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Some -epistemic
ontological models

Pirsa: 18020070 Page 2/75



Classical statistical theory
+

fundamental restriction on statistical distributions

U

A large part of quantum theory
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Classical theory

Mechanics

Statistical theory for
the classical theory

Liouville mechanics

Epistemically restricted
statistical theory for the
classical theory

Restricted Liouville mechanics
= Gaussian quantum mechanics
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Classical theory

Mechanics

Bits

Statistical theory for
the classical theory

Liouville mechanics

Statistical theory of bits

Epistemically restricted
statistical theory for the
classical theory

Restricted Liouville mechanics
= Gaussian quantum mechanics

Restricted statistical theory of bits
~ Stabilizer theory for qubits
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Classical theory

Mechanics

Bits

Trits

Optics
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Statistical theory for
the classical theory

Liouville mechanics

Statistical theory of bits

Statistical theory of trits

Statistical optics

Epistemically restricted
statistical theory for the
classical theory

Restricted Liouville mechanics
= Gaussian quantum mechanics

Restricted statistical theory of bits
~ Stabilizer theory for qubits

Restricted statistical theory of trits
= Stabilizer theory for qutrits

Restricted statistical optics
= linear quantum optics
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Epistemically restricted Liouville mechanics
= Gaussian Quantum Mechanics
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Liouville mechanics
p(z,p)
What is a good epistemic restriction to apply?

VAN )
\< \\ -- look to quantum mechanics

£Z
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Liouville mechanics
p(x,p)
\<T\p What is a good epistemic restriction to apply?

-- look to quantum mechanics

T

Quantum mechanics

Uncertainty principle:
A2 A% — C-%P > (TL/2)2
where
Ay = <?2> — (A)Q

Cop = 3(35 + BT) — (&)(P)
(A) = Tr(Ap)
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Liouville mechanics

p(z,p)

D p
™

£Z

Quantum mechanics

Uncertainty principle:

A%z N?p — C,.%’p > (h/2)?
where

A%z = (32) — (3)?

Cap = 3(ZD + PZ) — (Z)(D)
(A) = Tr(Ap)

What is a good epistemic restriction to apply?
-- look to quantum mechanics

Liouville mechanics with
an epistemic restriction

Uncertainty principle:

A%z N%p — C2 p > (1)2)?

where

AQ’I‘ = (s ‘2} — (:_r:>2
z,p = (zp) — (2)(P)

(.f(--hd))) = |

[dxdpf(x,p)u(x,p)
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Liouville mechanics

p(z,p)

D p
1™

£Z

Quantum mechanics

Uncertainty principle:

A%z N?p — C-‘%P > (h/2)?
where

A%z = (32) — (3)?

Cap = 3(ZD + PZ) — () (D)
(A) = Tr(Ap)

What is a good epistemic restriction to apply?
-- look to quantum mechanics

Liouville mechanics with
an epistemic restriction

Uncertainty principle:

A%z N%p — C2 p > (f)2)?

where

AQ’I‘ = (s ‘2} — (115)2
v.p = (zp) — () (P)

(f({'sp)> = ._

[dxdpf(x,p)u(x,p)
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Liouville mechanics with an epistemic restriction
Assume:

The classical uncertainty principle (for a single particle in 1D):

The only Liouville distributions that can be prepared are those that

satisfy
Az A%p— 02 > (R/2)°

T,p

and that have maximal entropy for a given set of second-order
moments.
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Liouville mechanics with an epistemic restriction
Assume:

The classical uncertainty principle (for a single particle in 1D):

The only Liouville distributions that can be prepared are those that

satisfy
Az A%p— 2 > (R/2)°

T,p

and that have maximal entropy for a given set of second-order
moments.

Among u(x,p) with a given set of second-order moments, Gaussian
distributions maximize the entropy
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Valid pure epistemic states for one canonical system
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Valid pure epistemic states for one canonical system
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The Wigner representation

Phase point operators
1 . -F.".;
A(z,p) = 57 J e'Py/h

1 1
T -+ 2y> <( — Qy‘ dy.
Wigner representation of an operator O
Wa(z,p) = Tr [OA(z,p)]
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The Wigner representation

Phase point operators
1 . -F.".;
A(z,p) = 57 J e'Py/h

Wigner representation of an operator O
Wa(z,p) = Tr [OA(z,p)]

O=0" - Wga(z,p) € R
Tr(p) =1 — J dzdpW; (z,p) = 1.

x + %y> <( — %q‘ dy.
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The Wigner representation

Phase point operators
— 1 ¢ ip
/1(:]3,])) = 5.7 [ CL[’SI/TL

Wigner representation of an operator O
Wa(z,p) = Tr [OA(z,p)]

O=0" - Wga(z,p) € R
Tr(F) =1 — [ dudpW; (2,p) = 1.
> ok EA =] — 2nh > ok LVEk (z,p) =1

x + %y> <:r: — %q‘ dy.
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The Wigner representation

Phase point operators
— 1 r _ip ,
A(z,p) = 57 | ePy/ P |4

Wigner representation of an operator O
Wa(z,p) = Tr [OA(z,p)]

O=0" - Wga(z,p) € R
Tr(p) =1 — [dzdpW;(z,p) = 1.
SeB =1 — QWTkamE (z,p) =1

and 27h [dzdpW;(z, p)HE (z,p) = Tr[pk}]

-+ %y> <( — %q‘ dy.
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The Wigner representation

Phase point operators
— 1  _ip
AGr,p) = g [ ™/

Wigner representation of an operator O
Wa(z,p) = Tr[OA(z, p)]

0 =0" - Wy(x,p) €R
Tr(p) =1 — fda?dpw;}‘j (z,p) = 1.
Yk Br=1 = 27h ¥ Wp, (v,p) = 1
and 27T [ dzdpWj(z, p)Wp, (x,p) = Tr[pEy)

Wigner representation of a map E
We (2!, p|x, p) = Tr[A(2!,p')E(A(x, p))]
and We(,) (z,p) = [da'dp'We(z, p|a’, p’ )If'i:"’ﬁ(;izl p)

T -+ %y> <( — %q‘ dy.
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Valid pure epistemic states for one canonical system

These correspond to the Wigner representations of the pure squeezed
states in quantum mechanics
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All probability distributions on
phase space

Probability distributions
not satisfying the

epistemic restriction
Wigner functions of all

quantum states

v‘/

Probability distributions
satisfying the epistemic
restriction

Wigner functions of
Gaussian quantum states

el

all functions on
phase space

Wigner functions of
nonGaussian quantum states

\\
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Valid deterministic transformations

The group of canonical transformations with quadratic Hamiltonian

Only canonical transformations preserve the uncertainty principle
Only quadratic Hamiltonians preserve the gaussianity

I " P > p
»/,/f" \\)?T\ﬂ\%\)
z =R
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Valid deterministic transformations

The group of canonical transformations with quadratic Hamiltonian

Only canonical transformations preserve the uncertainty principle
Only quadratic Hamiltonians preserve the gaussianity

)7' ’ f r: j2 \\\, > D
7 B P

R

-> These correspond to the Wigner representations of the unitaries
associated with these Hamiltonians

— _—izgP—ipg X
e.g. D;};O,po = € 0 PO

pl = Dzo,pop Diros'po — LVP’ (z,p) = Wp(z + x0,p + po)
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Valid measurements

h,

A

*_MM
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Valid measurements

(YANN

A

B "‘:s:‘l ; T\M N

P

h p‘v‘ T

Qf "Wy A\ ‘
bR | A bR /R
sy ' '

- These also correspond to the Wigner representations of quantum
measurements
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Extension to multiple systems

Use a generalization of the uncertainty principle for multiple systems

or.
Allow all products of valid epistemic states
Allow canonical transformations with quadratic Hamiltonians on these

E.g. TA—>TA— TR TR —TA+xR
PA —PA—DPB PB — PA + DB
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Extension to multiple systems

Use a generalization of the uncertainty principle for multiple systems

or.
Allow all products of valid epistemic states
Allow canonical transformations with quadratic Hamiltonians on these

E.g. TA—>TA—IR TR — TA+ IR
PA —PA—PB PB — PA +DPB

know X 4 and Pp

p(ra,pa) x 6(xs —a)

\ AAAAAAAAAA % ﬂ\n > D
N\

e
N ¥

;I(;I.‘;;. ])“) X (5(]),:; f))
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Extension to multiple systems

Use a generalization of the uncertainty principle for multiple systems

or.
Allow all products of valid epistemic states
Allow canonical transformations with quadratic Hamiltonians on these

E.g. TA—TA—ITR rp — TA+ TR
PA —PA—PB PB — PA +DPB

know X 4 and Pp
know X 4 — Xp and Py + Pp

p(ra,pa) x 6(xs —a)
(A, pA, 2B, PB)
X d(xa —2xp—a)d(pa+ps—0b)

\ P > P
\ AAAAAAAA \ ﬂ corresponds to EPR state
€Zr

e
N ¥

p(erp,pp) x d(pp — b)
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Q: How can one characterize the set of variables that can be jointly known?

A: They commute relative to the Poisson bracket!

Configuration space: R 2z

Phase space: Q =R?25 (z,p) =m
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Q: How can one characterize the set of variables that can be jointly known?

A: They commute relative to the Poisson bracket!

Configuration space: R 2z
Phase space: Q2 =R?3 (x,p) =m

Functionals on phase space: F':$2 — R

X(m) ==
P(m)=p

Poisson bracket of functionals:

Nl — (OFO0G _ OF OGN\ (.,
[F,Gl(m) = (§%9% — $53%) (m)
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Q: How can one characterize the set of variables that can be jointly known?

A: They commute relative to the Poisson bracket!

Configuration space: R > xq1,z0...,2n
Phase space: Q2 = R2" S (x21,P1, 22,02, ..., Tn,Pn) =M
Functionals on phase space: F': 2 — R

X, (m) = x;
Pi(m) = p;

Poisson bracket of functionals:

V(o) — s (OF G  OF dG N\(..
[F, G](m) = ?:1(5)(,,;51?,; . 3/15}(,5)(”")
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Q: How can one characterize the set of variables that can be jointly known?
A: They commute relative to the Poisson bracket!

7N — (OFOG  OF OGN,
L, G](m) = (g_x g(ﬁ - EBP('(),%’_)("”')

Ny — —n  (OF G _ OF 8G (..
[, Gl(m) = 371 (Gx;08 — arox;) (M)

Recall:

A canonically conjugate pair [/, G] =1

e.g. {X1, P1},{Xo, P2}, and {X1 + Xo, P + P}
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Q: How can one characterize the set of variables that can be jointly known?

A: They commute relative to the Poisson bracket!

Nl — (OF0G _ 9F 9Gy(,
[F,Gl(m) = (§x 5 — Gpox) (M)

N\ — <n  (OF 0G _ OF dG (..
[, GI(m) = i1 (Fx; 08 — apox;) (M)

Recall:

A canonically conjugate pair  [F,G] =1

eg {Xla Pl}" {X23 PQ}'! and {Xl + )(23 Pl + PQ}

A commuting pair [F,G] =0

e.g. {X1, X2}, { X1, P2}, and { Xy — Xo, P| + P>}
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Q: How can one characterize the set of variables that can be jointly known?

A: They commute relative to the Poisson bracket!

Y N\ — (O0F 0G OF OGN (..
[F,G]l(m) = (g)\ gi, — (%ng\,_)(m)

NfN — <n  (OF 8G _ OF 8G
[, Gl(m) = 371 (5x;08 — arox;) (M)

Recall:

A canonically conjugate pair [, G] =1

e.g. {X1, P1},{Xo, P>}, and {X1 4+ Xp, P1 + P>}
A commuting pair [F,G] =0

e.g. {X1, X2}, {X1, P>}, and {X1 — Xp, P, + P}

Canonical transformations preserve the Poisson bracket
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Gaussian Quantum Mechanics

= States with Gaussian Wigner rep’'ns (a.k.a. squeezed states)
+ Measurements with Gaussian Wigner rep’'ns

+ Transformations that preserve Gaussianity of states

Epistemically restricted Liouville mechanics
= Gaussian quantum mechanics in the Wigner representation
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EPR effect in Epistemically Restricted Liouville mechanics

q

A|m~~77 B

P El)u(fl,»-h PA,qB,PB) X 0 ((1..---1 - (113)5(})‘.»1 + })13)

R—Qa=0
P+ P4q=0
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EPR effect in Epistemically Restricted Liouville mechanics

Measure () 4 find qg

A

—— o — —
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EPR effect in Epistemically Restricted Liouville mechanics

Measure P4 find pg

A|m~~77 B
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Collapse Rule in Epistemically Restricted Liouville mechanics

P Butthis would violate the
epistemic restriction!

Measure (p find gg q

A=

]\
\ ”= P

q

+
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Collapse Rule in Epistemically Restricted Liouville mechanics

Measure () 4

AI:

x|
To(T
A B ﬂ\
— P
Hap = PAQp \ ”
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Collapse Rule in Epistemically Restricted Liouville mechanics

Measure () 4

s

B’
(1
A B ﬂ\
"""""" P > D
\ Hip = PAQp \ ”
¢ q
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Collapse Rule in Epistemically Restricted Liouville mechanics

Measure () 4- find qq n
; N
q
A B’
A B ﬂ\
___________ . ”: P
\ H’J? — P1QB \
. q
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Collapse Rule in Epistemically Restricted Liouville mechanics

———

/\ B Unknown disturbance
X -]

\i N

Collapse rule

ﬂ\_ Bayesian conditioning
1P p
\ N ﬂ — \ ________
q q p p
- \\ |

q q
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Epistemically restricted
statistical theory of bits
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Recall: particle mechanics

Configuration space: R" 3 (x1,22,...,2n)
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Recall: particle mechanics
Configuration space: R" 3 (x1,22,...,2n)

Phase space: Q = R2" 3 (x1,p1,Z2,P2,...,Tn,Pn) =M
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Recall: particle mechanics
Configuration space: R" 3 (x1,22,...,2n)
Phase space: (2 =R 2n — (:Elapla L2yP2y -+ :I?n_,pn) =m

Functionals on phase space: F': {2 — R
X;(m) = a;
Pi(m) = p;
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Recall: particle mechanics
Configuration space: R" 3 (x1,22,...,2n)
Phase space: Q = R2" 3 (x1,P1,Z2,P2,...,Tn,Pn) =M

Functionals on phase space: F': {2 — R
X;,(m) = x;
Py(m) = p;

Poisson bracket of functionals:

_ < (OF 0G _ OF 9G v¢.
[F, Gl(m) = Zi’:l(ax,; éaz-?,-_ - ép_,v éxi)(m)
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“bit mechanics” zo ={0,1}

Configuration space: (Z2)" 2 (x1,22,...,Zn)

Phase space: $2 = (Z 5)2" 3 (1,P1,T2,P2,...,Xn,Pn) =M
Functionals on phase space: [': €2 — 75

X (m) =
B.(m) = py,
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“bit mechanics” zo ={0,1}
Configuration space: (Z2)" 3 (x1,22,...,Zn)
Phase space: 2 = (Z2)2" 3 (21,P1, 2, P2, - - -, Tn, Pn) = M
Functionals on phase space: F':S2 — Z»
Xp(m) = xy,
B.(m) = py,
Poisson bracket of functionals:

[F,G](m) =31 (Flm+ ez — FIm])(G[m + ep,] — G[m])
—(F[m+ ep,] — FIm])(G[m + eq,] — G[m])
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The epistemic restriction:

An observer can only have knowledge of the values of a set of
canonical variables that commute relative to the Poisson bracket and
is maximally ignorant otherwise.
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A single bit X 1
0

Canonical variables

aX +bP a,b&Zo Addition is mod2
X, P, X+P
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A single bit X 1
0

Canonical variables

aX +bP a,b&Zo Additonis mod2
X, P, X+P

Statistical distributions

X known P known X 4+ P known

Nothing known
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Convex combination

T 1, _ 1 1
- o o 2 = 300l
_ = S+ 51
] "= [12 = 2 lHi) (il + 5 i) (i
+CX
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(1,0)
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(1,0)
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Valid reproducible measurements:

Any commuting set of canonical variables

X P X+P

x 1 x 1 x 1
0 0 0

]) [) I}
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b

oap
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00 % 2 of the time
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Valid reversible transformations:

The discrete canonical transformations
(those that preserve the discrete Poisson bracket)
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Valid reversible transformations:

The discrete canonical transformations
(those that preserve the discrete Poisson bracket)

- All 24 permutations of the four ontic states

_ _ L R =
X 14 X 1414 X1 X ;éﬁ etcetera

0 o[v |V 0
1 0 1

P P P P

oA
o(——)‘
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A 3-cycle
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e

e

w
c
C o
.Um
@ O
=
Qo O ;
m,.nw_ P
® 5
Qo »
=
X g
o




Reversible transformations:

Pairs of 2-cycles 3-cycles 4-cycles identity

%

\
\
|
I 1
\
=3
\
\
\
\

3
'

9

Fop P

Symmetries of the
tetrahedron under
rotations and
reflections

o
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Coherent superposition

Find U such that |1)=U]|0) Find P such that E = P( )
Find all U’ such that (U’)2=U Find all P’ such that (P’)2 = P
U’|0) = superpos’n of [0) and |1). P’(E) = superpos’n of E and m
AlA R/
R,(m) R, () vV
=5

N
l

)
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A pair of bits

Canonical variables a1 X1 + b1 Py + axXo + bo P ai,by,ap,bp €25

X N\ EEEE
' 00 0110 11

0 yd
0 1 - (X, P)
I)
X1 »
4,\/, (X1,P1) 10
/"/ 01
» [ 00
P 00 01 10 11
(X2, )
X2
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1 variable known

X1 known

11
(X1,P1) 10
01
00

000110 1
(X2, Pp)

2 variables known

P> known

11

(X1,P1) 10

01

00

000110 11
(X2, Pp)

X1 and P> known

11
(X1,P1) 10
01
00

000110 11
(X2, P2)
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1 variable known

X1 4+ X2 known P1 + P> known
11 11
(X1,P1) 10 (X1, P1) 10
01 01
00 00
000110 11 000110 11
(X2, P>) (X2, P>)

2 variables known

X1+ X2 and P1 + P> known

11
(X1,P1) 10 1 1 1
i« 210) ®10) + 1) @ 1))
00
000110 11

(X2, P)
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Maximally informative reproducible measurements

Product basis Measurements

Entangled basis Measurements
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000110 11
(X, P2)
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The way to understand EPR steering and the collapse rule
are precisely analogous to how it is done in epistemically
restricted Liouville mechanics

Pirsa: 18020070 Page 74/75



[6%) = 15(10)/0) + |1)]1)) Teleportation

[v*) = J5(10)]1) £11)]0))

1,X,Y,7

{=), 19Ty, 1o, [¢T)}
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