.,, = D(\. b.6):
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Whatelse can you do with solvable approximations?: [8726. Recomwosing gin__~_ Tv]LJ DULC = ?
But s/, and s/3 and similar algebras occur in physics (and in
mathematics) in many other places, beyond the Chern-Simons-
Witten theory. Do solvable approximations have further applica-
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Recomposing gl,,. Half is enough! gl,, ® a, = D(, b, 6):

,
b, o

Now define glf, := D(\, b, €6). Schematically, this1s [N, N] = \,
IN,N] = e\, and [N,\] = N\ + e\. In detail, it is

[eij, exi] =0 jkei — Ojiex;

L€ij, fril =0 jk (€0 ke + 6i(h; + €81)/2 + bi>1fu)
—0i(€0k<jerj + Oxj(hj + €8)/2 + bk fxj)

[8i, ekl =(0ij — Oik)e i

b(N) = b: N@N — N
b\) ~ 6: N — NeN

[fijs fral = €0 ju fir = €0ui fij

[hi, el =€(di; — Oix)e i
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N m— Ol €OpzC T Oyt €)1 2 O kT
J‘ Ji N8 [8i, e k] =(:; — dir)e ji [hi, e k] =€(8ij — Oix)ejk
[gis.fixl=10s — 0u)fir [hi, fix]=€(6ij — o) fix
Solvable Approximation. At € = 1 and modulo 2 = g, the above
1s just gl,. By rescaling at € # 0, g[5 1s independent of €. We
let glﬁ be gl regarded as an algebra over Q[€]/ e+l = (. It is the
“k-smidgen solvable approximation” of g/,,!
Recall that g 1s “solvable™ 1f iterated commutators 1n 1t ultimately
vanish: ¢, = [g, 0], 83 := [92,82], ..., a4 = 0. Equivalently, if it
is a subalgebra of some large-size \ algebra.
Note. This whole process makes sense for arbitrary semi-simple
Lie algebras.

Why are “solvable algebras” any good? Contrary to common
beliefs, computations in semi-simple Lie algebras are just awful:
rfa b\s
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A

Lie algebras.

Why are “solvable algebras” any good? Contrary to common
beliefs, computations in semi-simple Lie algebras are just awful:

MatrixExp[(: 3)] // FullSimplify // MatrixForm Enter

Yet in solvable algebras, exponentiation 1s fine and even BCH,
z = log(e*e”), is bearable:

MatrixExp (e 4 ) ] // MatrixForm [ e =
. %) e )

MatrixExp (al bl)] Matrlexp[( 3 bz)] //

MatrixLog // PowerExpand // Simplify //
MatrixForm Enter

= = =
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Lie algebras.

What else can you do with solvable approximations?: [11/26. Why good? Vi TIIARNUDS JSUITIDU 1TVUI Alulilldl )’ O T I T T ™ Next Cliern-Simons Witten
A

b

3231
| it

z = log(e*e”), is bearable:

MatrixExp b ( : 2 ) ] // MatrixForm

MatrixExp (al bl)] Matrlexp[( 3 bz)] //

MatrixLog // PowerExpand // Simplify //
MatrixForm

MatrixExp[(: 3)] // FullSimplify // MatrixForm

Why are “solvable algebras” any good? Contrary to common
beliefs, computations in semi-simple Lie algebras are just awful:

| Enter

[ ol b (e?-e°

a-C
5] e
Enter

Yet in solvable algebras, exponentiation 1s fine and even BCH,

= =
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Thanks for the invitation!

Chern-Simons-Witten. Given a knot y(¢) in

7~
R3 and a metrized Lie algebra g, set Z(y) = { Ci—\y /-
f DA e YPExp_(A),
AeQ! (R3,g)
where cs(A) = ﬁ fp@ tr (AdA + %A3) and R! ;

1 )

PExp,(A) = n exp(y'A) € U = U(g),
\Cil/

0
and U(g) = (words in g)/(xy — yx = [x, y]).
In a favourable gauge, one may hope that this

computation will localize near the crossings € _ .
and tha handc and all xunll Adanand An 1ot tvan / bi C}i \
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e} r:| Drar Bar-Natan: Talks: McGlll

0
and U(g) := (words in g)/(xy — yx = [x,y]). \/
In a favourable gauge, one may hope that this \L
computation will localize near the crossings ,C _ L
and the bends, and all will depend on just two ( o, 7 \
quantities, /\
R:Za,-@b;e‘u@)‘u and CeU. b(- a;
This was never done formally, yet R and C / A
can be “‘guessed” and all “quantum knot inva- \
riants’ arise in this way. So for the trefoil, b’{ 7
L = Z Ca,-bjakCzb,-ajbkC. </ \C \ Cl
j i,].k
But Z lives in U, a complicated space. How do you extract infor-

)|mati0n out of 1t?
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J J
1 ) C

But Z lives in U, a complicated space. How do you extract infor-
imation out of 1t?

+Solution 1, Representation Theory. Choose a finite dimensional
representation p of g in some vector space V. By luck and the
wisdom of Drinfel’d and Jimbo, p(R) € V* @ V' ® V ® V and
p(C) € V* ® V are computable, so Z 1s computable too. But in |

exponential time! 7
| J =11 T =
Ribbon=Slice? \ LI —
\[, ‘ | 111 /1 9
ﬁ ’ %“l S::::EEIT]&HIL I Il ‘
h _J. Thompson : | |

Solution 2, Solvable Approximation. Work directly 1n U(ar), W- |

3l 7 hl
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Ribbon=Slice?

||| / =

|II Q
L

Solution 2, Solvable Approximation. Work directly in ‘l:((g;\..), w- |

here g, = slg (or a similar algebra); everything i1s expressible |

~ lusing low-degree polynomials in a small number of variables, he- |

" Ince everything is poly-time computable!

Example 0. Take g9 = sy = Q(h,e,l, ), with h central and

[f,l] = f,le,[] = —e, e, f] = h. In it, using normal orderings,
R= @(exp(hl+ e

h
/ ef) | e ®lf), and,
(

e’ — 1
m{m(’;(’)f | 'Fr)\ — ﬂ{um"‘sfff | 1)1‘\ wiith v+ — (1 L h(“;\_l

N
| ——

Kf

Gompf,
Scharlemann,

LHEYEN
Acn

'lhompson
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Solution 2, Solvable Appr()ximaiion. Work directly in U(gy), w-
here a; = slg (or a similar algebra); everything is expressible
using low-degree polynomials in a small number of variables, he- |
nce everything is poly-time computable!

Example 0. Take g9 = sl.‘z’ = Q¢h,e,l, f), with h central and
1,1l = [, le ] =—e, e, f] = h. In 1t, using normal orderings,

h: & |
ef) | e®U), and,
O(e™/ | fe) = O(ve™? | ef) withv=(1+hs)™".

Example 1. Take R = Qle]/(e? = 0) and g; = slé = Rih,e,l, [), |
with 4 central and [f,[] = f, [e,[] = —e, e, f] = h — 2¢€l. In 1t,
@(@‘5"’f | fe) — @(v(l + evoA /)@Y | elj) ,  where A is

AP RLA2 82 3 VBRIl 42 4 QiR RAFPIANARRZL AL ANGRENIE _ ViR A AT

e

R=0 (exp (hl +
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OET e = U(ve™ | ef) withv = (1+ho) .

Example 1. Take R = Q[€]/(¢* = 0) and g; = 5 = Rh.e.l 1)
with & central and [f,[] = f, [e,[] = —e, [e, f] = h — 2€l. In it

@(@‘5"’-’( |fe) =0 (V( 1 + evoA/2)e"Y | elf) ,  Where A is
6% e’ 2 +3v 8 he? 2 + 8V de f +4v 5% he f +4vdelf —2voh+4l. |;
Fact. Setting h; = h (for all i) and t = e, the g; invariant of any
tangle 7' can be written in the form

ZQI(T)=©( el 0 +ew4P)|®elf,),

where L is linear, Q quadratic, and P quartic in the {e;, [;, f;} with |
w and all coeflicients polynomials in 7. Furthermore, everything |
1s poly-time computable.

z1 = (E[1, 11, @] E[4, 2, -1] E[15, 5, 8] Preparing the Trefoil

Pirsa: 18030082 Page 25/35



Ov e-l'bﬂy""f{"’)'""l“"j > JY

What else can you do with solvable approximations?: [19/26. Three Steps v P N
ST LLIVES alld variants p

4,4‘.: # -!

Abstract. Whether or not you like the formulas on this page, they
describe the strongest truly computable knot invariant we know.

Three steps to the computation of p;:

: . Knot K
|. Preparation. Given K, results .
| preparation
long word || simple formulas).
< 4 5D >. Celf .. .elf ||wo; Lo; Qos Po)
2. Rewrite rules. Make the word sim- | rewrite rules
pler and the formulas more complica- (elf || w; —; —; P)
; 99 @ : 9 2 ?

‘ Readout "ljhe invariant p; 1s read 01(K) = p1(w, P)
from the last formulas.
Preparation. Draw K using a O-framed O-rotation K

planar diagram D where all crossings are poin-
ting up. Walk along D labeling features by \7Z N

Pirsa: 18030082 Page 26/35



Preparation. Draw K using a O-framed O-rotation
planar diagram D where all crossings are poin-
ting up. Walk along D labeling features by
l,...,min order: over-passes, under-passes, and
right-heading cups and caps (“+-cuaps™). If x 1s
a xing, let i, and j, be the labels on its over/under
strands, and let s, be O if 1t right-handed and -1
otherwise. If ¢ 1s a cuap, let i. be 1ts label and s, be its sign. Set

rbs 2f2
(LQP)—X(ZI;SE )(/atef;a( t)etl(l+s)z v;f/+ll+ 4
T Z(O; U: 5 L)
c: (1.3)

This done, output (el 11 el fr-- 6,1-31,,.,ﬁn | L: & O ).

—— - — - w - - = - o —
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What else can you do with solvable approximations?: [21/26. Rewrite Rule 5 ] YWOTIK IIT FIT )g[ CSST I'TUId! 11T Ip INCCUCTU! I.-\'thli Readout | 1:02:03

Rule 5, fe Sorts. Provided k introduces no clashes, given

(... fie;...|w;L; Q; P), decompose O = Q. fie;+ Qrfi+ Qce; +
Q" write P = P(f;, e;) (with messy coefficients), setyu = 1+(t—1)d

and g = ((1 = Hap + Ber + afi + dey fi) /i, and output
_ uw; Ly pwg + nQ’,
¢ o ekfk ¢o o
cwaj-/w.ﬁ—h()(u/w_
0— Q‘ fe Jw

WAy + @ 9P(0,, 0p)(@?)
where Ay is the Adyog, “a principle of order and knowledge”:
Ay = ’:'( Su+1) (e +a f,\) 8 Bu + et f?
— 2 (Bex + af) (aB + 26p + 8*(2u + De fic + 2617 )
~ 4@+ 810) (6 + Dewfi + 12 l) = 46° e fily

+ (- l)(2(af[3+(5y) —afﬁ ))

» f’ R \\l?‘:-ﬂ--wx_-.., r “‘.—"’r;--.-,” -
PP o v niaaass s : FUSIURPISER, (RST ot Iy SR e S Ol e Aaa RSy e

b
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‘% 91 =21+ 101 — 15 2/ X
7o %L —5¢° + 40t — 1081 + 136 2/ X
VS, @ 9("7 £ =5 +9t-9 3/X
_ r—8r* +23 — 321> + 28t - 24 2/ X

the @ 95 22 -10t + 17 | 2/ X
th. e £ -8 +20t-24 1/ X
@ 92 22 +11¢-17 2/ X

lity 56 + 4412 - 127t + 164 1/ X
@ 99, 42 — 11z + 15 2/ %

408 — 1281> + 2431 — 288 2/ X

@ 92, 322 +12t - 17 2/X

122 — 70¢% + 153t — 188 2/ %

@ 92— +52-11t+15 3/

> — 8t + 24t - 32 1/ X

@ 92 £ -52+12t-15 3/%

£ - 8¢ + 26 - 48¢> + 59t - 56 2/ X
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What else can you do with solvable approximations?: [24/26 E&| Abstract, again v Next: Main Question | 1:02:47

Follows Rozan
Overbay [Ov], ]

Dror Bar-Natan: Talks: GWU-1612:
f On Elves and Invariants

Abstract. Whether or not you like the formulas on this page, they
describe the strongest truly computable knot invariant we know.

Three steps to the computation of py:

|. Preparation. Given K, results Knot K

| preparation

(long word || simple formulas). @it il 05 B

2. Rewrite rules. Make the word sim- | rewrite rules
pler and the formulas more complica- (elf || w; —; —; P)
ted nintil the wnrd “21F7° 1¢ rearhed . g e
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MatrixLog // PowerExpand // Simplify //
MatrixForm Enter

= = =

Question. What else can you do with solvable approximation?
Chern-Simons-Witten theory is often “solved” using ideas from
conformal field theory and using quantization of various moduli
spaces. Does it make sense to use solvable approximation there
too? Elsewhere in physics? Elsewhere in mathematics?

See Also. Talks at George Washington University [wef3/gwul],
[ndiana [wef/ind], and Les Diablerets [wef3/ld], and a University |
of Toronto “Algebraic Knot Theory” class [we[f3/akt].

[-Smidgen sl» Let q; be the 4-dimensional Lie algebra g; =
(h,e,l, f) over the ring R = Q[e]/(e* = 0), with h central and
with [£,]] = f, [¢,]] = —¢, and [¢’, f] = h — 2¢el. Over Q, g;
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(What else can you do with sol

and output

( lLfk

Ivable approximations?: [26/26 Propaganda ] o 77 1 I~ Jnr Next: All| 1:03:19)

QQ

|w L|I —)l,\st (l’ﬁ i Q (]:s_qP((')ﬁ, }')(Pll[jeaf/w y—Alogt >

%

~

' . - ‘ ' - ‘

--‘

)

% N % N R K B

“God created the knots, all else in
topology 1s the work of mortals.”

Leopold Kronecker (modified) www.katlas.org T« ket Aulas
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e n, Alexander’s w* . genus / ribbon dic
= Today’s / Rozansky’s p; unknotting number /
3 28=3 /X
@ 5t-4 1/ X
6; - +3t-3 2/X%
P-4 +4t-4 1/ X
AP me W L e /¥
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