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Generalized Contextuality
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What we want in a notion of
nonclassicality
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Traditional notion of noncontextuality

A given vector may appear in many different measurements

) x1 (M) o\

e v <_> x2(A) )

& x3(A) -
I

x1() | o

“ — () .

&‘ﬁ_ ﬁ/f lv'5) X ’3 () » )\

The traditional notion of noncontextuality:
Every vector is associated with the same x ()
regardless of how it is measured (i.e. the context)
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Problems with the traditional definition of noncontextuality:
- applies only to projective measurements
- applies only to outcome-deterministic hidden variable models

- applies only to models of quantum theory
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Problems with the traditional definition of noncontextuality:

- applies only to projective measurements

- applies only to oufcome-deterministic hiddep variable models
- applies only to models of quantum theory
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Problems with the traditional definition of noncontextuality:

- applies only to projective measurements

- applies only to outcome-deterministic hidden variable models
- applies only to models of quantum theory

An operational notion of noncontextuality would determine

- whether any given operational theory admits of a
noncontextual model

- whether any given experimental data can be explained by a
noncontextual model
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Operational theory
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Operational theory
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Ontological model of an operational theory

causally mediates

A € N\ Ontic state space between P and M
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Operational theory

G

(A X
@ "o
P M

p(X|M, P)

Ontological model of an operational theory

causally mediates

A € N\ Ontic state space between P and M

P < u(\P) M < £(X|M, A)
N .
/ \4. \ Al IR A
1]

p(X|M, P) = > E(X|M, X) u(A|P)
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An ontological model of an operational theory is noncontextual
if

. . Equivalent
Operational eqlulvalence of representations
ko experimental - in the ontological
procedures iadiel

RWS, Phys. Rev. A 71, 052108 (2005)
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Operational equivalence
classes of preparations

P~ P

YM @ p(X|P, M) = p(X|P',M)
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Difference of
Equivalence class
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Example from quantum theory

Different density op’s
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Example from quantum theory
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Preparation contextual
model

1(AIP) /\/\
> A
1(A[P”) J\/\/\
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11 /2,Pyy (A)
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1 1
= 5ﬂ-{+)(f\) + SH 1(A)
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Preparation
contextual
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110y (A)

| 1; 1) (Y)
|+>1i§ __

~ H+)(A)

H-;/Q(/\)
1 1
= Eli\o)(f\) + 5/£|1>(/\)

1 1

Preparation
noncontextual
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Measurement
Noncontextuality




Operational equivalence
classes of measurements

M ~ M’

VP : p(X|P,M) = p(X|P, M)
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Example from quantum theory

Pirsa: 18020073 Page 25/85



P1) (Y1 I — |1) (¥
(2| + |¥3) (V3] = |ybh) (wh] + [h) (¥5]

Example from quantum theory
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o €110, M)

- A
£(2[A, M) e 1,
ECLAM) [N > A
ERAMY o 3

Measurement contextual model
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Ei(llkal\/l) AV .
£(2[A, M) /7 |

Measurement
noncontextual model
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P1) (Y1 I — |1) (¥
(2| + |¥3) (V3] = |ybh) (wh] + [h) (¥5]

Example from quantum theory
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Example from quantum theory
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)(/ s L = [Y0)(al} {[v) (Wl I = [v1) (Y1}

1) (1l I — 1) (]
= [Y2) (V2| + [¥3) (V3] = |b) (| + |vh) (w5

Example from quantum theory
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Preparation
noncontextuality

P~ P/

> p(AIP) = u(A[P’)
YM : p(X|P,M) = p(X|P',M)

, Measurement
M~ M noncontextuality

~ —_ /
VP : p(X|P, M) = p(X|P, M) > (XA M) = (XA M)

The best explanation of context-independence at the operational level
IS context-independence at the ontological level
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Transformation noncontextuality is defined similarly

The only natural assumption is universal noncontextuality, i.e.

noncontextuality for preparations, transformations and
measurements
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Deriving noncontextuality

Inequalities
using only preparation noncontextuality
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1A, s[S)

Z Z (A s|S) =1

S AeEN
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(A, s[S)

Y (A sS) =1

S AEN
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(A, s[S)

Yo (A sS) =1

S AEN

que S
- p(A|S)
Preparation
noncontextuality . -
pave ~ pave > u(AIS) = p(A[S")
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w10y (A)
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Preparation
noncontextual
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(A, s[S)

Yo (A sS) =1

S AEN
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By preparation noncontextuality
Vi, i' 1 P§Y® ~ P&V = Vi,i' 1 p(AS;) = u(NSy) = v(N)
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By preparation noncontextuality
Vi, i' 1 P§Y® ~ P&V = Vi,i' 1 p(AS;) = u(ASy) = v(N)

[ Tl-l

o S0
[ 2
©
S;
pr(m;,s;|M;, S;) = Z E(mi| My, A) (s, A|S;)
AEN
= > &(mj|M;, M) p(si|A, S)u(A]S;)
AEN
. Z E(mj|Mj, N u(si| A, Si)v(A)
AEN
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X Bell's theorem again

& A P(\)

P(X|A,S)
P(Y|\,T)

P(X,Y|S,T)
= XA PX[S, ) PY|T, ) P(N)

Satisfies the
Bell inequalities
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By preparation noncontextuality
Vi, i' 1 P§Y® ~ P&V = Vi,i' 1 p(AS;) = u(ASy) = v(N)

[ Tl-l

Sy )\

s
S;

!

Si)

Dr(v'n.j,siij; S;) —_— Z S("'”'j ]\-’{ja )\);1,(3.?;,)\
AEN

= Z E(my| My, M) p(si| A, Si) (A

AEN

. Z E(mj|Mj, N u(si| A, Si)v(A)

AEA
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X Bell's theorem again

& A P(\)

P(X|A,S)
P(Y|\,T)

P(X,Y|S,T)
= YA PX|S, ) PY|T, ) P(N)

Satisfies the
Bell inequalities
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By preparation noncontextuality
Vi, i' 1 P§Y® ~ P&V = Vi,i' 1 p(AS;) = u(ASy) = v(N)

[ Tl-l

o S0
[ 2
©
S;
pr(m;,s;|M;, S;) = Z E(mi| My, A) (s, A|S;)
AEN
= > &(mj|M;, ) p(si|A, Si)u(A]S;)
AEN
. Z E(mj|Mj, N u(si| A, Si)v(A)
AEN

satisfies the Bell inequalities!
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p(success) = %[ p(agree|00) + p(agree|01)
+p(agree|10) + p(disagree|11)]

p(success) < 0.75

Noncontextuality inequality
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Quantum violation

1 1

p(success) = = + ——

2 2V2

\

~ (.85

.
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The intervening transformation plays the role of the entangled
bipartite state
A unitary channel corresponds to maximal entanglement
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©
S=

No signalling implies

1

S=0
Local causality implies ©(A[S = 0) = pu(A[S = 1)
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No signalling implies

S=0)=u(N\NS=1)

Local causality implies (A

Here, local causality € = preparation noncontextuality = contradiction
Universal noncontextuality subsumes the notion of local causality
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Relation of measurement
noncontextuality to traditional
noncontextuality
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traditional
noncontextual model
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Traditional
noncontextuality
+

Operational equivalences
In the set of mmts

—>  Contradiction
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State independent no-go

measurement
noncontextuality

+
outcome
determinism
+

Operational equivalences in
the sets of mmts

—>  Contradiction

In face of contradiction, we could give up outcome determinism
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O :value O O :value O
e : value 1 e : value 1
e :value 1/2
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Deriving noncontextuality

Inequalities
using preparation noncontextuality and
measurement noncontextuality

Kunjwal and RWS, PRL 115, 110403 (2015)
Krishna, RWS, Wolfe, NJP 19, 123031 (2017)
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~ Compatibility as joint simulatibility
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~ Compatibility as joint simulatibility
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~ Compatibility as joint simulatibility

Difference of context
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The Peres-Mermin square

X &1 [ ® X X ®X

I ® 7 4 Q1 A

X ®Z Z QX Y ®Y

(X@/)(IQM)(X@X) = I®I,
IRZNZRIZ R Z) = I®I,
(Xoo/)(/omw RY) = I®I,
(XNI®RZ)(X®Z) = [®I,
(@a WZRI1)(ZRX) = I®I,
(X@X)N(ZR2Z)(YRY) =—I®I
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The Peres-Mermin square

X &1 [ ® X X ®X

I ® 7 4 Q1 A

X ®Z Z QX Y ®Y

XQILZI@X\X®X], =+1,
VAN N A) S
X®ZLhZoX LY ®Y]y =+1,
X @I\ Z]\[X®Z]) =+ 1,
TeX|\Z@I|\|Z0X], =41,
X@ XL ZeZL\YeY], =-1
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mi1

6y

moa1

6y

m31

&y

Distn’s have support only on
values such that

mi1miomi3 = 1
moi1moomo3z = 1

m31m3pm33 = 1
miimoim3zy = 1
miomoomszp = 1

mi3mo3m33 = —1
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Recall: no deterministic noncontextual assignments

m11 mi19o m13
h N :
R P P s =1
moi1moomo3z = 1
mo1 Moo mon3 -
+ + + m31m3om33 =1
Dn[ I sl e [
© O miimoimsz = 1
maq [+] m3o [+] ms33 X miomoom3zp = 1
1) ) ) (2 m13Mop3M33 = —1
©) O ©

Probability dist'ns over values of each outcome variable
here [+]:=0,, 41
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An indeterministic noncontextual assignment

mi11 mi19o m13

- |+ |
’A [+] (2 [+] (D [+]
D& R0 Yo
mo1 + Mmoo mo3
D 03@ _03705 (Vs [++]+ % [-])

m31 [.|.I m3»o m33

Dg” (D? D§o (A%

(AL B (41 Y 4)

---------------------------------------------

Assignments of probability dist'ns over values to each outcome
variable; here [+]:=4, 44
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An indeterministic noncontextual assignment

mi1 mi19 m13
A + ' +1 +
0 LD 0 LD 0 (D 1
@) O ©
mon1 Mmoo mo3

O Y
[Dn o R

m3q 1 ma3p m33
+
5) @ >’ o
© O ©

Expectation value for each outcome variable
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Source version of the Peres-Mermin square

X ®1 I ® X
I ® 7 Z R 1
X R4 Z QX

All 9 sources are
compatible in
triples

& they define the
same average
preparation

X®X 9 binary-outcome
sources preparing the
77 mixed states onto the
eigenspaces of these
) observables
Y ®Y
(X@/)(/obX)(X@X) = I®I,
(I RZ)NZRI)Z4®T) = [®I,
(Xoo/)(/oivm(}/ ®Y) = [I®I,
(chw NI®Z(X®Z) = I®I,
IRX)N(Z2®I)Z®X) = I®I,
(XRX)(Z4R2)(YRY) =—I1Q®1.
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Compatibility as joint simulatibility

Difference of context
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pr(m;, s;|Mj, S;)

mi1 mi2 mi3

= > &lmyl My u(silx Sv(y) SIS ST
AEN © O ©
mo1 moo mo3

iy M - N
‘Dn et "0

ma3i 1 ma3o 0 m33 0
+
11 s s\ 'R g

Ej"'] h o ]+‘| A +1 O ©
© O ©
s 8292 523
1 0 0
nf %a 503
531 1 $32 0 $33 0
+
5 A
©’ EQD 0’
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pr(m;, s;|Mj, S;)

mi11 mio mi13

= 3 &(mj|Mj, M u(silh, Sp)r(N) M” T
AEA O ©)
moq Mmoo mo3

b« @‘5 azﬁ

m31q 1 ms3- 0 m33 0
+
511 $12 813 A (m m 0 LD

b T AR o S - =
© O ©) N
g 455 oo Corr = 5 >7—1(simi)s; M,
+1 0 0
2 B B
&
531 1 532 0 S33 0
U A
© W o
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pr(m;, s;|Mj, S;)

mi1 mi2 mi3
— ,- + \+ +
= > &lmy|My, (sl Spv(n) SR STt T
AEA © O ©
(8imi) s, M; = 2os;m; SimaPr(mgs;|M;S;) — 'm21 1122 m23

+1 ﬁ 0 % 0
(si)n = 2, sin(si| A, S;) (Dn RE L' o
(mi)\ = Xm..,; m;€§(my| A, M;)

ms31 ms3o m33
1 s sz N TR o °
+1 AN+ AN H © O ©

o Y ©

_ 1 o~ ) _
Corr = g 37— 1 (simi) s, M

S22 S23

D’ D 0 = 323 Corr(A)r(A)
a1 - Corr(A) = g 39— (si)a{ma)a
S S 533
g@f‘l 3@3 0 @@j 0
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pr(m;, s;|Mj, S;)

mi11 ’HZ 12 mi3

= > &(mj|Mj, Mp(silA, Sv(N) M*" I P
AEA O ©
(" my >§' M Zs TN 1;S; ) m21 ma22 m23

+1 ﬁ ﬁ
(8-¢>,\ZE.«,».iSv:#'(S-z;P\aS?:) n R R

(mi)x = Xm, ma&(my| A, M;)
ma31 1 ma3o 0 m33 0
+
1 s s\ O aR° oD

TR R R+ - - -
© O ©)

Corr = éz,?z (8imi) s M,
521 S22 S23

n +1 E 3 = 3", Corr(\)v ()

Corr(A) = 3 591 (si)a(mi)

531 $§32 $33
.
%} 1 EOD 0 %j ) Corr g Noncontextuality

inequality
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X®I1 [ ® X XX
I ®Z Z Q1 2R 7

X®Z Z QX Y®Y

9 binary-outcome measurements
9 binary-outcome sources associated to these observables
preparing the mixed states onto the
eigenspaces of these observables

=159 (cmVNa a
X®I I X X @ X Corr = 32 i=1(simi)s;, M;
I® 7 71 7@ 7 Quantum violation
Corr=1>3

XQ®7Z Z @ X Y®Y
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X®I1 [ ® X XX
J VA Z Q1 2R 7

X®Z Z QX Y ®Y

9 binary-outcome measurements
9 binary-outcome sources associated to these observables

preparing the mixed states onto the
eigenspaces of these observables

Y&l I® X Yo X Corr = éz-?:l <l‘§.l',7711'__>5'i!]\,{i

Quantum violation

Corr=1>8

I®Z Z &1 Z R4

X® /4 Z XX Y ®Y
Noise robust
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The failure of noncontextuality as a resource

- Preparation noncontextuality powers parity-oblivious
multiplexing

This is a cryptographic task for which the probability of success

appears in a noncontextuality inequality

RWS, Buzacott, Keehn, Toner, Pryde, PRL 102, 010401 (2009)

- In the state injection model of quantum computation,
contextuality is necessary for universal quantum computation
Howard, Wallman, Veitch, Emerson, Nature 510, 351 (2014)
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Why this notion of
noncontextuality is
natural
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Responses to the measurement problem

1. Deny realism

* Purely operational account of quantum theory

2. Deny the universality of unitary dynamics
* Dynamical collapse theories

3. Deny that v is a complete representation of reality

« Hidden variable models
* Models of reality beyond hidden variables?

4. Deny indeterminism and discontinuity, except as subjective illusions

 Everett's relative state interpretation, or “many worlds”
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e
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Y
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New axis of debate
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